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P r e f a c e
T h is  t h e s i s  i s  p r i m a r i l y  c o n c e rn e d  w ith  the  d e v e lo p m en t  and 
a p p l ic a t io n  of c e r t a i n  e q u a t io n s  in the  k in e t ic  th e o ry  of p a r t i a l l y  
io n is e d  g a s e s  and p la s m a .  In p a r t i c u l a r ,  the  " 1 3 -m o m e n t"  e q u a t io n s ,  
w h ich  w e re  o r ig in a l ly  d e v e lo p e d  by  G ra d  fo r  a s im p le  g a s  an d  ap p l ie d  
to m o n o -a to m ic  g a s  m ix tu r e s  by su b se q u e n t  a u th o r s ,  have  b een  f u r th e r  
d ev e lo p ed  and  ex ten d e d  to  in c lu d e  p a r t i a l l y  io n is e d  g a s e s .  In doing 
th is ,  a l l  p o s s ib le  ty p e s  of b in a r y  c o l l i s io n  p h en o m en a  have b e en  i n ­
c luded . The r e s u l t i n g  e q u a t io n s  a r e  m o r e  g e n e r a l  th an  c e r t a in  o th e r  
s e t s  of m o m e n t  e q u a t io n s  (e. g. th o se  of C h ap m an  and E nskog), an d  
a d e q u a te ly  d e s c r ib e  the b e h a v io u r  of n o n -u n i fo rm  and p a r t i a l l y  io n is e d  
gas  m ix tu r e s .
The th e s i s  i s  d iv id ed  in to  an In tro d u c t io n  and  t h r e e  P a r t s .  In the  
In tro d u c t io n ,  the  c o n te n ts  of the  th e s i s  a r e  s u m m a r i s e d ,  w hile  the  u se  
of the  B o ltz m an n  eq u a t io n  and  the  a s s o c i a t e d  m o m e n t  e q u a t io n s  o r  
e q u a t io n s  of change  a r e  b r i e f ly  d i s c u s s e d .  G r a d 's  H e rm i te  p o ly n o m ia l  
ex p an s io n  of the  d i s t r ib u t io n  func tion  and  the 13 -m o m e n t  a p p ro x im a t io n  
to th is  func tion  a r e  a lso  g iven . C h a p te r  1 g iv e s  the  g e n e r a l  fo r m  of the 
d y n a m ic a l  e q u a t io n s  fo r  a  gas  m ix tu r e  a s  o b ta in ed  by H e rd a n  and  L iley . 
The t r a n s p o r t  a p p r o x im a t io n s  of th e se  e q u a t io n s  fo r  a s e v e r a l  c o m p o n ­
ent p la s m a  a r e  d i s c u s s e d .  In C h a p te r  2 the  g e n e r a l  c o l l i s io n  i n t e g r a l s  
fo r  the  13 -m o m e n t  e q u a t io n s  a r e  o b ta in ed  in a fo r m  a p p l ic ab le  to a l l  
ty p e s  of b in a ry  c o l l i s io n  p r o c e s s e s .  In t e r m s  of o r ig in a l i t y  and 
a p p l ic ab i l i ty ,  th i s  i s  p o s s ib ly  the  m o s t  im p o r ta n t  r e s u l t  of the  t h e s i s .  
C h a p te r s  3 and  4 c o m p r i s e  the  s e c o n d  P a r t .  In C h a p te r  3, th e  c o l l i s io n  
i n te g r a l s  d e r iv e d  in  C h a p te r  2 a r e  e x p l ic i t ly  c a lc u la te d  fo r  the  p r o c e s s e s  
invo lved  in the  fo r m a t io n  of a h y d r o g e n ic - l ik e  p la s m a ,  w h ile  th e  fo u r th
ii
C h a p te r  i s  c o n c e rn e d  w ith  r e d u c in g  the m o m e n t  eq u a t io n s  to n o r m a l  
fo rm ,  and  o b ta in in g  b o u n d a ry  co n d i t io n s  in  a fo r m  a p p r o p r ia te  to th e se  
e q u a t io n s .  A f in i te  d i f f e re n c e  sc h e m e  a p p l ic ab le  to  the  r e s u l t i n g  
e q u a t io n s  is  a l s o  b r i e f ly  c o n s id e re d .  In the  f in a l  P a r t ,  C h a p te r s  5 and 
6, the  p ro p a g a t io n  of h igh f r e q u e n c y  w av es  i s  d i s c u s s e d  a c c o rd in g  to 
the  1 3 -m o m e n t  and  M a x w e l l 's  e q u a t io n s .  C h a p te r  5 a p p l ie s  to a h o m o ­
g e n eo u s  p a r t i a l l y  io n is e d  p la s m a ,  w ith  a l l  p o s s ib le  ty p e s  of b in a ry  
c o l l i s io n s  be ing  ( im p lic i t ly )  in c lu d ed , and in C h a p te r  6, w ave  m o tio n  
in in h o m o g en eo u s  p la s m a  i s  c o n s id e r e d  to  the  a p p ro x im a t io n  of 
g e o m e t r i c a l  o p t ic s ,  but w ith  c o l l i s io n s  ig n o re d .
R e f e r e n c e s  a r e  g iven  a f t e r  e a c h  C h a p te r ,  and, w h e re  a p p l ic a b le ,  
a f t e r  the  a p p r o p r ia te  a p p e n d ic e s .  E q u a t io n s  have  been  n u m b e re d  on 
the le f t  hand  s id e .
W ith r e g a r d  to  the  o r ig in a l i t y  of th i s  t h e s i s ,  the  In tro d u c t io n  and 
C h a p te r  1 e s s e n t i a l l y  s u m m a r i s e  e s t a b l i s h e d  th e o ry .  The g e n e r a l  
c o l l i s io n  in t e g r a l s  g iven  in C h a p te r  2 w e re  o b ta in ed  in c o o p e ra t io n  w ith  
Dr B. S. L iley . The r e m a in in g  C h a p te r s ,  w hile  p r in c ip a l ly  the  w o rk  of 
the  a u th o r ,  owe m u c h  to the  f r e e  exch an g e  of id e a s  and d i s c u s s io n s  w ith  
D r L i ley .  A gain , the  a u th o r  h a s  b een  fo r tu n a te  to have  a c c e s s  to the 
r e p o r t  (and th e s i s )  "T he  N o n -E q u i l ib r iu m  T h e o ry  of M o n o -A to m ic  G as 
M ix tu re s  and  P l a s m a "  by  B. S. L i ley .
In m a k in g  a c k n o w le d g e m e n ts ,  the  a u th o r  ow es g ra te fu l  th a n k s  to 
D r L iley , w ithout w hose  a s s i s t a n c e  and  e n c o u r a g e m e n t  l i t t l e  m a y  have 
been  ach ie v e d .  He a l s o  w is h e s  to  th an k  the  o th e r  m e m b e r s  of the  
P la s m a  P h y s ic s  G ro u p  of the  D e p a r tm e n t  of E n g in e e r in g  P h y s ic s  a t the 
A u s t r a l i a n  N a tio n a l  U n iv e r s i ty  fo r  a s s i s t a n c e  g iven  and  fo r  h e lp fu l d i s ­
c u s s io n s .  F in a l ly ,  the  a s s i s t a n c e  of the  h e a d s  of the  D e p a r tm e n t ,
iii
f o r m e r l y  P r o f e s s o r  M. L. Ol iphant ,  fo llowed by M r .  J .  W. B la rney  
( i n t e r i m  h ead  of D e p a r t m e n t  f o r  one y e a r )  and p r e s e n t l y  P r o f e s s o r  
G. N e w s te a d ,  i s  a cknow ledged .
The  a u th o r  i s  a l s o  g r a t e f u l  to the  A u s t r a l i a n  N a t iona l  U n i v e r s i t y  
fo r  i t s  f in a n c ia l  s u p p o r t  in the  f o r m  of a R e s e a r c h  S c h o la r s h ip .
Ju n e  1967 E. L. B ydder
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1Introduction
1. General
The basic object of this thes is  is to extend the application of the
1
13-moment equations. These were orig inally  developed by Grad to
describe  the behaviour of a simple gas, and subsequently applied to
2gas m ix tu res  and p lasm as  by a num ber of o ther au thors (Kolodner ,
3
Herdan and Liley  ).
In the f i r s t  pa rt  of the thes is , the moment equations and the 
assoc ia ted  collision in teg ra ls  a re  genera lised  to take full account of 
inelastic  (binary) co llis ions, including excitation, ionisation, charge 
exchange, fusion, and pa rtic le  annihilation and creation.
In the second part ,  these  equations a re  then given in a form  
applicable to the behaviour of a simple hydrogenic-like p lasm a in a 
cy lindrica l geom etry. C erta in  coefficients in the collision in te g ra ls  
a re  calculated explicitly, while in C hapter 4 the 13-moment equations 
a re  exp ressed  in te rm s  of the physical components of the m om ents, 
with p a r t icu la r  re fe ren c e  to a cy lindrica l geom etry . The a sso c ia ted  
c h a rac te r is t ic  equation is solved and the eigenvalues and e ig e n ­
functions obtained. Using these , the equations a re  reduced to Jo rdan  
norm al form, and to c h a ra c te r is t ic  norm al form  for special cases .
The boundary conditions re levan t to th is form  of the moment equations 
a re  obtained, again with p a r t icu la r  re fe ren c e  to cy lindrica l geom etry , 
so that the equations a re  e ssen tia lly  in a form  applicable to num erica l  
solution.
2In the t h i r d  and  fina l  p a r t  of the  t h e s i s  the p r o p a g a t io n  of h igh  f r e ­
quen cy  w a v es  in both h o m o g e n e o u s  and in h o m o g e n e o u s  p l a s m a s  i s  c o n ­
s i d e r e d .  By u s in g  the  1 3 - m o m e n t  e q u a t io n s ,  c o l l i s io n  e f f e c t s  s u c h  a s  
r e s i s t i v i t y ,  t h e r m o e l e c t r i c  p r o c e s s e s ,  v i s c o s i t y  e tc .  , a r e  fu l ly  t a k en  
in to  acco u n t  in the  h o m o g e n e o u s  c a s e .  The p r o p a g a t io n  of " s t r e s s "  
w a v e s  i s  a l so  d i s c u s s e d  in d e ta i l  f o r  both  c a s e s .
Thus ,  b r i e f l y  s u m m a r i s i n g ,  the  g e n e r a l  s cope  of th i s  t h e s i s  i n ­
v o lv e s  the d e r iv a t io n  of a c l o s e d  s y s t e m  of m o m e n t  e q u a t io n s ,  in  w hich  
a l l  t y p e s  of b i n a r y  c o l l i s i o n  p h e n o m e n a  r e l e v a n t  to a p a r t i a l l y  io n i s e d  
g a s  a r e  inc luded ,  t o g e t h e r  w i th  the  a p p l i c a t io n  of th e se  e q u a t io n s  to 
c e r t a i n  p a r t i c u l a r  p r o b l e m s .
B e c a u s e  of the  l a r g e  n u m b e r  of s y m b o l s  and  d e f in i t io n s  invo lved ,
a l l  e x cep t  th o seu sed  l o c a l l y  w i th in  a s e c t io n  have  b een  l i s t e d  a t  the  end
of the t h e s i s  w i th  a r e f e r e n c e  to the  page n u m b e r  on which  th ey  a r e
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defined. The no ta t io n  i s  b a s i c a l l y  s i m i l a r  to tha t  of L i l e y  , a w o r k  
tha t  i s  fo l lowed  c l o s e l y  in m a n y  r e s p e c t s  a l though  of c o u r s e  t h i s  t h e s i s  
i s  in tended  to be s e l f - c o n t a i n e d .  W h e r e v e r  a p p l i c ab le ,  the  m .  k. s. 
s y s t e m  of r a t i o n a l i s e d  un i t s  h a s  b een  used .
2. The B o l t z m a n n  E qua t ion
The p h y s i c a l  d e r i v a t i o n  of t h i s  eq u a t io n  i s  wel l  known. H o w ev e r ,  
in a t t e m p t in g  a r i g o r o u s  d e r i v a t i o n  of the  B o l t z m a n n  equ a t io n  f r o m  the  
Lou iv i l le  equa t ion  c e r t a i n  a s s u m p t i o n s  an d  a p p r o x i m a t i o n s  a r e  n e c e ­
s s a r y .  In g e n e r a l ,  t h e s e  a r e  s u c h  th a t  the  a d e q u a c y  of a b i n a r y  
c o l l i s io n  type of i n t e g r a l  h a s  b een  s e v e r e l y  q u e s t i o n e d  f r o m  t i m e  to 
t im e ,  p a r t i c u l a r l y  in the  a p p l i c a t io n  to  i o n i s e d  g a s e s .  T h e r e  i s  l i t t l e  
doubt tha t  the  B o l t z m a n n  e q u a t io n  i s  v a l id  f o r  a d e q u a te ly  r a r e f i e d  
n e u t r a l  g a s e s ;  h o w e v e r ,  fo r  i o n i s e d  g a s e s  the u se  of a b i n a r y  c o l l i s i o n
3i n t e g r a l  i s  o b v io u s ly  open  to c r i t i c i s m  w i th  the  to ta l  In t e g r a l  of the 
d i f f e r e n t i a l  c r o s s  s e c t io n  (for C ou lo m b  c o l l i s i o n s )  be ing  in f in i te .
N e v e r t h e l e s s  t h e r e  a r e  w e l l  e s t a b l i s h e d  m e th o d s  of c i r c u m v e n t i n g
5
th i s  d i f f icu l ty ,  and  t h e i r  u se  h a s  b e e n  d i s c u s s e d  by Grad i  . H is  a r g u ­
m e n t  i s ,  b r i e f ly ,  a s  fo l lows .  T ak in g  the  Debye leng th  a s  a co n v en ie n t
c u t - o f f  d i s t a n c e  (m o r e  s t r i c t l y  an  ex p o n en t i a l  f o r m  of c u t - o f f  shou ld  be
0
u sed ,  but i t  h a s  been  shown by Liboff  th a t  t h e r e  i s  l i t t l e  e r r o r  in r e ­
p la c in g  i t  by the  s im p le  Debye cu t -o f f ) ,  one m a y  c o n s i d e r  two r e g i o n s  
w i th in  the  Debye s p h e r e ,  an i n n e r  " c o r e "  a ro u n d  the  p a r t i c l e  of 
i n t e r e s t  w i th in  w h ich  the  p a r t i c l e s  e x p e r i e n c e  b in a r y  c o l l i s i o n s ,  and  
the r e g io n  o u t s id e  t h i s  " c o r e "  w h e r e  t h e r e  a r e  m u l t ip l e  c o l l i s i o n s .  
Supposing  th a t  the  m u l t i p l e  d e f l e c t i o n s  in  t h i s  r e g io n  a r e  r a n d o m  and  
in d e p en d e n t ,  the  m a t h e m a t i c a l  m o d e l  of th i s  s t o c h a s t i c  p r o c e s s  i s  the  
s a m e  a s  th a t  fo r  the  d i f f e r e n t  p h y s ica l  p r o c e s s  of independen t  r a n d o m  
b i n a r y  d e f l e c t i o n s ;  in o t h e r  w o r d s ,  the  b i n a r y  c o l l i s io n  t e r m  m a t h e ­
m a t i c a l l y  d e s c r i b e s  the  p r o c e s s  up to  the  Debye cu t -o f f .
The  q u e s t i o n  a s  to  w h e t h e r  the  s i m u l t a n e o u s  s m a l l  d e f l e c t i o n s  a r e
c o m p l e t e l y  in d e p en d e n t ,  t h u s  l i m i t i n g  the v a l id i t y  of t h i s  a r g u m e n t ,
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h a s  b e e n  e x a m i n e d  by Koga  in a d i f f e r e n t  m a n n e r .  Using  o r d e r  of 
m a g n i tu d e  c a l c u l a t i o n s ,  he w a s  ab le  to show th a t  the  c o n t r ib u t io n  to 
the i n t e r a c t i o n  t e r m  f r o m  the  e f f e c t s  of c o r r e l a t i o n s  of p a r t i c l e  m o t io n  
i s  in g e n e r a l  m u c h  l e s s  th an  the  " b i n a r y "  p a r t ,  thus  l im i t in g  the c o n ­
s e q u e n c e s  of i n a d e q u a te  a s s u m p t i o n s  in  t h i s  r e g io n .  In fac t ,  p r o v id e d
<  ' C~2( 1 )
h be ing  p a r t i c l e  d e n s i t y  and  \ d the  Debye leng th ,  the  e f f e c t s  of su ch  
c o r r e l a t i o n s  a r e  neg l ig ib le .
4O t h e r  a s p e c t s  of the  B o l t z m a n n  equat ion ,  fo r  e x a m p le ,  q u a n tu m  
m e c h a n i c a l  e f f e c t s ,  a r e  d i s c u s s e d  in s e v e r a l  books  ( e .g .  H i r s c h f e l d e r ,
g
C u r t i s s  and  B i r d  ). The  fu ll  v a l id i t y  of the  B o l t z m an n  equ a t io n  i s  
a s s u m e d  fo r  the  p u r p o s e s  of th i s  t h e s i s .
3. E n s k o g ’s E q u a t io n  of Change
The  d e r i v a t i o n  of the  e q u a t io n s  of change ,  o r  the  m o m e n t  eq u a t io n s ,
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i s  w e l l  known ( see ,  f o r  e x a m p l e ,  C h a p m a n  and  Cowling  ). In p a r t i c u l a r ,  
the  e q u a t io n  of change  f o r  a m o l e c u l a r  p r o p e r t y  ( T  , t )  i s
o b ta in e d  by  m u l t ip l y in g  the B o l t z m a n n  equa t ion  by dc^ and i n t e g r a t i n g  
o v e r  v e l o c i t y  s p a c e  y b e in g  the m o l e c u l a r  ve loc i ty .  With  the
m o m e n t s  r e f e r r e d  to a f r a m e  m o v in g  with  v e lo c i ty  V  , fo r  e a c h  p a r t i c l e  
type t p r e s e n t  in  a g a s  m i x t u r e ,  t h i s  equa t ion  is
( 2 ) < L ( r > i > p )  +  n ^ p v - V  +  v ( r \ i  ' V ' O i ' 0  -  f  i 4 i .  +
L ci t
+ f i -  +• b  • X W ;  _  b  i p  :
j , k
In th i s  e qua t ion ,  i .  = 1  + i Fi := CL i, 4  V X b j, — dV
dt ~ dT
z: C\, — V } w h e r e  C[_ i s  the  p a r t i c l e  v e lo c i ty  r e l a t i v e  to
e L ; m;t the  c h a r g e  and  m a s s  of
and  W  'u
a r e s t  f r a m e ;  B with
p a r t i c l e s  of type  i and ß  the  m a c r o s c o p i c  m a g n e t i c  f ie ld ;  Oft + 
i s  the  a c c e l e r a t i o n  p e r  unit  m a s s  due to m a c r o s c o p i c  f i e ld s  (e. g. f o r  an
); and i s  the  n u m b e r  d e n s i t ye l e c t r i c  f i e ld  E ^ 2-i =  £> E
m i  “
5o f p a r t ic le s  o f type  t  . The ro m a n  s u b s c r ip ts  denote p a r t ic le  type»
The a ve rag e  o f o v e r  v e lo c ity  space, , is  de fin ed  by
(3) V|U =  J_ 1 l b
1 J W i
and the m o m e n t o f is  wy , w h e re  t [ is  the v e lo c ity  d is t r ib u t io n  
fu n c t io n  o f p a r t ic le s  o f type  . The te rm  on the r ig h t  hand s ide o f 
e q u a tio n  (2) is  the c o l l is io n  te rm  and w i l l  be d is c u s s e d  la te r .
R e g a rd in g  n o ta t io n , i f  x  u a re  second ra n k  te n s o rs , z. a 
P ^v e c to r  and g c o v a r ia n t  and c o n tra v a r ia n t  base v e c to r  c o m p o n ­
en ts  re s p e c t iv e ly ,  0 the m e t r ic  te n s o r :
X*
^  oc ß °(/8 o(A &
(4) Jr * y  =■ x o^ §  ^  :  B — X c y  y g *
is  a double  c o n tra c t io n  (u s in g  s u m m a tio n  co n v e n tio n ), w h ile  the  c ro s s  
p ro d u c t o f x  and z  is
(5) *  x 5 a  e * ( e *  x  Z y § * )  =  § * ( £ * * £ ) ,
I t  is  u s u a lly  found  m o s t co n v e n ie n t to  pu t V equal to  Vo , the  
m ean  m a ss  v e lo c ity  o f the s y s te m  o f p a r t ic le s  o f a l l  typ e s  in  the m ix ­
tu re ,  o r  e lse  equa l to  V*L , the m ean  m a ss  v e lo c ity  o f the p a r t ic le s  o f 
type  i, in  a r e s t  f ra m e , depend ing  on the p a r t ic u la r  p ro b le m  be ing  
c o n s id e re d . I t  is ,  h o w e v e r, im p o r ta n t  to  a p p re c ia te  th a t the te m p e ra ­
tu re ,  s t re s s  and hea t f lu x  a re  d e fin e d  w ith  re s p e c t to  a m o v in g  f ra m e  
o f re fe re n c e  (see b e lo w ) so th a t the ch o ic e  o f fra m e  a ffe c ts  the  
p h y s ic a l n a tu re  o f these  p a ra m e te rs .  T hus  E v e re t t  ^ ,  u s in g  the  13 - 
m o m e n t e q u a tio n s  w ith  the m o m e n ts  fo r  each p a r t ic le  type  I r e fe r r e d  
to  a fra m e  m o v in g  w ith  N/f (m ean  m ass  v e lo c ity  o f the  p a r t ic u la r  
p a r t ic le  type  L ), on c o m p a r in g  h is  r e s u lts  w ith  those  o f H e rd a n  and 
L i le y  , who used m o m e n ts  r e fe r r e d  to  a f ra m e  m o v in g  w ith  Vo
6found " c o r r e c t i o n "  t e r m s .  In f a c t  su ch  t e r m s  do not e x i s t .  The  
a p p a r e n t  d i s c r e p a n c y  i s  due to the u se  of m o m e n t s  r e f e r r e d  to  a
t e r m s  of t e m p e r a t u r e ,  s t r e s s  and hea t  f lux r e f e r r e d  to a f r a m e  fo r  
w h ich  V — Vo • With  the  c o r r e c t  r e f e r e n c e  v e l o c i t i e s  f o r  the  m o m e n ts ,  
the  r e s u l t s  a r e  i d e n t i c a l .
The  m o m e n t s ,  d ens i ty ,  m e a n  m a s s  ve loc i ty ,  t e m p e r a t u r e ,  s t r e s s ,  
e n e r g y  flow, and h e a t  f lux f o r  p a r t i c l e s  of type I a r e  de f ined  a s  
fo l lows:
f r a m e  m o v in g  w i th  V], in  the  c o l l i s io n  t e r m s  in eq u a t io n s  w r i t t e n  in
r
(6) D ens i ty f i  rnidw^
L
(8) T e m p e r a t u r e
(9) S t r e s s
Jydi
(10) E n e r g y  flux
r
(11) Heat  f lux
7fc is  B o l tz m a n n 's  c o n s ta n t  and
(12) <XL Ä -J3QL—
2 f c T t *
T he h y d r o s ta t ic  p r e s s u r e ,  , i s  de f in ed  by
(13) p  =  n T T t •
and  SpL i s  th e  c o n t r a c t io n  of the s t r e s s  t e n s o r  (9). H ence  the  non 
h y d ro s ta t ic  c o m p o n en t  of the  s t r e s s  t e n s o r ,  , m a y b e  defined:
(14) P i  -  &  -  b Ü
w h e re  LI i s  th e  un it t e n s o r .  T h is  b r a c k e t  n o ta t io n  of (14) w ith  a  
s e c o n d  ra n k  t e n s o r  w il l  be u s e d  to denote  th e  s y m m e t r i s e d  t r a c e l e s s  
fo r m  of a t e n s o r ,  i .  e. if  A i s  the  t r a n s p o s e  of A ,
<15) {^ s = I (6 + ^ ) -^(A„+AiZ + a33)U .
The c o l l i s io n  t e r m  in  { 2 ) ?  J is  s u m  o v e r  a ll
p o s s ib le  c o l l i s io n sb e tw e e n  p a r t i c l e s  o f  ty p e s  j ^ th a t  a f fe c t  the  
p a r t i c l e s  of type  f (the f a c to r  i  i s  a fo r m a l  f a c to r  n e c e s s a r y  to 
av o id  coun ting  c o l l i s io n s  tw ice , a s s o c ia te d  w ith  m ak in g  the in teg ra l,  
t e r m  s y m m e t r i c a l  in  j and fe ). The c o l l i s io n  i n t e g r a l s  c o n s t i tu t in g  
th is  c o l l i s io n  t e r m  a r e
=jH I(16)
8w h e re  i s  l^ e c hange  in  ^  (  Jr ^ V ^ t )  in  a c o l l i s io n
b e tw een  p a r t i c l e s  of ty p e s  j  ^ ^ *s d i f f e r e n t ia l
c r o s s  s e c t io n  fo r  the  c o l l i s io n  in  the  s e n s e  th a t  it  is  the  p ro b a b i l i ty  
th a t  two p a r t i c l e s  of ty p e s  \ ^  w ith  a sy m p to t ic  r e l a t iv e  v e lo c i ty
<17) 9jfe = Sr**
w ill  c o l l id e ,  p ro d u c in g  p a r t i c l e s  of ty p e s  w ith  a sy m p to t ic  r e l a ­
t iv e  v e c lo c i ty  in a  so l id  an g le ,  di*X say , and  w ith  k in e t ic  e n e r g y  
a b s o r b e d  f ro m  th e  s y s te m  in  th e  c o l l i s io n .  T h is  d i f f e r e n t ia l  c r o s s  
s e c t io n  i s  d i s c u s s e d  in  detail, in  Appendix  I.
4. C lo s u r e  of the  M o m en t E q u a t io n s
As i s  w e ll  k n ow n , the  E n sk o g  e q u a t io n s  of ch ange  do not 
fo r m  a c lo se d  s e t ,  s in c e  the equations (2) fo r  a  d y n a m ic a l  v a r i a b le  
c o n ta in  h ig h e r  v e lo c i ty  m o m e n ts  of the  fo r m  Wi . In
o th e r  w o rd s ,  the  m o m e n t  e q u a t io n s  fo r m  an  in f in i te  s e t ,  b e c a u s e  the  
s e q u e n c e  of fsj e q u a t io n s  in the  v e lo c i ty  m o m e n ts  a lw ay s  c o n ta in s  a t  
l e a s t  (SJ + I v a r i a b l e s .  T h u s  a su i ta b le  a p p ro x im a t io n  m u s t  be c h o se n  
to ob ta in  a so lv ab le  s e t  of eq u a tio n s .
One of the  b e s t  known m e th o d s  i s  th a t  of C h ap m an  and  E n sk o g
9
(d is c u s s e d  in d e ta i l  in  C h ap m an  and  C ow ling ' ). E s e n t i a l ly  the  m e th o d  
of th e se  a u th o r s  w as  to ex p an d  the d is t r ib u t io n  func tion , T , in the  
fo rm
w h e re  V is  a  p a r a m e t e r  of the  o r d e r  of th e  c o l l i s io n  f r e q u e n c y .
9T h is  a p p ro x im a t io n  is  v a l id  on ly  n e a r  to e q u i l ib r iu m ,  and  the f i r s t
a p p ro x im a t io n  c o r r e s p o n d s  to a  c o l l i s io n -d o m in a n t  c a s e .  U sing  p e r t u r b -
a tion  th e o r y  th e y  o b ta in  an  e x p l ic i t  e x p r e s s io n  fo r  "f , and  h en ce  fo r
the  m o m e n ts .  It fo llow s  f ro m  th e i r  m e th o d  th a t  d i f f e re n t  g a s  c o m p o n -
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e n ts  m u s t  have  t e m p e r a t u r e s  w h ich  a r e  s i m i l a r ,  and indeed , G ra d  
h a s  show n th a t  t h e i r  so lu t io n  r e p r e s e n t s  only  a  v e r y  r e s t r i c t e d  s u b s e t  
of s o lu t io n s  of the  B o ltz m an n  eq u a tio n ,  a lthough  i t  l e a d s  to c o r r e c t  
a s y m p to t ic  so lu t io n s .
M o re  r e c e n t ly ,  s e v e r a l  a u th o r s  have  p ro p o s e d  r e p r e s e n t in g  the
d is t r ib u t io n  fu n c tio n  a s  a s e r i e s  of o r th o g o n a l  p o ly n o m ia ls ,  w ith  the
c lo s u r e  a p p ro x im a t io n  be ing  o b ta in ed  f r o m  a t e r m in a t io n  (so m e w h a t
12
a r b i t r a r i l y )  of the  p o ly n o m ia l  s e r i e s .  W an g -C h an g  and  U hlenbeck  
u s e d  a s e r i e s  of Sonine p o ly n o m ia ls ,  but th e se  le d  to  c o m p l ic a te d
13
r e s u l t s  w n ich  have  not b e en  m u c h  ex ten d ed . I k e n b e r r y  and T r u e s d e l l
have  d i s c u s s e d  the  u se  of a type  of s p h e r i c a l  m o m e n t  p o ly n o m ia l
e x p a n s io n  so  c h o se n  to  give s im p le  r e s u l t s  fo r  M axw ellian  m o le c u le s
( in v e r s e  fif th  p o w e r  fo r c e  law), but w n ich  i s  f o r  o th e r  c a s e s  r e l a t iv e ly
14i n t r a c ta b le .  M o t t -S m ith  h a s  c o n s id e r e d  a Sonine e x p an s io n  a p p l ic a b le  
on ly  to  s p e c ia l  c a s e s  of e x t r e m e  d e p a r t u r e s  f r o m  e q u i l ib r iu m ,  in p a r  
ticuL ar, fo r  s h o c k s .
H o w ev er one of the m o s t  u s e fu l  p o ly n o m ia l  e x p a n s io n s  fo r  m o d e r  ­
a te  d e p a r t u r e s  f r o m  e q u i l ib r iu m  i s  th a t  u s e d  by G rad*  to c o n s id e r  the  
n o n - e q u i l ib r iu m  b e h a v io u r  of a s im p le  o n e -c o m p o n e n t  g as .  The 
d is t r ib u t io n  fu n c tio n  i s  ex p an d ed  a s  an  in f in ite  s e r i e s  of m u l t i  ­
d im e n s io n a l  H e r m i te  p o ly n o m ia ls  in  the  ( d im e n s io n le s s )  c o m p o n e n ts  
of the  p a r t i c l e  v e lo c i ty ,  m u l t ip l ie d  by the  a p p r o p r i a t e  w e igh ting  f a c to r  
fo r  the  H e r m i te  o r th o g o n a l i ty  r e l a t io n s .  T hus  the  d is t r ib u t io n  func tion
10
fo r  a given p a r t i c l e  type  (but ig n o r in g  ttie s u b s c r i p t s )  m a y  be w r i t t e n
w h e r e  w, ? J w3 a r e  the  p a r t i c l e  v e lo c i ty  c o m p o n e n t s  r e l a t i v e
o r d e r  71 . B e c a u s e  of the  c o n v en ien t  o r th o g o n a l i ty  r e l a t i o n s ,  the  c o ­
e f f i c i e n t s  c< and (X^  a r e  ob ta in ed  d i r e c t ly ,  in  o r d e r  c o r r e s p o n d i n g  
to the o r d e r  of the  m o m e n t  eq u a t io n s ,  by tak ing  the  m o m e n t  of the
d i s t r i b u t io n  func t ion .  To a c h ie v e  a c l o s e d  s e t  of m o m e n t  e q u a t io n s  
and  to c o m p r o m i s e  b e tw een  c o m p le x i ty  and  a c c u r a c y  of d y n a m ic a l  
d e s c r i p t i o n ,  th i s  d i s t r i b u t i o n  func t ion  i s  a p p r o x i m a t e d  by the  f i r s t  
fo u r  t e r m s  in the  s e r i e s  (ac tua l ly  u s ing  a c o n t r a c t e d  f o r m  of the  fo u r th  
t e r m ) ,  s in ce  t h e s e  co n ta in  the  p h y s i c a l ly  s ig n i f ic an t  . T h i s  g iv e s
(for p a r t i c l e s  of type  I )
T h i s  a p p r o x i m a t i o n  (20) to the d i s t r i b u t io n  func t ion  is  e x p r e s s e d
- i   ^ pi ) Bi y and  the  5 independen t  c o m p o n e n t s  of P*t 
T h e r e f o r e  with the  u se  of t h i s  a p p r o x im a t io n  fo r  the  d i s t r i b u t io n  
func t ions ,  a l l  h i g h e r  m o m e n t s  than  th o s e  l i s t e d  above  can  be e x p r e s s e d  
in  t e r m s  of the  l i s t e d  o n e s ,  thus  c lo s i n g  the  e q u a t io n s  w i th  a s  m u c h  
a c c u r a c y  a s  the  13 v a r i a b l e s  a llow. A f u r t h e r  ad v an tag e  of th i s  m e th o d  
i s  tha t  i t  p l a c e s  no r e s t r i c t i o n  on the r e l a t i v e  t e m p e r a t u r e s  of d i f f e r e n t
c o r r e s p o n d i n g  d y n a m ic a l  function,  vi/ , with  th i s  e x p an s io n  of the
( 2 0 )
in t e r m s  of the  13 p h y s i c a l l y  s ig n i f ic an t  m o m e n t s :  p.  £  = .  nt T(VL)^
i i
c o m p o n en t p a r t i c l e  ty p e s .
O bv iously , h o w e v e r ,  th is  a p p ro x im a t io n  does  invo lve  a  r e s t r i c t i o n  
on the  d e p a r tu r e  of e a c h  g a s  com p o n en t f ro m  i t s  lo ca l  e q u i l ib r iu m .  At 
w hat d e g re e  of n o n - u n i f o r m i ty  the  a p p ro x im a tio n  c e a s e s  to  be r e a s o n ­
ab le  i s  not c l e a r ,  f o r  i t  i s  d iff icu l t  to u n d e rs ta n d  the p h y s ic a l  s i g n i f i ­
c an c e  of the  h ig h e r  m o m e n ts  n e g lec te d .  It m a y  be p o s s ib le  to  c o m e  to  
m o r e  de fin ite  c o n c lu s io n s  a f t e r  a c o m p a r i s o n  w ith  su i ta b le  e x p e r im e n ta l  
r e s u l t s .  F u r t h e r m o r e ,  it i s  not c l e a r  a t  th i s  s ta g e  how m u c h  e f fe c t  the  
ch o ice  of r e f e r e n c e  v e lo c i ty  h a s  on th i s  a p p ro x im a t io n ,  in the  s e n s e  of 
" b e s t"  f r a m e  of r e f e r e n c e  fo r  th e  m o m e n ts  t e m p e r a t u r e ,  s t r e s s  and  
h ea t  flux (b e a r in g  in  m in d  th a t  the a lg e b r a ic  r e s u l t s  a r e  in d e p en d e n t  of 
the  ch o ice  of f r a m e ) .
5. Some R em  a r k s  on G e n e ra l  M om ent E q u a t io n s
The m o m e n t  e q u a t io n s  m a y  be r e g a r d e d  a s  a m e a n s  of o b ta in in g  a
so lu tio n  to the  B o ltz m an n  eq u a tio n .  However, th e y  a r e  p ro b a b ly  b e t t e r
r e g a r d e d  s im p ly  a s  a  s e t  of e q u a t io n s  fo r  the  m o m e n ts  c o n ce rn ed ^ in
fac t  a s  p o s s ib ly  the  " b e s t"  s e t  of e q u a t io n s  fo r  such  p h y s ica l  v a r i a b l e s .
H ence  tn e y  a r e  in no r e a l  w ay in  c o m p e t i t io n  w ith  the  B o l tz m a n n
eq u a tio n  i t s e l f .  A lthough  in g e n e r a l  th e y  do not co n ta in  L andau  dam p in g ,
w nich  fo llow s d i r e c t l y  f r o m  the  l i n e a r i s e d  B o ltz m an n  o r  V la so v  eq uations , 
15S ed lacek  h a s  c o n s id e r e d  th e  so lu tion  of an  in f in i te  s e t  of m o m e n t  
e q u a t io n s  and co n c lu d e d  th a t  u n d e r  c e r t a i n  c o n d i t io n s  th is  s e t  d o es  d i s ­
play su ch  dam ping . T he  p h y s ic s  of th i s  i s  not c l e a r  and u n t i l  p r o p e r ly  
u n d e r s to o d  no de f in i te  r e a s o n  c a n  be g iven  fo r  the  a b se n c e  o f  s u c h  
e f fe c ts  f r o m  a f in i te  s e t  of m o m e n t  e q u a t io n s .  A lso  the  q u e s t io n  of 
c o n v e rg e n c e  of m o m e n t  e q u a t io n s ,  a l though  in tu i t iv e ly  c r e d ib le ,  i s  
no t c o n c lu s iv e ly  s e t t le d .
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On the other hand the Boltzm ann equation it s e lf  is  an e x tr e m e ly
d ifficu lt equation to so lv e . When su ffic ien t ap p roxim ations a re  m ade
to enable fu ll account to be taken of (e la s t ic )  c o ll is io n s , a s  in Chapman  
9
and C ow ling , the so lu tio n s b eco m e v e r y  r e s tr ic te d , w hile  a ttem p ts to  
obtain  m o re  g en era l so lu tio n s  u su a lly  req u ire  the n eg lect of c o ll is io n  
te r m s  to a g r ea ter  or le s s e r  extent. The m om ent equations are p a r ­
t ic u la r ly  e ffe c t iv e  in tak ing fu ll account of c o llis io n s ;  indeed  a s  shown 
in th is  th e s is ,  th ey  a re  able to  take proper account even  of (b inary) 
in e la s t ic  p r o c e s s e s .  A further advantage of the 13 -m om en t equations  
p a r ticu la r ly , i s  th e ir  d irect re la tio n sh ip  to the p h y sica l v a r ia b le s  of 
g a seo u s  phenom ena, and in p articu la r , to the boundary con d ition s. 
F in a lly  it i s  to  be noted that cer ta in  phenom ena such as the s o -c a lle d  
fin ite  L arm or rad ius e f fe c ts , f ir s t  r eco g n ised  in obtaining so lu tion s
of the V la so v  equation, a re  a u to m a tica lly  inclu ded  in the m om ent
16equations (se e  for exam p le  Sedlacek ). A s a m atter  of fact, the 
m om ent equations m ake the p h y sica l significance of ord erin g  of te r m s  
in such  co n s id era tio n s  m uch c le a r e r .
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E q u a tio n s  fo r  a P a r t i a l ly  Io n ise d  G as
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C h a p te r  1
The D y n a m ic a l  E q u a t io n s
1. 1 In tro d u c t io n
T he  m a in  p u rp o s e  of th i s  c h a p te r  i s  to give in d e ta i l  the  13- 
m o m e n t  e q u a t io n s .  In f o r m u la t in g  the  d y n a m ic a l  e q u a t io n s  the  r e l e ­
v a n ce  of c o l l i s io n  t e r m s  to o th e r  t e r m s  m a y  be seen , a lthough  the 
d e ta i le d  e v a lu a t io n  of the  c o l l i s io n  i n t e g r a l s  i s  le f t  to C h a p te r  2. The 
f o r m  of the  e q u a t io n s  w ith  the  m o m e n ts  r e f e r r e d  to  c e r t a in  p a r t i c u l a r  
f r a m e s  is  d i s c u s s e d  in so m e  d e ta i l .  A p p lic a t io n  of the  m o m e n t  
e q u a t io n s  to the  d e r iv a t io n  of t r a n s p o r t  r e l a t i o n s h ip s  is  c o n s id e r e d ,  
e f fe c ts  a s s o c i a t e d  w ith  in e la s t i c  c o l l i s io n s  a n d  p a r t i c l e  m i x t u r e s  b e in g  
in c lu d ed .
1. 2 T he  D y n a m ica l  E q u a t io n s
R e f e r r in g  to  the  E n sk o g  e q u a t io n s  of change  (2), g iven  in  the 
In tro d u c tio n ,  the  1 3 -m o m e n t  e q u a t io n s  a r e  o b ta in e d  by s p e c ia l i s in g  
the d y n a m ic a l  v a r i a b l e  Wf ?t )  to  be
(i.i) mL j j i. nvLwi ; mi, wt w;
1 wL (w* -  ,
w ith  c o r r e s p o n d in g  m o m e n ts
(1-2> /°i i AU-i. , i f i  3 •
A lte rn a t iv e ly  to  h e a t  flux v e c to r  the  e n e r g y  flux v e c to r  Q l ,
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c o r r e s p o n d i n g  to , m a y  be used .  &
B o l t z m a n n ' s  c o n s ta n t .
is
In ob ta in ing  the m o m e n t  e q u a t io n s  in  a c l o s e d  f o r m ,  the  m o m e n t s  of 
"higher" o rder ,  w h ich  o c c u r  in the  e q u a t io n s  of change ,  a r e  e x p r e s s e d  
in t e r m s  of t h e s e  v a r i a b l e s  by u s in g  the  13- m o m e n t  a p p r o x im a t io n ,  
equ a t io n  (20). The e q u a t io n s  c o r r e s p o n d i n g  to the  v a r i a b l e s  y-l
and  Ti a r e  w e l l  known (C h ap m an  and  Cowling^),  whi le  fo r  the  
e q u a t io n s  c o r r e s p o n d i n g  to Pt and  jVv , the  r e l e v a n t  t e r m s ,  in c lud ing  
the  " h i g h e r "  m o m e n t s ,  o c c u r r i n g  in the  eq u a t io n s  of change  a r e  a s  
fo l lows  (L i ley^) .
( l .  3)  y • n^mn[ | Wpj Wt =  ^  |  V  R t |  -¥ 2
(1.  4)  d _  rn; j
d t  1L - 1
Wi  |  -  o
( 1 . 5 )  • V  ITI; | W-L WL |  =. 0
(1.  6 )  F ;  • m L [  f i  u t]
( 1 . 7 )  b t • ! _ W i
O W i
x w i  =  2 _ { P t x  b-J
b  W j. n '‘* v  ^
(1.9) wL = v - i T P l
d-io) = — -C- ft U-i d ll
dt c ^ dt
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(1 - - f r ^ U r VTi + hVTt)
(i- 13) ^ r \ — I i  (wl - JL )\ x we ä  JL. R-l x 
Bwi V 2 1 LV> 2 <x/y - L r\-v
tvs£ - i  6 ‘ - v y
+ A_(Rt7-y +Bi-vv +vy-Rv) + feTl (ulv-v
+ u-i-vv -+ vv• u-L) .
Of th e s e ,  (1 .3 ) ,  (1. 9) and (1. 14), in v o lv ing  the  " h ig h e r"  m o m e n ts ,  
have  been  d e te r m in e d  by  u s in g  the  1 3 -m o m en t  a p p ro x im a t io n .
The c o l l i s io n  t e r m s  in e q u a tio n  (2), w hich  have  the  fo r m
a r e  co n v en ie n t ly  e x p r e s s e d  in  th e  no ta tion :
w h e re  it  is  c l e a r  th a t  b e c a u s e  of th e  in h o m o g e n e o u s  t e n s o r i a l  ra n k ,
c e r t a in  of the jfe/L a r e  n e c e s s a r i l y  z e r o  fo r  e ac h  c a s e .
It shou ld  be no ted , h o w e v e r ,  th a t
i. e. , e tc .
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The d y n a m ic a l  e q u a t io n s  c a n  now be w r i t t e n  in a c o n v en ie n t  fo r m ,
3
The eq u a t io n s  a r e  q uo ted  b a s ic a l ly  a s  d e r iv e d  by H e rd an  and L i ley  , 
but w ithout sp ec ify in g  V to be Vo , an d  w ith  a slightly m o r e  g e n e ra l  
fo r m  fo r  the  c o l l i s io n  t e r m s  so th a t  in e la s t i c  p r o c e s s e s  a r e  inc lu d ed , 
T he S j  k l in  the  fo llow ing  e q u a t io n s  a r e  of c o u r s e  d i f f e r e n t
f o r  e ac h  eq u a tio n .
1 . 2 , 1  C o n tin u ity  E q u a tio n
T ak in g   ^ =  nvL in eq u a t io n  (2) g iv e s  the  m a s s  co n tin u ity
equ a tio n . F o r  in e l a s t i c  c o l l i s io n s ,  th e  c o l l i s io n  t e r m  is  not n e c e s s a r i l y  
z e r o .
__ (o)
<i . ! 7 )  | t pi +  V- ( p i Ui  +p l V )  = i l  Sjfc/i
1 . 2 . 2  M o m en tu m  E q u a t io n s
The m o m e n tu m  e q u a t io n s  f o r  p a r t i c l e s  of type  j, a r e  o b ta in ed  by 
ta k in g  -= x x \[ , and  u s in g  the  fo r m  of c o l l i s io n  t e r m  in
(1. 16):
(1-18)  sL(pi“0 +  P i^ v -y +V-Pl+7pL _ pTi -  /°L^L* h 
+ /ny - vy
= y T  ( -j + ik,i yt. + Bk J .
j jk
1 . 2 . 3  T h e r m a l  E n e r g y  E q u a tio n
T h is  e q u a tio n  i s  o b ta in e d  by ta k in g 'K  =  T  Wi Since
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= n t R I { , i t  cou ld  a l t e r n a t iv e ly  be e x p r e s s e d  in  t e r m s  of
1 L . T he  c o l l i s io n  t e r m  in v o lv e s  e l a s t i c  and  in e la s t i c  c o l l i s io n s .
<1- 19> +  \ + ^ * B i  ■+ y  ^  ‘ -'*•) -  / ° i  f i  * ü i
* i v - n  +  - n  < $ ,
1. 2. 4 S t r e s s  T e n s o r  E q u a tio n
T h ro u g h o u t  the  t h e s i s ,  a p a r t  f r o m  the in tro d u c t io n ,  the  t e r m  
" s t r e s s  t e n s o r "  w il l  be u se d  fo r  P ; , a l though  th is  i s  a c tu a l ly  only
A y
the  n o n - h y d r o s ta t i c  c o m p o n en t of the  fu ll  s t r e s s  t e n s o r  S , ; , g iven  
in e q u a t io n s  (7) and (12). T ak in g  { YXi * and
u s in g  r e l a t i o n s  (1 .3 )  to  (1 .8 )  in  e q u a tio n  (2), g iv e s  the  s t r e s s  eq ua tion . 
The fo r m  of c o l l i s io n  t e r m s  u s e d  is  a g a in  f r o m  (1. 16).
<i-20> i f i  + £ v -Y + + afy^y} _ 2/ol (_Fi ulj
x b i )  + 2 { P i ^ V j  + 2 p ( w }
= i  I  ( sS/i pj 4 &jt;L Pfe) .
1 . 2 . 5  H ea t  F lu x  E q u a tio n
The h e a t  flux e q u a t io n  i s  o b ta in e d  by ta k in g  ■= 17)^
— ^  in eq u a t io n  (2). It in v o lv e s  th e  u se  of r e l a t i o n s  (1. 9) to
(1. 14) and  of c o u r s e  the  n o ta t io n  of (1. 16) fo r  the  c o l l i s io n  t e r m s .
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( 1 . 21)
- P r f ,  -  Bi*bi+ i  BCV-V + 2. Bi-W + |  vy-Bu
+ K ( y i V * V  + V V - U L +  U i - V V  )
i l  ( Cöjk / iü j  + sjk;i m  + % ,i  Bj t  )
J ■> K
1,2.6 C o n s e rv a t io n  E q u a t io n s
Since in e la s t i c  c o l l i s io n s  a r e  a llow ed , n e i th e r  e n e r g y  n o r  p a r t i c l e  
n u m b e r  is  c o n s e rv e d .  O v e r  the  w hole  s y s te m ,  h o w e v e r ,  th e r e  i s  s t i l l  
c o n s e r v a t io n  of m a s s  and m o m e n tu m . S t r ic t ly  sp eak in g , the  m a s s  and  
m o m e n tu m  a s s o c i a t e d  w ith  pho tons  sh o u ld  a lso  be in c lu d ed ;  in  g e n e r a l ,  
though, th e s e  a r e  in s ig n i f ic a n t  and  can  be ig n o re d .
A lthough not s ta t e d  e x p l ic i t ly  b e fo re ,  i t  i s  obv ious f r o m  (7) a n d  
th e  d e f in it ion  of WL (a f te r  (2)) th a t
( i . 2 2 )  = / o V o
i
w h e re  ä  . U s in g  th is  r e l a t io n  and s u m m in g
(1. 17) o v e r  a l l  p a r t i c l e  ty p e s ,  s in c e  m a s s  i s  c o n s e r v e d  in c o l l i s io n s ,  
it  fo llow s th a t
(1 .2 3 ) ^
S im i la r ly ,  on s u m m in g  the m o m e n tu m  e q u a t io n s  o v e r  a l l  p a r t i c l e  
ty p e s  (noting  th a t  c o n ta in s  a  t e r m  -  c iV )J and  on u s in g  (1.22) ,
cK
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(1 .2  3) the  m o m e n tu m  c o n s e r v a t io n  equation  is
T h e s e  e q u a t io n s  (1 .2 3 )  and (1.24),, o r  r e a r r a n g e m e n t s  of th e m , a r e  
the  on ly  ones  fo r  w h ich  th e  c o l l i s io n  in t e g r a l s  a lw ay s  v a n ish .
1, 3 The D y n a m ica l  E q u a tio n ^  with M o m en ts  R e f e r r e d  to  a F r a m e  
M oving  w ith  the  M ean  M a s s  V e lo c i ty  of the  S y s tem
O b vious ly  the  e q u a t io n s  of the  p r e v io u s  s e c t io n  a r e  not c o m p le te  
w ithou t sp ec ify in g  V . As s u g g e s te d  e a r l i e r ,  the  m o s t  u se fu l  
c h o ic e s  fo r  V a r e  the  m e a n  m a s s  v e lo c i ty  of the p a r t i c l e s  of type  
L p V I , o r  the  m e a n  m a s s  v e lo c i ty  of the  c o m p le te  s y s te m ,  \ / o  * 
an d  i t  i s  the  l a t t e r  w h ic h  i s  c o n s id e r e d  in  th i s  s ec t io n .  T he im p o r ta n c e  
of th is  c a s e  i s  i t s  c o n v e n ie n c e  in  d e a l in g  w ith a g a s  m ix tu r e ,  the  
m o m e n ts  fo r  a l l  g a s  c o m p o n e n ts  be in g  r e f e r r e d  to  the  s a m e  f r a m e .
A s c o m p a r e d  w ith  an y  o th e r  v a lu e  of V w hich  i s  the  s a m e  f o r  a l l  
c o m p o n e n ts ,  the  c h o ice  of V — Vo i s  p h y s ic a l ly  the  m o s t  r e a l i s t i c  
fo r  a gas  m ix tu r e  a t  o r  n e a r  e q u i l ib r iu m .
The a d d i t io n a l  r e l a t i o n s  w hich  d e te r m in e  Vo a r e  the conservation , 
eq u a t io n s .  S ince , w hen  V = V o ,
(by defin ition ) ,  on p u tt in g  V s. V0 in  e q u a t io n s  (1 .2  3), (1 .2 4 ) ,  the
(1 .2 5 )
t
O
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par t icu la r  conservation equations are:
(1.26) j O  +  y  • yOVo a  O
and
(1 .27) | _ / ° Y 0 a  X  p i  ( ® i  + V» X b L)  + I / ) l U l x b l
L ^
-  v-(P+ pa +/>VoVo)
where again
1. 4 The Dynamical Equations with Moments R e fe r red  to a F ra m e  
with V  — V t
This re fe rence  velocity for the moments  has the advantage of 
giving a much s im ple r  set of equations for  the dynamical var iab les ,  
but the disadvantage that the t em p era tu re ,  s t r e s s  and heat flux are  
r e f e r r e d  to a different  f ram e for  each gas component. It is therefore  
genera l ly  unsa t is fac tory  for dealing with gas m ix tures ,  except when 
coll is ions can be completely  ignored or  (as will be shown la te r  for a 
mixture  of e lec trons  and ions) where the gas components completely  
"decouple".
For  this  case ,  the velocity dist r ibution functions "fj  ^ ^  a re  
r e f e r r e d  to V'L , and therefore ,  in the moment equations for pa r t ic les  
of type \  , the dynamical v a r iab les  for the pa r t ic le s  of types j j  k 
in the coll ision t e r m s  a re  also r e f e r r e d  to Vi . But for consistency 
the dynamical  v a r iab les  tem pera tu re ,  s t r e s s ,  and heat flux for other 
par t ic le  types j  ^ ky • • should be r e f e r r e d  to the i r  own part ic le  type
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m e a n  m a s s  v e l o c i t i e s ,  V j  ^ V k  5* • • . Le t  the  s u b s c r i p t e d  d y n a m ic a l
v a r i a b l e  hji, r e p r e s e n t  the  v a r i a b l e  h of p a r t i c l e s  of type  j  when 
r e f e r r e d  to a f r a m e  m o v in g  w i th  \ / ^  . C o n s i d e r  t e m p e r a t u r e  f i r s t .
By defin it ion ,
(1.2 8) T j j 2
sftnj
and  so
(1.2 9) TjL
On expand ing  th e s e  de f in i t io n s  i t  i s  c l e a r  tha t
( i . 3 0 )  Tji_ =  Tjj +  l -  3  ( Vj -  VL)
S im i la r ly ,
(1 .31)  Pji
(1 .32)  RjL
f r o m  which
(1 .33)  L  
^ J L
(1 .34)  Rj i
-vt)[(cj-yL)5
-  & +/°jt(Vj-yL)(vJ-vL)}
= Bjj + ( Vj -Yl) [ l(Yj ~^i) -
+ (Vj -Yt) * ( jjj + f  pjj y-)
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In o b ta in ing  th e s e  e x p r e s s i o n s  u se  h a s  b e en  m a d e  of the  r e l a t i o n s
(1 .3 5 )  njTDj
CI  -  3  P j j 4-
n i™ J - j  —  3 j j 4-
and s in ce
(1 .3 6 )  1 11
Fol1! \
°^ji « j j
ftYf
h  Vj Yi
- + f(Yj-Vi)
2
e q u a tio n  (1. 34) m a y  be r e w r i t t e n  a s
JJ
+ tVi-yd - ( & - l-PjjU) .
With the v a r i a b l e s  fo r  e a c h  p a r t i c l e  type  j  r e f e r r e d  to  the  re s p e c t iv e  
Vj ? i t  i s  co n v en ie n t  to  w r i t e  Tjj  ^  ^ —JJ > e C^' s m^P^ as
T j  ;  P j  3 R  j  , e tc .  in  the  e q u a t io n s  th a t  fo llow . It shou ld  be 
m e n t io n e d  th a t  the  c o l l i s io n  c o e f f ic ie n ts   ^ a l s o  invo lve  the d y n ­
a m ic a l  v a r i a b l e s  j  9 j  *Tj an<3 , and  c o r r e s p o n d in g  c h an g e s  
sh o u ld  be m a d e  in  th e s e  a s  w e ll .  W ith  th e  above  fo rm u la t io n ,  the  13- 
m o m e n t  e q u a t io n s  f o r  the  p a r t i c l e s  of type  t  > w ith  the  m o m e n ts  r e ­
f e r r e d  to  th e  m e a n  m a s s  v e lo c i ty  of t h e i r  own p a r t i c l e  ty p e ,  a r e :
1 .4 .  1 C o n tin u i ty  E q u a t io n
T h is  e q u a t io n  fo llow s  f r o m  (1. 17).
L
Z
r(p)
kjfol
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1 .4 .  2 M o m e n t u m  E q u a t io n s
The  m o m e n t u m  e q u a t i o n s  c o r r e s p o n d  to (1. 18) .
(1 .39 )  V - P L + V p ( _ /Oi r i  =  i X  [  ( V j - V i . )
J fc
+ kj|(,l ( Yk ~Yi.) + ( Bj + ^(Vj'VOi 2^
- i -CVj  -VLf )  + (Vj - Y 0 - ( P j  + i P j U j ) + & f U R k + A (Vi>
- T(-fe_^ o+ (-fe~v0- ( pfe + f pky)}.
1. 4. 3 T he rm a l .  E n e r g y  E qua t ion
C o r r e s p o n d i n g  to equ a t io n  (1. 19), t h i s  equ a t io n  b e c o m e s
(1 .40 ) £i = »Vi-i-T
1 , 4 . 4  S t r e s s  T e n s o r  Equa t ion
T h i s  e q u a t io n  fo l low s  f r o m  (1 .20)  w i th  the  u se  of r e l a t i o n s  (1. 33).
a.*» i P t + is»-»  -  U *8 .) -lfe»  k) + ijjcvV.)
dt
T I  [  (Pj + f i t (Y , -  Y,)(Vj - Yl)} )
j . k u
+ 6j?i ( £i +p»(<Yk'Yi.)(Yk-Yi)pJ ^ J  »
1 .4 .  5 Heat  F lux  Equa t ion
U sing  (1. 37) th i s  eq ua t ion  c o r r e s p o n d s  to (1 .21) .
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(1 .42)
1. 4. 6 C o n s e r v a t i o n  E q u a t io n s
C o n s e r v a t i o n  of m a s s  s i m p l y  g iv e s  ( f r o m  1. 2 3)
(1 .43)  0_ O  4. V yoVo = 0  ,
and  f r o m  (1 .24 )  i t  fo l lows  tha t  the  c o n s e r v a t i o n  of m o m e n t u m  equat ion  
i s
(1 .44) a oV0 
a t '
Vj x bj)
+ X ^V jV j + J?d)
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I
w h e re  P =  Y . £ ,  J P =  I  P . •
J ! J
1. 5 The T r a n s p o r t  R e la t io n s h ip s
D epending  on th e  r e l a t iv e  m a g n i tu d e s  of the  c o l l i s io n  f r e q u e n c ie s ,
the r a t e s  of change  of v a r i a b l e s  due to e x te r n a l  s o u r c e s ,  and  of the
ap p l ie d  e l e c t r i c  o r  m a g n e t ic  f ie ld s ,  d i f f e re n t  a p p ro x im a t io n s  to  the
p re c e d in g  e q u a t io n s  a r e  p o s s ib le .  G e n e r a l ly  sp eak in g , of th e s e ,
t r a n s p o r t  r e l a t io n s h ip s  c o r r e s p o n d  to a p p ro x im a t io n s  v a lid  fo r  low
f re q u e n c y  p h en o m en a . T he in c lu s io n  of the  t r a n s p o r t  r e l a t io n s h ip s  in
th is  c h a p te r  is  p r in c ip a l ly  an  i l l u s t r a t i o n  of the  u se  of the  1 3 -m o m e n t
e q u a t io n s ,  and  a lso  to  in d ic a te  how the  t r a n s p o r t  p a r a m e t e r s  of
v is c o s i ty ,  t h e r m a l  c o n d u c t iv i ty  and  r e s i s t i v i t y  a r e  a f fe c ted  by in e la s t ic
c o l l i s io n s  an d  the  p r e s e n c e  of s e v e r a l  g a s  c o m p o n e n ts .  The g e n e r a l
m e th o d  of d e r iv in g  t r a n s p o r t  r e l a t i o n s h ip s  f r o m  the 1 3 -m o m en t
3e q u a t io n s  h a s  been  g iv en  e l s e w h e r e  (H e rd an  and  L i le y  ).
As show n in  s e c t io n  2 . 6  of C h a p te r  2, w hen c e r t a i n  in e q u a l i t ie s  
invo lv ing  the co m p o n en t  t e m p e r a t u r e s  a r e  s a t i s f i e d ,  the  c o l l i s io n  
t e r m s  invo lv ing  the  v a r i a b l e s  U. ? Pf  ^ B l  in the  e l e c t r o n  c o m p o n en t 
eq u a t io n s  a r e  d o m in a te d  by the  t e r m s  in v o lv in g  the  e&ctron co m p o n en t 
v a r i a b l e s  U.e Pe  ^ R e . S im i la r ly ,  in the " h ea v y "  p a r t i c l e  c o m ­
ponent m o m e n t  e q u a t io n s  the  c o l l i s io n  t e r m s  invo lv ing  U-l -> P i  , B f  
of p a r t i c l e  ty p e s  o th e r  th an  e l e c t r o n s  a r e  m u c h  l a r g e r  th an  th o se  
invo lv ing  the e l e c t r o n  v a r i a b l e s  , Jje , B e  . T h is  w il l  be t e r m e d
"d eco u p lin g " .
The t r a n s p o r t  e q u a t io n s  a r e  th e  e q u a t io n s  r e l a t i n g  th e  " s e c o n d a r y "  
v a r i a b le s  P and  B  to the  r e m a in in g  v a r i a b l e s  ( EL ^
,T j  j. . . ). O ften  i t  i s  m o r e  co n v en ie n t  to  u se  the  c u r r e n t  
d e n s i ty  J* in p r e f e r e n c e  to O-e , the  e l e c t r o n  d r i f t  sp eed , w h e re  w ith
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the  n e g le c t  of t e r m s  of o r d e r  of the  e l e c t r o n - p r o t o n  m a s s  r a t i o ,
U . 4 5 )  T =  ne e e u e
Since the  t r a n s p o r t  r e l a t i o n s  w i l l  r e f e r  to a gas  m i x t u r e ,  a l l  m o m e n t s  
w il l  be r e f e r r e d  to Vo . It sh o u ld  be m e n t io n e d  tha t ,  in  view of the  
u se  of p a r t i c l e - t y p e  s u b s c r i p t s ,  the  e l e c t r o n  c h a r g e  € e a lw ay s  i n -
_ j(j
e lu d e s  i t s  s ign,  th a t  i s ,  6 e =  ~ U 60x  10 c o u lo m b s .
1. 5. 1 T r a n s p o r t  R e l a t i o n s h ip s  fo r  the  E l e c t r o n s
With  the  d ecoup l ing  of e l e c t r o n  co m p o n en t  m o m e n t  e qua t ions  f r o m  
the eq u a t io n s  fo r  the  a to m ic  p a r t i c l e  ty p e s ,  the  f i r s t  a p p r o x im a t io n s  
fo r  the  t r a n s p o r t  r e l a t i o n s h i p s  fo r  e l e c t r o n s  a r e  (neg lec t in g  s u b s c r i p t s )
(1 .46)  J_ 5  X § Jr E + V X B = r> T + °< R
(1.47) _ 2 p j v \ / }  + 2.j£ x b^ ; + 1 ne 1 U-ti + Y * ? ) }  = £  P
( 1 4 8 )  - ü k i V T  + R x b  ± e  P ■ ( E +- V x B) = _L R + T .
The o r d e r i n g  of t e r m s  fo r  w h ich  t h e s e  e q u a t i o n s  a r e  v a l id  i s  a p p a r e n t  
on c o m p a r i n g  t h e m  with  (1. 18), (1 .20 )  and  (1 .21 )  r e s p e c t i v e l y .
The  so lu t io n s  of e q u a t i o n s  (1. 46) to (1. 48) a r e  f o r m a l l y  the  s a m e
3
a s  g iven  by H e r d a n  and  L i l e y  . B eg inn ing  w i th  (1. 47), def ine
(1 .49 )  e =  ( W i  {t ( E + V xB)}
L e t  a c a r t e s i a n  f r a m e  be o r i e n t e d  so t h a t  the  m a g n e t i c  f ie ld  i s  in  the
28
~X -d irection, i. e. B ~ o) . Then using the sc a la r
cyclo tron  frequency ^ =  6 B /  TT\ * the components of the e lectron
s t r e s s  tenso r are:
(1 . 50) Px x JX X-  2yU. e
p
A
p * 8 — 2 e *a . b x  e x z
l + bax V /0 x ' J
pX* -  i M ' -  b x  e * 3 1
\ + b^-xV/S1 t  J
pyy -  2 / ^ _  2 b V  . 2. bT o
1 4  4
V» ' 7 ^  -
py* -  1 /J L
e y* _  b x  _  2  b l  e
i + 4  b n v /«2 yS1 fi
Oz i  / rx ^  ^being a t r a c e le s s  t e n s o r ; r  is  given by -  [ r  r ) 
is the coefficient of v iscosity  defined by
]
] .
(1 . 51 )  / t
It is apparent that a magnetic field causes the collision coefficient, 
f i / X , to en te r  the solutions in a complex m anner.
Since
d-52» 4 ^ e  = (me {w e We}) _ L  I
jjk (not } = k = 6.)
the effects of ine las tic , a s  well as  e la s tic  co llisions, a re  contained 
within the las t  te rm , which of course  only involves Pe ) Pj>).
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The t r a n s p o r t  eq u a tio n  (1. 48) invo lv ing  the h e a t  f lux  v e c to r  a l s o  
in v o lv e s  the  s t r e s s  t e n s o r ,  so  th a t  in g e n e r a l  the  above so lu t io n s  a r e  
r e q u i r e d  to  o b ta in  a f ina l r e s u l t .  H o w ever , defin ing
(1 .5 3 )  D ^7 T J
Jp f t  V.
- e  p . ( | + y * B ) )
eq uation  (1 .4 8 )  c an  be so lv ed  to  give
(1 .5 4 )  R =  ____ (  D + X1( b - D ) b  _ t b x  D )
1 + bV V " '
(w here  a s  u s u a l  b -  ^ B / w  ). T h is  so lu tio n  g iv e s  the  u su a l  p r o p e r t i e s  
of hea t con d u c tio n  p a r a l l e l  and  p e r p e n d ic u la r  to  th e  m a g n e t ic  f ie ld , 
w hile  the  t r a n s v e r s e  t e r m  b X  D i s  a s s o c i a t e d  w ith  th e  K ig h i-L ed u c  
and  E t t in g h a u s e n  e f fe c t s .  T he  c o e f f ic ie n t  of t h e r m a l  co n duc tion  i s
(l. 55) A »  £  bi X
2 ‘m
The e f f e c t s  of c o l l i s io n s  e n t e r  th ro u g h  th e  t e r m s  T  an d  ^  :
(1 .5 6 )  n e ) T u e +  L  Re =  — I- I ee ( i m eWe(we -
J jk  ( not j s k  = e)
the l a s t  t e r m  ag a in  be ing  a s s o c i a t e d  w ith  an y  in e la s t i c ,  a s  w ell a s  
e l a s t i c ,  c o l l i s io n s .
E q u a tio n  (1. 46) is  u s u a l ly  c a l le d  the  g e n e r a l i s e d  O h m 's  law , o r  
the  f i r s t  a p p ro x im a t io n  to the  g e n e r a l i s e d  O h m 's  law , fo r  obv ious
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r e a s o n s ,  r) of c o u r s e  h a s  th e  d im e n s io n s  of r e s i s t i v i t y .  In th is  
eq u a tio n  the  coup ling  be tw een  T and  R l e a d s  to  s e v e r a l  w e l l  known 
e f fe c ts .  W ith the  t e r m  in v o lv in g  ig n o re d  fo r  m a th e m a t i c a l  t r a c t a -  
b i l i ty ,  e q u a t io n s  (1. 46) an d  (1. 48) m a y  be c o m b in e d  to  y ie ld
(1 .5 7 )  h ;i J  ~  A K x  B
w h e re
(1 .58)  A =  _ _ J _ S 7 p  + E - o< R d + Jhll(b-VT)b
K = _L J  . V _ * e r  Bd 
-  n e  “  r  ~  m  - D
Bd= J X b + AVI )
Vjii is  de f ined  by
d . 5 9 )  r ) (j =  (j (  I -  ( o c K x / p ) )
and  is  th e  r e s i s t i v i t y  p a r a l l e l  to  the  m a g n e t ic  f ie ld . The c o e f f ic ie n t  
X j  i s  the  t h e r m a l  d if fu s io n  c o e f f ic ie n t  d e f in ed  by
(1. 6 0 ) XT -  cx >\
\  be ing  th e  t h e r m a l  c o n d u c t iv i ty  c o e f f ic ie n t .  E x c e p t  f o r  obv io u s  
s p e c ia l  c a s e s  th e s e  r e s u l t s  a r e  v e r y  c o m p lic a te d ;  n e v e r t h e l e s s ,  th ey
3
a r e  d i s c u s s e d  in d e ta i l  by Herdan. an d  L i le y  . The c o e f f ic ie n ts  ck ; p 
a r e  o b v io u s ly  d e f in e d  by
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( 1 .  61)ne(jl e p  U  e + « Re) = - i  I  I jfc(meWe)
1. 5. 2 The T ransport R ela tion sh ip s for  MHeavy" P a r t ic le s
F rom  equation ( 1. 25)  (s in ce  V - Vo ), it is  evident that the 
atom ic  p a r tic le  drift sp eed s  are  of ord er rfie/fTVL ° f  the e lec tro n
drift sp eed s  | l l e  | . The v e lo c i t ie s  im p arted  to the ion s by the 
m a c r o sc o p ic  a c ce le ra tin g  f ie ld s  in a c o llis io n  tim e are a lso  of the 
sam e o rd er . For th is  rea so n  the re levan t ap p roxim ation s of the 
m om entum  equations (1. 18) for "heavy" p a r tic le s  w ill be ignored  in  
d isc u ss in g  the tran sp ort p r o p e r tie s  of such p a r t ic le s . It should be 
m entioned  how ever that it is  n e c e s s a r y  to re ta in  th ese  equations and 
a lso  to reta in  the t l L term  in equations (1. 20) ,  (1 . 21) ,  to account for 
the g en era l d iffusion  of the atom ic p a r t ic le s . T h ese  phenom ena are  
not c o n s id e re d  in th is  su b sectio n , and for  p resen t p u rp o ses  the "heavy" 
p a rtic le  tran sp ort equations analogou s to (1. 47) ,  ( 1 . 48)  are:
(1. 62)
( 1. 63)
- aivM
J
_£b,  i  vTt + RiX bv+ SL&* ( E f Vx B)
2  1 11 Tin, ~  TTV ~  V '
F or e a se  o f w ritin g  
have been u sed  for
when trea tin g  p a rtic le  m ix tu r es , 
{ß /z )ij and , r e sp e c t iv e ly .
and © ij
In o rd er  to exam ine the e ffec t on the tran sp ort p ro p er tie s  of a 
p articu lar  gas com ponent by other com ponents in a m ix tu re , only  two
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"h eav y "  c o m p o n en ts ,  i ^j w il l  be c o n s id e re d .  F u r t h e r m o r e  the  d i s ­
c u s s io n  w ill  be r e s t r i c t e d  to t h r e e  p a r t i c u l a r  c a s e s ,  n a m e ly  (1) no 
a p p l ie d  m a g n e t ic  f ie ld ,  (2) an  a p p l ie d  m a g n e t ic  f ie ld  but w ith  the 
p a r t i c l e  c o n c e n t r a t io n s  su ch  th a t  Hj , and  (3) an  ap p lied
m a g n e t ic  f ie ld  but w ith  type  j p a r t i c l e s  n e u t r a l .  T h e se  r e p r e s e n t  
t h r e e  im p o r ta n t  and e n t i r e ly  d i f f e re n t  s i tu a t io n s .
C o n s id e r in g  (1. 62) f i r s t ,  w hen B =  O , th e s e  eq u a t io n s  tak e  the 
s im p le  fo rm
(1.R4) — 2  P i g i  =  P j
-  2 Pj +  H  f j
w h e re
(1 .6 5 )  e t -  §j = {vy} =  e
The so lu t io n s  a r e  e a s i l y  o b ta ined :
(1 .66)  P- =  -  'l ßÜ
Pj = -IhMu.
f a ß j i  ßß
-+
+
Pj §  
A i A i  
2 Pjfe
faßYrfoh1
By an a lo g y  w ith  the  s in g le  p a r t i c l e  type  s i tu a t io n ,  fo r  in s ta n c e  the  
so lu tio n  of the  e l e c t r o n  e q u a t io n  (1 .4 7 ) ,  a  g e n e r a l i s e d  co e f f ic ien t  of 
v i s c o s i t y  m a y  be defined :
33
(1 .67)  ALU Ä  f t j  Pi ' ^ lJ h
ß u ß ü -
A s hj 0  ^ yU ij y tt Ä  \ i  /  ß i i  w hich is  the sin g le
p a rtic le  type r e su lt . In te r m s  of th ese  d efin ition s,
(1 .68 )  P.t _  _  l y U i j  e
fj = - V ^ S  .
F or the secon d  c a se , w here Hj n*L , take the m agn etic
fie ld  p a ra lle l to the x - a x i s of a rectan gu lar  c a r te s ia n  fra m e. By 
co n sid er in g  the e x p lic it  form  of the c o ll is io n  in teg r a ls  of C hapter 2 
w ith r e sp e c t  to flj , it is  evident that equation (1. 62) b e c o m e s
(1 .69)  _  Z  p i g  +  z ( P i  X
° ( v n0 + ^ { fjx b j}  -  /Sjj Pj + o(nj/m) .
That is ,  n eg lec t of nj/TV^ com pared  w ith unity is  equivalent to 
taking Pj ~  O . The equation for in ( 1. 68)  then h as the 
s in g le  p a r tic le  type so lu tion ,
rjxx
(1 . 70)  PL
P ?  =
X X
L -
-  2./M . e ‘
-X/A-V
I + 'b j/|8u  I e ' J +
— iy a ;
' + Pi /ßu
(
üT (
e * *  -
k  e ;
(3ii
bL
)
)
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Pi”  = -  2 / i i  ,{ - 2  ba e >* a. 2  b L
1 +  ^ e  ^
i - ■— w
0Li
Pj“* = — 2ytU 2 bi ot
i + k b\ /ßi i “  77 e
w h e re  y U y  — 2. p(, / ß  \ \  i s  a s in g le  p a r t i c l e  type  v i s c o s i ty .
P i s  of c o u r s e  g iven  by _   ^ P ^ j .  To the  o r d e r  of a p p r o x i ­
m a t io n  u s e d  fo r  th is  so lu tio n ,  th e  p a r t i c l e s  of type  j  m a k e  no c o n t r i ­
bution  to  the  s t r e s s  t e n s o r  t r a n s p o r t  r e l a t io n s h ip s  fo r  p a r t i c l e s  of 
type  L .
The th i r d  c a s e  i s  w hen  p a r t i c l e s  of type  j a r e  n e u t r a l .  E q u a t io n s  
(1. 62) b e co m e
(1 .7 1 )  - 2 p . g t +  2 { P L x b , j  =  ^ U P L + / 3 l J Pj
- 2 = + / öj j f j  •
The g e n e r a l i s e d  v i s c o s i t y  (1. 67) o c c u r s  in  the  so lu tio n  of th e s e  
e q u a t io n s .  D efin ing
(1 .7 2 )  € =  ß i i ß ü  ~  A j £ j i
and  ag a in  tak in g  the m a g n e t ic  f ie ld  in the  1C - d i r e c t io n ,  the  c o m p o n en ts  
of p. a r e  g iven  by
/v/ t
n x x  v v
( 1 . 73 )  Pi = — 2 / U j  e
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1+ b t / f e
I
■ t / t 1 I
I + b\ / e
\ + 4  b“ / 6 2’
- l y U t j
-  v ^ j e a1 — be** — ■‘Lk l e^
\ + 4 b \ / e
In t e r m s  of , Pj t a k e s  the  simple  f o r m
(1. 74)  f> -  -  2 p j e  _  ^ j i P L
^jj ^jj
and  m a y  be o b ta in e d  u s in g  (1. 73).
The  h e a t  f lux t r a n s p o r t  e q u a t io n s  (1. 63) a r e  s im p l i f i e d  by  the  
n e g lec t  of the  d r i f t  v e l o c i t y  t e r m s  d i s c u s s e d  e a r l i e r ,  a l though  of 
c o u r s e  th e y  s t i l l  c o n ta in  the  s t r e s s  c o m p o n e n t s ,  the  v a lu e s  of which  
have  b een  g iven  above  fo r  the  t h r e e  c a s e s  to be c o n s i d e r e d .  B e g i n n ­
ing  w i th  the c a s e  O t the  eq u a t io n s  (1. 63) b e c o m e
(1 .75)
w h e r e
(1 .76 )  D t  -
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W hen T*l =. Tj an d  the  t e r m s  in D L , D» invo lv ing  the  
s t r e s s  t e n s o r  a r e  ig n o re d ,  i t  i s  p o s s ib le  to define a  g e n e r a l i s e d  co ­
e f f ic ie n t  of th e r m a l  c o n d u c tiv i ty .  F o r  th i s  c a s e ,
(1 .7 9 )  Di «  Dj =  V T  S  D
w ith  "7 — ' ^ — T j  and  the  so lu t io n s  a r e
U .7 8 )  R i .  _  Xtj D
- j  = -  D ■>
the  g e n e r a l i s e d  t h e r m a l  co n d u c t iv i ty ,  X ij  , b e ing  g iv en  by
(1 .7 9 )  Xlj =  I  Q j l  pi/Tfij, -  e Lj P i / tf, ; )
©ii ©jj -  ©i.J ©ji
As hj O, X i j  — ^ X ‘L — I  * th e  s in g le
co m p o n en t type  t h e r m a l  co n d u c t iv i ty .  H o w ev e r ,  m o r e  g e n e r a l ly ,  
w hen \  s^. T j , the  so lu t io n  of (1 .7 5 )  i s
(1 .8 0 )  B i  =  _  £  fe Q jjP i . /m L Di +  £ k Bij p j /m j  Dj
1 ©u©jj-©j©ji 2 © u ejj-© yej i
Bj = _ £QiiPj /mj Dj + £ (c eji K /m t Di
2 011 eiJ “ e 'y©)t 1 e u e j i~ © ( j0 ; i
F o r  th e  s e c o n d  c a s e ,  tak in g  nj <X D [ , th e  e q u a t io n s  c o r r e s ­
ponding to (1. 63) a r e
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(1.81) _  £  Pik. Dt 4- Bi  X bi *  ©ii Bl  4  ©ij Bi
2 m;
Bj * t?j ©jj Bj
S im i la r ly  to  (1 .6 8 ) ,  n e g le c t  of i s  e q u iv a len t  to ta k in g
R j =  O . The so lu tion  fo r  i s  th e n  th e  s a m e  a s  f o r  the  
s in g le  p a r t i c l e  type  c a s e :  '
D t 4  (b r  DO fei _  b,x Pi \
® u  © u  '  '
It i s  e v id en t  th a t  the  t r a n s p o r t  p r o p e r t i e s  of p a r t i c l e s  of type  l a r e  
e s s e n t i a l l y  u n a f fe c te d  by a s m a l l  n u m b e r  of p a r t i c l e s  of a n o th e r  type.
The r e m a in in g  c a s e  to  be c o n s id e r e d  i s  th a t  fo r  w hich  p a r t i c l e s  
of type  j  have  no ne t c h a r g e .  The e q u a t io n s  fo r  the  h e a t  flux  v e c to r s  
b eco m e
(1.82) R L =  _ Xt
+ bf/ef:
(1.83) _  4. R-t x k .  — © n  B l +  ©u  Ri
-  Y & 4-j  -  ejl Bi 4  e jj Bj
mi
D efining
(1.84) H = Di Bi -  £l @y Bj
rru rrij
and
( 1 . 85 ) $  *  Q U  Q j j  —  %  B i j
©a ;
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t h e  g e n e r a l  so lu t io n  of (1. 82) i s
( 1 . 8 6 )  R. =  _  5__ ± ___________ f  H ( b t - H ) b u _  f e i x H
2 3 ( l  + b \ / 3 2) l  -  “■ ^  -  - * - =
and
(1-87) Rj = -  I- a L ..  Dj _  |Li 6 l .
2 mJ e jJ e JJ
In the  c a s e  of eq u a l  t e m p e r a t u r e s ,  and  n e g le c t in g  the  t e r m s  in  the  
D '$ invo lv ing  the  s t r e s s  t e n s o r  c o m p o n en ts ,  th e  so lu t io n  f o r  is
(1 . 88)  R^ _ (ki bi
( T
w h e re  £) • —
The e f f e c t s  of in e l a s t i c  c o l l i s io n s  th ro u g h o u t  th e s e  t r a n s p o r t  
r e l a t io n s h ip s  c an n o t be s e p a r a t e d  f ro m , fo r  e x a m p le ,  the  e l a s t i c  
c o l l i s io n s ,  w ithout c o n s id e r in g  in  d e ta i l  p a r t i c u l a r  c a s e s .  H o w e v e r ,  
fo r  the  sak e  of c o m p le te n e s s ,  th e  y3[j  ^ ©ij a r e  o b ta in e d  in t e r m s  
of the  c o l l i s io n  i n t e g r a l s ,  f ro m :
(1-89) /?U P\ +/9yPj s - i-  I
d. 90) e lL Bl + ©ij Bj = - l  [  I kt ( i  mLwt ( w> -  X . ) ) .
In c lu d ed  in  the  s u m m a t io n  o v e r  p a r t i c l e  type  a r e  the  e l e c t r o n s ,  w hile  
in  th e se  d e f in i t iv e  e q u a t io n s ,  t e r m s  in v o lv ing  U i . U: have  b een
n e g le c te d .  T he  d e ta i l s  of the  c o l l i s io n  i n t e g r a l s  a r e  g iven  in C h a p te r  2,
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C h a p te r  2
The C o l l i s io n  I n te g ra l s
2 .1  In t ro d u c t io n
In C h a p te r  1, the  13 -m o m e n t  e q u a t io n s  w e re  p r e s e n t e d  a s  a  c lo se d  
s e t  of e q u a t io n s  fo r  the  d y n a m ic a l  v a r i a b l e s  {° i , U.L ( ° r  p L )
and  R^ . The g e n e r a l  f o r m  of the  c o l l i s io n  t e r m s  w as  in d ic a ted ,  
but the  e x p l ic i t  d e te r m in a t io n  of th e s e  w as  le f t  to  th is  C h a p te r .  Since 
the  e v a lu a t io n  of th e  r e l e v a n t  i n t e g r a l s  is  len g th y  and  so m ew h a t  c u m b e r ­
so m e , th is  i s  p r e s e n t e d  in s u m m a r y  fo rm  only, le av in g  m u c h  of the
3e x p l ic i t  a n a ly s i s  to  a r e p o r t  by B y d d er  and  L i le y  . T h e s e  r e s u l t s  a r e  
g e n e r a l  enough  to in c lu d e  a l l  p o s s ib le  ty p e s  of b in a ry  c o l l i s io n s  and  
a lm o s t  a l l  ty p e s  of i n t e r a c t i o n  f o r c e s .  The e l a s t i c  c o l l i s io n  i n t e g r a l s  
a r e  o b ta in ed  a s  a s p e c ia l  c a s e ,  be ing  the  s a m e  a s  th o se  p re v io u s ly  
d e r iv e d  by H e rd a n  and  L i le y  (L iley* ) .
It is  p e r h a p s  w o r th w h i le  no ting  h e r e  th a t  an  i n t e r e s t i n g  a p p l ic a t io n
of m e th o d s  d e v is e d  f o r  n u c l e a r  c o l l i s io n  d y n a m ic s  to  the  c a lc u la t io n  of
2
m o m e n t  eq u a t io n  c o l l i s io n  t e r m s  h a s  b een  g iven  by K u m a r  . He finds  
th a t  by a t r a n s f o r m a t i o n  to s p h e r i c a l  p o la r  c o o r d in a te s ,  i t  i s  p o s s ib le  
to u se  the  a lg e b r a  of i r r e d u c i b l e  t e n s o r i a l  s e t s  and  c e r t a in  t r a n s f o r m a ­
t io n s  known a s  T a lm i  t r a n s f o r m a t i o n s ,  to s u b s ta n t ia l ly  r e d u c e  the  w o rk  
of c a lc u la t in g  the  c o l l i s io n  i n t e g r a l s .  U n fo r tu n a te ly ,  the  m e th o d  a s  
d i s c u s s e d  a s s u m e s  e l a s t i c  c o l l i s io n s  an d  eq u a l  t e m p e r a t u r e s  f o r  a ll  
c o m p o n en t p a r t i c l e  ty p e s .  T h is  l a t t e r  a s s u m p t io n  i s  r e q u i r e d  s in ce  the 
a p p l ic a t io n  of th e  T a lm i  t r a n s f o r m a t i o n  d ep en d s  on ta k in g
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e . 6
( be ing  the  r e l a t iv e  v e lo c i ty  in a  b in a ry  c o l l i s io n ,  ^ j ^ t h e  c . m .
Pit =s + (Xt, Kjk ■:= ° (y] °^[< !  T-,fc ) an d  th isv e lo c i ty ,  >jfc  ^ j   ^  fc , ü J  — /  'jf
r e l a t i o n  i s  of c o u r s e  in v a lid  f o r  u n eq u a l  t e m p e r a t u r e s .  W hile i t  sh o u ld  
be p o s s ib le  to  d e v ise  a l t e r n a t iv e  t r a n s f o r m a t i o n s  to  e n ab le  t h i s  ty p e  of 
a p p ro a c h  to be a p p l ie d  to th e  c a s e  of d i f f e r in g  c o m p o n en t t e m p e r a t u r e s  
and  p e rh a p s  i n e la s t i c  c o l l i s io n s ,  su ch  c o n s id e r a t io n s  a r e  n o t  w ith in  the  
scope  of th is  t h e s i s .
2 .2  The D y n a m ics  of G e n e ra l  B in a ry  C o l l i s io n s
The c o l l i s io n  in t e g r a l s  fo r  th e  1 3 -m o m e n t  e q u a t io n s  (1. 17) to  (1. 21) 
fo r  p a r t i c l e s  of type  I a r e
<2* ^ ( h )  =  [ V t  % ( ' - K )  %  d w L d w j
w h e re  the  fo llow ing  v a lu e s  of a r e  c o n s id e re d :  rn t m LWt ;
mL ^   ^ and ±  m-L -5 /2 c v L^  . The d e r iv a t io n  of_L ml  ^ ; \ Wr W; f • 
th i s  i n t e g r a l  i s  s i m i l a r  to  th a t  g iven  by C h ap m an  and  Cow ling^ (pp 53 
68 and  296). H o w ev e r  the  in te g r a t io n  o v e r  .^ d ese rv es  so m e
m en tio n . T he d i f f e r e n t ia l  c r o s s  s e c t io n  i s ,  in  g e n e r a l ,  a r e l a t i o n  
invo lv ing  v a r io u s  s c a t t e r i n g  a n g le s  and  v e lo c i t i e s  fo r  a g iven  k in e t ic  
e n e r g y  d e fec t ,  e i th e r  d i s c r e t e  a s  in e x c i ta t io n ,  o r  c o n tin u o u s  a s  in  
io n is a t io n ,  and  the  c o l l i s io n  t e r m s  m u s t  be " s u m m e d "  o v e r  a l l  su ch  
p u s s i b l -■* e n e r g y  l o s s e s .
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T he p ro d u c t  f.  x i s  s im p l i f ie d  by n e g le c t in g  the  " q u a d r a t i c 1
J 5 6
t e r m s ,  a s  in  H e rd an  and L i le y  . (K o lodner  , in  t r e a t i n g  e l a s t i c  
c o l l i s io n s ,  r e t a in e d  the " q u a d r a t i c "  t e r m s ,  "fj Sj , but found 
th a t  th e y  w e re  of no g r e a t  s ig n if ic a n c e .  ) T h is  c o r r e s p o n d s  to  w r i t in g
( 2 . 2 ) f j f k  =  <rC(i + Sj + s k )
HP )
w h e re  p i s  the  M ax w e ll ian  d i s t r ib u t io n  fu n c tio n  fo r  p a r t i c l e s  of 
type j  ,
(2. 3) f,
{°) /  \  3  _  c X  I W  j
ni  *  J J
and
( 2. 3)  S =  2 + f i  £  '• wj + I  a  Bj • wj
n Pj
and S k ‘
f ( ° )
S im i la r ly  fo r  T ^
eh an g e  in  vl^ due to  a  c o l l i s io n  in v o lv in g  two 
p a r t i c l e s  of ty p e s  j  and  fc* . L e t  any su ch  c o l l i s io n  p ro d u c e  p a r t i c l e s  
of ty p e s  j /  k T hen
(2.5) = %  vjjj/ + Slfe' vjy _ iyd- j  _ Pfe ,
the S S be in g  the  o r d i n a r y  K r o n e c k e r  d e l ta s .  a
func tion  of , w h e re  p r i m e s  a r e  u s e d  to  deno te  v a lu e s  of a
p a r a m e t e r  a f t e r  a c o l l i s io n .  It i s  t h e r e f o r e  n e c e s s a r y  to  e x p r e s s  
in t e r m s  of W-L an d  the  s c a t t e r i n g  p a r a m e t e r s  th a t  o c c u r  in  the  d i f f e r ­
en tia l  c r o s s  s e c t io n s .  In g e n e r a l ,  the  p a r t i c l e s  m a y  be c o m p o s i te
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p a r t i c l e s ;  fo r  e x a m p le ,  s e v e r a l  in d ep en d en t p a r t i c l e s  w hich  a r e  
p r o d u c ts  of the  c o l l i s io n  m a y  f o r m  " p a r t i c l e "  ft . T h ey  m a y  a lso  
be e x c i t e d - s t a t e  p a r t i c l e s .  S t r ic t ly  sp eak in g , p a r t i c l e s  in  d i f f e r e n t  
e x c i te d  s t a t e s  sh o u ld  be r e g a r d e d  a s  d i f f e r e n t  p a r t i c l e  ty p e s .  H ow ever , 
i f  the  l i f e t im e  of th e  e x c i te d  s ta te  i s  c o n s id e r a b ly  l e s s  th an  the  t im e  
b e tw een  c o l l i s io n s ,  i t  i s  m o r e  s a t i s f a c to r y  to  r e g a r d  e x c i te d  s t a t e s  a s  
of the  s a m e  p a r t i c l e  ty p e ,b u t  th is  is  of no c o n se q u e n ce  f o r  th e  p r e s e n t  
c h a p te r .
D efin ing
(2 . 6 ) M , =  ÜU . Mfe. =. . IV =
J rr\0 > m u J  J
w h e re
(2 .7 )  nn0 = m , + =  rry + m y
the c e n t r e  of m a s s  v e lo c i ty  in a r e s t  f r a m e  i s  g iv en  by
(2.3) So =  Mj + Mk£(.  , =  hj'C j' + Sk' =  >
the l a s t  p a r t  of (2. 8) r e s u l t i n g  f r o m  the  c o n s e r v a t io n  of m o m e n tu m  in  
a c o l l i s io n .  A gain , d e f in in g  the  r e l a t i v e  v e lo c i t i e s
(2. 9) cj =  CJ
5
-  j  -  £ k — w j — w
-  v y  -  w  p  >Sj'fe' -  - y  -  - k
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on p u tting
(2 . 10) Cj =  c,0 _  V  J
it  fo llow s f r o m  th e s e  d e f in i t io n s  th a t
(2. 11) Wj - 9  + 9 2 =  5  -  Mj 9 i
/
Wj = S  4 M t ' j '  i Wk' =  Cj _  M y  9 '  .
F u r t h e r m o r e , f r o m  the  e n e r g y  e q u a tio n  fo r  a c o l l i s io n .
(2 .1 2)  J -  mD iH + 1 ^  =
J M nn0 J
1 2 
JL m0 <j" +  i .  mj' ™fe/ 4  A 'c
^  2 m 0 J
i t  i s  p o s s ib le  to w r i te
(2 . 13) g '  = x 9
w h e re
(2. 14) X2 = rr\j mfc 2 A t
nry 3 " " y  " V
is  th e  k in e t ic  e n e r g y  lo s t  in the  c o l l i s io n .  In g e n e r a l ,  j  ^
k ' m a y  have  " g a in s "  in  i n t e r n a l  k in e t ic  e n e r g y  (tha t i s ,  about
t h e i r  c e n t r e s  of m a s s ) ,  and  th i s  m u s t  be r e g a r d e d  a s  e n e r g y  lo s t  in 
the  c o l l i s io n .
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L e t  ~)C , c  be the p o la r  and  a z im u th a l  a n g le s  w h ich  g  m a k e s  
w ith  g , in  the  f r a m e  m o v in g  w ith  the  c e n t r e  of m a s s  of the  c o l l id in g
— /N /S A
p a r t i c l e s .  C ho o sin g  m u tu a l ly  o r th o g o n a l  un it v e c to r s  l  ; J R su ch  
th a t  i -  g  /  J CJ J y g / c an  be e x p r e s s e d  in co m p o n en t fo rm :
(2. 15) 3  “  •
W ith th e  a id  of e q u a t io n s  (2. 11) and  (2. 14), the  m a ^  now
given  in t e r m s  of ^  ; 9 -5 X  ,X  an<  ^ ^  *
T he w r i t in g  of the  , and  the su b se q u e n t  f o r m  of the  c o l l i s io n
in te g r a l s ,  i s  m u c h  s im p l i f ie d  by the  u se  of th e  fo llow ing  n o ta tio n :
(2 .1 6 )  S ( l )  = -j- — &Lj -  g i t
i  = — £>ik — S 3 4-
6(3) = _  U '
on 1! g y 4- & i \p! *
and
(2. 17) rn^r — nru (  m Q — m t )
m^r  be ing  the r e d u c e d  m a s s  in the  c o l l i s io n .  The d e ta i l s  b e in g  g iv en
3
in B y d d er  and  L i le y  , w ith  the  u se  of th is  n o ta t io n  and  th e  p r e v io u s  
r e la t io n s  fo r  wj ?  ^ w - / p  ^ g 7 , the  A j ^  ( ^ i )
46
b e c o m e  (in the fo l lowing eq u a t io n s ,  t e r m s  of odd o r d e r  in Si/n £■ o r  
Cast: have  b e en  ig n o r e d  fo r  r e a s o n s  g iven  in the nex t  sec t ion) :
(2 . 18) A Jk ( m L) =  m v SO )
(2. 19) h j fe (m;Wi) -  
(2 .20 )  ( i  mi w i.) -
n\ UO 9 + ^ir b(2) g -  rnir S(?) cj(|- \c« )),
"H S(i) Cj* +  4  %ii)  3"  +  2  m ir ^ ) ^ - g
_  2  rrvir S(J) Cj-g ( |  -  A c « ) . )  _  m u  4 ) j 2( | -  A2)
(2 .21)  h : fe(ini ( w c w i ,| )  =  &(<) m i { ( l  ^  +  r r v S ( ' ) { s 3 ^
-+• 2  mir S ( l ) | c j  _  2 m ; r S ( 3 ) j $  9 ^ 0  
- \Cny) -  ÜLir SQt) { 9 g\ 4  C9ir ^(0 XN (
m ^  — m 'L
-+|jjlsOn).CaiL€ S ^ )  Sw t) ,
(2. 22) mi üyi Wi ) = ./  0 mLSo) CjC^1 _ 2 rntrS( )^ Cj *^g()-Xc<js)c)
■f 2- mir s e i )  9 5 *g _  rm_r s  w  9  9*0 ) + Eüf £(0 9 q- - nrvt -  J  mj d J
-  mlr 8(3) g 9  ( 1 - XCosjO 4  rrrtr £ (l)  g
- mir &(*) 39 (l - Ajc«x) + mir $>(2) qLq
rr\ i1 -  m;». ^ 2
+  2mir  S ( ^ )  X2 g2( t  G-l Cos’X + J C-J s <ml )LCa%6
4  kg-k Sun1x.Sifi1,€) 4.2 mJ (^ 8 (4) -80>) g G*g 4
m ;  -  -  ~
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2 . 3 In te g ra t io n  o v e r  Az im u th a l Angle
A lthough  a t  th e  p r e s e n t  s ta g e  t h e r e  i s  no need  to  c o n s id e r  the  
sp e c if ic  c o l l i s io n  c r o s s  s e c t io n s ,  c o n s id e r a b le  s im p l i f ic a t io n  of the  
c o l l i s io n  t e r m s  is  o b ta in e d  by a s s u m in g  th a t  the  d i f f e r e n t ia l  c r o s s  
s e c t io n s  a r e  in d ep en d e n t  of £ , the a z im u th  of the  s c a t t e r i n g  ang le .
Since the  J a c o b ia n  of the  t r a n s f o r m a t io n  dw.
(2. 23) , 3 )
j W(t)
the  g e n e r a l  c o l l i s io n  i n t e g r a l s  (2 .1 )  b e co m e
(2 .2 4 )  I j^ i)  =  j l j f fe % ( ^ i )  g<r dy- d e  dlCj dcj  .
H e re  the  d i f f e r e n t ia l  c r o s s  s e c t io n  h a s  b e e n  w r i t t e n  a s
(2. 25) d<5jk • = <r Si/*y dy de
w ith  6" in d ep en d en t of £  , and  s u b s c r i p t s  a s s o c i a t e d  w ith  6~ and  
be ing  ig n o re d .  Since 6  on ly  o c c u r s  in  the  ^(^Vi) J wh ile  and  
X  on ly  o c c u r  in  t h i s  t e r m  and  the  d i f f e r e n t ia l  c r o s s  s e c t io n ,  
in te g r a t io n  o v e r  th e  a z im u th a l  ang le  6 c a n  be e f fe c te d  im m e d ia te ly .
As the l im i t s  of i n t e g r a t io n  o v e r  <£ a r e  O  ^ 2 i r t e r m s  odd  in  S'en£
o r  Cos £ in t e g r a te  to  z e r o ,  w hile  s q u a r e  t e r m s .  Sen £ o r  Ccrs € ^
in te g ra te  to IT .
D efining
(2* 26) = jo ( » - Co^vx) g<r dy
(and, to  m a in ta in  a u n i fo r m  n o ta t io n ,  i s  a l s o  d e f in ed  by th is
in te g r a l  but w ith  X ta k e n  a s  z e r o ,  no m a t t e r  what th e  m a g n itu d e  of V )
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the  c o l l i s io n  i n t e g r a l s  can be r e p r e s e n t e d  a s  i n t e g r a l s  o v e r  ^  and 
C| invo lv ing  the  (J/s . With th e s e  c o n s id e r a t io n s  (and n e g le c t in g  
the  s u b s c r i p t s  of the  Cpj  ^ v )  ) the  c o l l i s io n  i n t e g r a l s  c o r r e s ­
ponding to (2. 18) to  (2. 22) a r e :
(2. 27) 
(2 .2 8 )
= 2. tr m; SO)
= n r n ,  S(|)
_  2-n mlr %
+ 2tr m-vr
= tt m- SO)
(2 .30)
_  I T T  mir S(3) I Cj'9 d g d g
-t- m;r S(l) j Cj-g d g d g
_ TT tvnr ^ 4) j f. f j ^ ^ o )  g1 dg dg
+ tt ml- Ui) Jfj it $(r°°,o) dg ■,
iTTm^o) Jfj o){ggjc!^clg
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(2 .31 )  I -  ( i r n Lwew;
+ 4Trmi r S(a) j  f j f k 9 ^ d g  d g
4 l r n n rm:
4-
-  3 tto&f W )J fj fk <j)(^i)  [ g g^ d g  d g
M  { g 9} d g  d g
2 1 7 ^  s o )  j  fj fk <!>(-«>,«>){ g s i  d g  d g  •,m't ~ ~
tr m. £0) / fj f(, <K~°V) 9 91 d & d3 
H 3) j  fj fk I , O S S ' 3 d g  d g_  2  TV Mir
-  it mir S(3)j"fjf^ <^(1, 1) g gz d g  dg
+ 2.tT Wir W ) J f  f, <)>(-<*> o) gg -g  d gdg
+  TT mir b(a) j  {. fk cf>(-aoj0) g Cj2 d g  dg
-  2TT-^ t % )  J  fjfk <j>(2,o) 9 g1 dg dg
+ Sib)J fj fir <J>(2,i)Cjtf d g  dg
+ Ti-jHil S(v)/  fj ff, 4 (2 .,o)g  Cj'g d 9 dg
-  3 Trjjv 8(4) /  fj fk ^ C v )  g g -g dg dg
+  2TT r£ r  S O ) / fj f k cj)( - ° o 0) Cj (g - g  d g d g
50
+  W  m 'i r  
rv\i
9 g1 dgdg
_ TTjmr $>(ä) / f j  (j>(3p) 3 g" ^9 dg
m t -  -  _
+ TT BLt SCO j (j fji 4>(-“  o)q q4 dg dg
w ix -  -  -
2 . 4  I n t e g r a t io n  o v e r  V e lo c i ty  Space 
F r o m  (2. 3), i t  fo l lows  tha t
r(0\ r(o)
( 2 .3 2 )  Tj T ^
3 -3 - ( < * »  W \ * 4  «XfeWfc )
E x p r e s s e d  in t e r m s  of Cj and  (j > the  exponen t  b e c o m e s
(2 .3 3 )  <XjWj +  = .  (0Cj + 0 ^ )  +  2 ( ° < j l \
_  M j )  q  • 0  4 . ( 0 0  )  0
w h ich  i s  not a co n v en ie n t  f o r m  f o r  i n t e g r a t i o n  w i th  r e s p e c t  to  ^  o r  0
1 -
The  t r a n s f o r m a t i o n  u s e d  by  L i l e y  i s  to  the  d i m e n s i o n l e s s  v e l o c i t i e s
X Y  w h e r e
(2-34) * -  AkC^+^g) i Y = % g  ,
with
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(2. SS) /3 j \  =  °<j + °<k
^  -  °<J Mfc -  Q(k tjj
<Xj + 'Xfc
This reduces  the exponent to — ( X X+ Y  ) . 
t ransfo rm ation  is
°<j <*>>. 3
°< j +  °<fc
The Jacobian of the
(2.36) ^  ^  , 9 )  — <Xl )
Also, by e lem en tary  substitution in equations (2. 11),
II• —c—coCM _L x 1"1- "C
Wfc - -L X 1
jfijfc“
Using these re la tions  to ex p re ss  the Sj  ^ of (2.4) in te rm s  of X Y , 
the approximation for fj in equation (2.2) gives
(2. 38) f j  f^ rKnj l * j  * 0 *  tt"3 D( ^ l )
-C X x + Y l )
e
where
(2.39) D(Y Y) -  I + Sj t  ;
the Sj  ^ Sk now being e x p re ssed  in te rm s  of y  y  . The explicit 
form  of D/S^Y) is  given in Bydder and Liley^.
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The c o l l is io n  in te g ra ls  w e re  g ive n  a t the end o f the  p re v io u s  
s e c tio n  in  te rm s  o f in te g ra ls  o f th e  fo rm
(2-40) j fjffc dCjdg
w h e re  the a re  o b ta in e d  on c o m p a r in g  (2 .4 0 ) w ith  (2 .2 7 )  to
(2. 31). B y  v ir tu e  o f the  re la t io n s  (2. 34), (2. 36), and (2. 38), these  
in te g ra ls  (2 .4 0 )  t r a n s fo r m  to
(2 .4 1 )  J  D (X  V )  e " ^  +Y ^ f ( x ^ y ) d X  d Y
w h e re  o f c o u rs e  Y — | Y j . The (j) ( Cj re p re s e n t in g  the  
fu n c t io n s  o f 9 j Cj o c c u r r in g  in  these  in te g ra ls ,  a re  fu n c t io n s  o f 
X , Y . On the o th e r  hand, the  4 ^ ^ )  a re  fu n c t io n s  o f  CJ and 
no t g  o r  9  , and hence becom e fu n c t io n s  o f Y  . T h e re fo re  
in te g ra t io n  o v e r  X is  im m e d ia te ly  p o s s ib le , so th a t a l l  the c o l l is io n  
in te g ra ls  can be re d u c e d  to  fu n c t io n s  o f Y  • F u r th e rm o re ,  s in ce  the  
4 (y Y )  a re  the  o n ly  unknow n e x p re s s io n s , the c o l l is io n  in te g ra ls  
a re  re d u c ib le  to  in te g ra ls  o v e r  Y  . The in te g ra t io n  o v e r  X and 
the re d u c t io n  o f the  in te g ra ls  o v e r  Y  a re  a ch ie ve d  by  u s in g  c e r ta in  
re la t io n s  g ive n  in  re fe re n c e  3. B r ie f ly ,  the in te g ra ls  in  the  fo rm  
(2. 41) a re  s u b d iv id e d  a c c o rd in g  to  the  com pon en ts  o f ^ ( X yY )Pe - g- X ,
Y , X 'Y  , X , . . . e tc . ,  th e re  be ing  15 cases  to  c o n s id e r . Each o f 
these  com pon en ts  is  ta ke n  in  tu rn  w ith  each  o f the  com p o n e n ts  o f DjXY) 
( th e re  a re  12 such  te rm s )  and the com pon en t m u lt ip le  in te g ra l o f the 
fo rm  (2. 41) e v a lu a te d  w ith  the a p p ro p r ia te  re d u c t io n  fo rm u la e .  H o w ­
e v e r, o f the 180 in te g ra ls ,  142 a re  z e ro  b y  in s p e c tio n , m a k in g  the 
ta s k  le s s  a rd u o u s  th a n  a p p a re n t a t f i r s t  s ig h t.
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In t h e i r  f ina l  fo r m  the  c o l l i s io n  i n t e g r a l s  r e d u c e  to  e x p r e s s io n s  
in  t e r m s  of c e r t a i n  g e n e r a l i s e d  c o l l i s io n  " f r e q u e n c ie s " ,  T L - v(r)
J F j L
d e f in e d  by
A MJ>( 2 . 42) i l -  (r) =
i
TT
- Y  2r + l
e  Y 4V /»dY
r\ \ 4
T h e s e  i  c 5 a r e  a g e n e r a l i s a t i o n  of th o s e  u s e d  by C h ap m an  and  Cow ling .
It i s  on ly  in  the  X l 's  th a t  th e  d i f f e r e n t ia l  c r o s s  s e c t io n s  o r  equ ivalen tly ,
the  i n te r a c t io n  fo r c e  law s , o c c u r  and  fo r  th i s  r e a s o n  the  g e n e r a l  r e s u l t s
can  be e x p r e s s e d  in  t e r m s  of su ch  fu n c tio n s .
2. 5 T he  C o l l is io n  I n te g r a l s  in T e r m s  of the  -P - S
T h e r e  a r e  in  fa c t  up to  20 jTl S o c c u r r in g  in  the  13 -m o m e n t  
c o l l i s io n  i n t e g r a l s  fo r  e ac h  type  of c o l l i s io n ,  the ]  1 >, . (p}  being  
s u c h  th a t  (yet t a k e s  the  v a lu e s  * (-cr^ö) ? 0  ,  ( 2  (2.^2.) and
(3^ 1) , e a c h  w ith  T =  0  ^ ^  2^ and  3 . In w r i t in g  out th e  c o l l i s io n
i n t e g r a l s ,  the  s u b s c r i p t s  j  ^ t a s s o c i a t e d  w ith  the  j(V s  h av e  been  
n e g le c te d  fo r  r e a s o n s  of b rev ity .  E x p r e s s e d  in  t e r m s  of th e  /V *s , 
the  b in a r y  c o l l i s io n  i n t e g r a l s  a r e  a s  fo llow s.
2. 5. 1 C o n tin u ity  (o r  M a s s )  In te g r a l
T h is  i n t e g r a l  (w hich i s  z e r o  fo r  e l a s t i c  c o l l i s io n s )  i s
-  OQt Q
(2 .4 3 )  T fe(m O  =  n j n k  Ä d i i  $ ,( ')  f i  ( o )  .
2. 5. 2 M o m en tum  In te g ra l
The f in a l  fo r m  of th i s  i n t e g r a l  i s
( 2 . 44)  Ijfcl'nWi.) -  r>j + c2(o<j) )
- C O
* N ote  th a t  c|)(--oßo)is d e f in ed  by ta k in g  X = O , s ee  eq u a tio n  (2 . 26)
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uu
+  (c , (p<n) -  ) Ufe
U V
+  (  c > ^
aa,
+ (  C,(pCfc) -  C*\ <*(,)) Rfc
P k
The c o e f f ic ie n ts  C(<k) have b een  u s e d  in p r e f e r e n c e  to  the  of
C h a p te r  1, p a r t l y  to  av o id  co n fu s io n  w ith  the  u se  of r e l a t i o n s  in v o lv ing  
the K r o n e c k e r  t ' s  J and  a l s o  b e c a u s e  of the  s y m m e t r i c a l  fo r m  in  
w hich  th e y  o c c u r  in  th e  c o l l i s io n  t e r m s .  S u b s c r ip ts  a s s o c i a t e d  w ith  
the  c's a s  w ith  the  .A-1 S a r e  n e g le c te d .  T h e s e  c o e f f ic ie n ts  a r e
( 2 . 4 5 )  C((pC)
tut
( 2 . 4 6 )  C1l CK)
JL2S mi S O ) X L  C° )  ,
j_6 / __ S(i) $> / L  (i )
- 0 ( 1  o
-f Wir U?)-A- U )
-  « o  \
_ roir (.i ) j^
( 2 . 4 7 )  C ( (0<) = 3 2
3
* 2o< m*L S ( i ) ( / L  ( i )
U,<^
( 2 . 4 8 )  Cz (0<) = 3 2
3
W mLH ' ) S ( A o )
-  ° ° J  °  \
- « 0.0
_  « O . O
-  oO. 0
+  m ir 8 (2 )  ( ±  i l  ( z  ) ~  / I  U ) )
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+ r r v  S.(3) ( i l l ' )  ~ f  A  U ) )  J
2 . 5 . 3  E n e rg y  I n te g r a l
T h is  c o l l i s io n  t e r m  is
(2.49) I Jk( i m Lw f)  =  hjn,.
oO, o
L m-L i (\) £ l  ( o )  +  A
ß x v y l
+  ülk-'bO)
m i ? 1
&
— oO O
2 mir $  & (z))  / L  (.1)
». 1 1^0
+  & ITHr S &(?) f l  i ')  _  4 mir S(4.)J1 {|)
X 2
2 . 5 . 4  S t r e s s  In te g ra l
The s t r e s s  in t e g r a l  c a n  be w r i t t e n  a s
(2.5°) = HjT'k [  ( C^otj) +  CaV j ) )  Pj //>j
+ ( CW -  <£(*k)) Pfc//»fe
A gain s u b s c r ip t s  in  th e  c o e f f ic ie n ts  C have b e en  ig n o re d .  The v a lu e s
a r e
(2.51) C(pc) _ 16
3
- « 0 , 0  2  - o o i t f \
m-L S > 0 ) ( | £  -H. (.o) +  a  [ +  (Sir ]  1 1  Cl) )
~°o. o
-  mir &£) D 1 / !  A )
5*
(eld.)
(2. 52)
t . i
+ mlr i(i) i_ r il (a)
>5"
4 m^r % )  (  +  £  -0.(2.) -  I  -0- U )  )
u
3
— 2  rn- S(i) S j*  Si (I ) 
ß 2
4.2  mlr &(2)_2L f l  CO 
- 2 m 4 ( 3 ) £  f l  u )
I*1-
2. 5. 5 H eat F lu x  I n te g r a l
T h is  in t e g r a l  c a n  be s e p a r a t e d  in to  two p a r t s :
(2- 53) -CikU )) =  I j( l ( l m iwiwj2) _ £ _ I Jk (miw 4
As the  l a s t  t e r m  in v o lv e s  th e  m o m e n tu m  in te g r a l ,  (2. 41), on ly  the  
f i r s t  p a r t  of the  r i g h t  hand  s id e  of (2. 53) n eed  be g iven ; th i s  is  in  fac t  
the  e n e r g y  flux i n te g r a l .  S im i la r ly  to  the  m o m e n tu m  in te g r a l ,  th is  
h a s  the  fo r m
(2 .5 4 )  I j ^ i l T U W i w t )
+ ( < & „ ) -  c lW ) )  Ufc
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+  ( c ito<j) +  c zt°<j)) B j
f (c^k) - c'Vtf) Bt /pfe .
The c o e f f ic ie n ts  C , th e  m o s t  c o m p l ic a te d  of th o s e  a s s o c i a t e d  w ith  
the  13 -m o m e n t  e q u a t io n  c o l l i s io n  in t e g r a l s ,  a r e :
( 2 .55)  C (<x)
%«■ .
( 2 .56)  C 2 {.<X)
/ i  ( o )
r
+ 1 ? - 2 _  ( 'S 1 + 
3
_  OQ  O
_  n \ r &(2) 2L3. A  ( / )
3 /S1 » 1
-L rnu  ^(3)  4 0  ° L l.  / I ( I )
3
-  m l r S(3)[ * o  A ( V )  +  8 S .1 J l ( t )  + * I ü L  / I » )
+ n & J M  [ ■§- £  ( - 0  ( 2 )  +  2  i l  U )  ) .
m, *- 5 tf3- ^
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(2. 57)
(2. 58)
r w  v
C i(°0 =  tniSW - ^ ‘ ( l - l f e ) / lT o )  + 2. (jL* .  «*■
/3
-00^0 -  OO o
_  mir \  I I  ( I ) + \ u  «  frrur + $2\ i l  (2 )  
rrv1 /  15 ß* '■ m i  '  J
3 fS1 ^ '  
0 0 , 0
nrvir b(2) b_o - L s  n ' o )  -  ^  % ?  ^
3  f i * -  1 5  ^
£(i) J i  ( 5  X I  CO -  ~  A  c2 ) )
i2r % )  [ -  4o «  x i  ( i )  +  ! i  *  + ; .A c o )
f?t~  L |S /J
- - OO o
=  m t SO)S 1  2 . f j -11« \ A  ( 0  + ! i ( ^ - i 2 
L 3 3 r
1 -°°jO 2. -°°J0
+  3 mir  ^A  (2 ) _ ä |  ( ^ +  3 mir ^ / )  (3 )
_ m,
-  m;
n
C2(cx)
f  m ir 1(2) - | 2 L ( 5 - I ' i ) j f l  (I ) ^  j |  ( f - 3 3 1
2 ~ °° G , _ QO o ~
_ nur \  A. (2) -c I ä ( 3 ^ 4 r j ^ \  A  (.3) 
r v v .2  '  1 5* '  m  , J
r  p
_ 3 2 / lU )  4  16 m i  / L t i )  _ 32  rnu .A cV ) I
,/r 3 i *r rw, a J15" m;a
•2.. 2
_  m u  b w i  a  s ( r i \ i )  4  2 f i l l )  )  _  i j  5  ( n l a )
m; L 3 i5 V3
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It is  im p o r ta n t  to  m e n tio n  th a t in  a l l  th e s e  t e r m s  th e  o r d e r  of the 
s u b s c r ip ts  a s s o c ia te d  w ith  ^  a r e  r e g a r d e d  a s  in d e p en d e n t of th e  
o r d e r  of th e  s u b s c r ip ts  o f the  c 's  . The a r e  d e fin ed  in  (2. 35),
a r i s in g  a u to m a tic a l ly  out of th e  p ro d u c t
A p a r t  f ro m  th e  n e x t s e c t io n  and  C h a p te r  3, p a r t i c u la r  c a s e s  of 
th e se  in te g r a ls  w ill no t be c o n s id e re d . H o w ev er, it shou ld  be no ted  
th a t m u ch  of the p h y s ic s  of a  p a r t i c u la r  type  of c o ll is io n  i s  c o n ta in e d  
w ith in  the  6 's . F o r  e x a m p le , in  e la s t ic  c o ll is io n s ,
(2. 59) S O ) =  S>(2.) =  O ,
w h ile
(2. 60) S(3) =  O 3 S>(4) =  2.
fo r  s e l f - c o l l i s io n s .  A gain , fo r  p a r t ic le  a n n ih ila tio n  in  a  c o ll is io n ,
&(4) i s  z e r o .  A s w e ll a s  n e a tly  d isp la y in g  th e  fo rm  of th e  c o ll is io n  
in te g ra ls  fo r  s p e c ia l  ty p e s  of c o l l is io n s ,  th e s e  k 's  in d ic a te  w hich  
of the  XI *S n eed  be c a lc u la te d  fo r  any  sp e c if ic  c a s e .
2. 6 T he G e n e ra l C o llis io n  In te g ra ls  fo r  E le c t ro n s  in  a  G as M ix tu re  
T he c o ll is io n  in te g r a l s  a r e  r e la t iv e ly  c o m p lic a te d , and  in  g e n e ra l  
depend  on th e  s p e c if ic  c o n s id e ra t io n  of e a c h  co m p o n en t in  th e  g as 
m ix tu re  fo r  r e d u c tio n  to  a  u se fu l fo rm . H o w ev er fo r  the  c a s e  of 
e le c t ro n s  it is  p o s s ib le  to  ta k e  a c c o u n t of th e  s m a ll  m a s s  r a t io ,a s  
c o m p a re d  w ith  a l l  o th e r  p o s s ib le  p a r t i c le s , to  o b ta in  so m e  s im p lif ic a  ­
t io n s . F u r th e r ,  w hen  th e  te m p e r a tu r e s  of th e  co m p o n en ts  in  th e  
m ix tu re  a r e  su ch  th a t
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(2 - 61) °<e <  <  <Xp ,  ;  . . .
and
(2 .62)  T e < <  Hit  I f  . . .
rc\Q ->
(w h e re  the  s u b s c r ip ts  a re  e f o r  e le c tro n s , and f> q, . . .  f o r  "h e a v y "  
p a r t ic le s ,  f o r  in s ta n c e  a to m s  and p ro to n s ) , re d u c t io n  o f the e le c tro n  
c o l l is io n  in te g ra ls  to  a fo rm  w h e re  th e y  o n ly  in v o lv e  the U P R
—  i  > —*
o f the e le c tro n s  is  p o s s ib le . T h is  w as, in  the  p re v io u s  C h a p te r, 
te rm e d  "d e c o u p lin g " .
F ro m  the  above in e q u a lit ie s  i t  fo llo w s  th a t
(2 .63)  <Xp 3 o(p
 ^ a_
Oep ü  °<e > •S e p  me
m p
W ith  the  s p e c ia l is a t io n  o f the  p a r t ic le s  L in  the  c o l l is io n  in te g ra ls  
(2. 43) to  (2. 58) to  be e le c tro n s ,  the  c o l l is io n  is  c o n s id e re d , as b e fo re , 
be tw een p a r t ic le s  o f ty p e s  j  and k  p ro d u c in g  p a r t ic le s  o f ty p e s  j /  
and k .
2 . 6 . 1  The C o n t in u ity  In te g ra l
T h is  in te g ra l,  f r o m  ( 2 .43 )  i s
— OO 0
( 2 .64 )  X jp (m e) — 8 m e & (0  A j ^ ( o )  .
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T h is  i s  z e r o  fo r  e l e c t r o n - e le c t r o n  c o ll is io n s  and fo r  a ll  e la s t ic  
c o l l is io n s .  No im m e d ia te  s im p lif ic a t io n  fo r  in e la s t ic  c o l l is io n s  i s  
p o s s ib le ,  w ithou t so m e c o n s id e ra t io n  of th e  in e la s t ic  p r o c e s s e s  
in v o lv ed . O b v io u sly  th is  in te g ra l  d o es  no t in v o lv e  the  d y n a m ic a l ^   ^
p a r a m e te r s  U P \ \  of any  g a s  p a r t i c le s ,  a lth o u g h  in  g e n e r a l  
d o es  in v o lv e  both  the  te m p e r a tu r e s ,  T j
2 . 6 , 2  The M o m en tum  In te g ra l
F ro m  (2 . 44)  the  m o m e n tu m  e q u a tio n  c o ll is io n  in te g ra l  fo r  
e le c t r o n s  is
(2- 65) =  nj nk + CU^ j))u.j + (c“(^ ffe) - c & ^ u ,
+
uq, ^  v  ,  ucr no
( C.CoCj) + Pij //°j +(c(°fn)-c^))Rk^
O wing to  th e  c o n s e rv a tio n  of m o m e n tu m  in  a  c o ll is io n , i t  is  ev id en t 
th a t  th e  c o l l is io n  t e r m s  w ill be z e r o  fo r  e le c t r o n  s e l f - c o l l i s io n s .  
T h e re  is ,  h o w e v e r, a  c o n tr ib u tio n  to  th is  in te g ra l  f ro m  c o l l is io n s  of 
e le c t r o n s  w ith  " h e a v y ” p a r t i c l e s .
S ince f ro m  (2.45) ,
un. -  «O o
(2 .66)  C |(o<) =  & m e o( SO) / I  (o )  ,
'A *
on c o n s id e r in g  th e  l a r g e s t  t e r m s  a p a r t  f ro m  th e  e le c tro n  s e lf -c o ll is io n  
t e r m s ,  w hen one of th e  p a r t i c l e s  j   ^ i s  an e le c tro n ,
(2. 6 i )  C t(°\) m e i l eps£
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w hile  if  n e i t h e r  is  an  e le c t r o n ,
(2 . 68)  C % )
00,0
n  (o)
S im i la r ly ,  f r o m  (2 .4 6 ) ,
(2 .6 9 )  C2(«) -  16
-  00 /  4 I  \
( mer &(?-) -  U) _  me r £(3)/l(i)
' jfcje .
W hen one of j  i s  an e l e c t r o n ,  
(2 .7 0 )  C 2 (<*) ^  m e i i . e p^ e ( r )
and  when both  a r e  "h eav y "  p a r t i c l e s ,
xu.
(2 .7 1 )  C2(o() me J l  t r ) 
e T\>*
F o r  e l a s t i c  C ou lom b  c o l l i s io n s ,  fo r  w h ich  the  jTVs a r e  g iv en  in  
C h a p te r  3, i t  i s  a p p a r e n t ,  on c o m p a r in g  r e l a t iv e  m a g n i tu d e s  of th e s e  
fu n c tio n s ,  th a t
My
(2 .7 2 )  J i e e t r ) ^  / l e p t d  '
M y  /  /u v
/ i e e l r 7  Ü  p 7 ' ~  I Ü}P V( « S  U « ! Y Jp V
V ^ e / V T e /
T h e r e f o r e ,  a s s u m in g  th e  r a t i o s  of th e  e l e c t r o n - e l e c t r o n  c o l l i s io n  Ü S 
to  a l l  o th e r  I t  s in v o lv ing  the  e l e c t r o n s  to  be a t  l e a s t  of the  s a m e  
o r d e r  a s  the  r a t io  fo r  e l a s t i c  C ou lom b  c o l l i s io n s  (ev id en tly  t h i s  i s  
e q u iv a le n t  to a s s u m in g  th a t  the  c o l l i s io n  c r o s s  s e c t io n s  fo r  o th e r
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p r o c e s s e s  invo lv ing  e le c t r o n s  a r e  no t g r e a t e r  th a n  e l a s t i c  C o u lo m b  
c r o s s  s e c t io n s  fo r  p a r t i c l e s  of the  s a m e  ty p e s ;  and  th i s  i s  t r u e  fo r  
a lm o s t  a l l  such  c o l l i s io n  p r o c e s s e s ), by  (2 .61 )
U sing  th e se  two r e l a t i o n s  in  (2 .6 7 ) ,  (2. 68), (2. 6 9) and  (2. 71), to  th is  
o r d e r  of a p p ro x im a t io n  the  " d o m in a n t"  t e r m s  invo lv ing  the  U *s a r e  
th o s e  co n ta in in g  U.e . T h a t  i s ,  t h e r e  i s  "d eco u p lin g "  of the  e l e c t r o n  
d r i f t  s p e e d  c o l l i s io n  t e r m s  f r o m  the  c o r r e s p o n d in g  "h eav y "  p a r t i c l e  
t e r m s .
A gain , fo r  the  t e r m s  in v o lv in g  ( V s ,  f r o m  (2 .47 )
(2 .7 5 )  c £ * )  =  H  {  A ( o )  ) ,
T h is  t e r m  is  z e r o  fo r  e l a s t i c  c o l l i s io n s ,  in c lu d in g  e l e c t r o n - e l e c t r o n  
c o l l i s io n s .  When one of j  k i s  an  e le c t ro n ,
(the l a r g e s t  t e r m  b e in g  c o n s id e r e d  in  e a c h  c a s e ) ,  w h ile  w hen n e i th e r
A lso  i t  w a s  p o in ted  out in  C h a p te r  1 th a t  in  a g a s  m ix tu r e ,
(2. 74) ju, pj rx/ rne j U e j
of j ; k i s  an  e l e c t r o n ,
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(2 .7 7 ) ( * r )
P p
F r o m  (2 .4 8 ) ,
- o O j O
f l i  m e
u<v
(2 .78 )  c 2(<X) v 2 32: ^
3
*" j  ^  1 Uk s  j \
+  m er&(2.) ( |  A  (2-)  -  A l  (I ) )
4- mer S(3) ( Al CO ~ |  -A C2-) j
The e l e c t r o n  s e l f - c o l l i s i o n s  c a n  give no net. c o n tr ib u t io n .  W hen one
of
i T
i s  an  e le c t r o n ,
(2. 79)
Uq.
C ^-X e)
M y
^  i )  ( [ )  ‘
u.<p
^ 2 (pC p ) ^  me
fit A  rj P  P Pp
W hen i ^ a r e both  "h eav y "  p a r t i c l e s ,
(2. 80)
uq,
Ca(oc) ~  n f o V )
P * p  f
U sing  (2. 61) and  (2 .7 2 )  i t  im m e d ia te ly  fo llow s th a t  the  " d o m in a n t"  
t e r m  of th e  c o e f f ic ie n ts  C y C j  i s  th a t  o c c u r r in g  in  th e  f i r s t  e x p r e s s io n  
of (2. 7 9). F r o m  (2. 65) i t  i s  e v id en t  th a t  th is  is  p a r t  of the  c o e f f ic ie n t  
of R e ; f r o m  th i s  and  w ith  a  s i m i l a r  r e s u l t  r e g a r d in g  U e , it  
fo llow s th a t  the e l e c t r o n  m o m e n tu m  eq u a tio n  c o l l i s io n  t e r m s  invo lve  
u e j R e  a n d n o t  u p  ^ R p } ? R  ? • • •  •
S u m m a r is in g ,  th e  m o m e n tu m  c o l l i s io n  i n t e g r a l  f o r  e l e c t r o n s ,  
w ith  in e la s t i c  c o l l i s io n s  a llow ed^but on ly  the  "d o m in a n t"  c o n t r i b u t a r y
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t e r m s  inc luded , i s
(2- 81) I e p ( m e we) = A  -  l|  me f U o )  Ue
~0ö,0 , J
+  ( . | o ( e m ^ ! ) A  (i)  + ^ < x e rf»e?>(3)AM)
- OO, o
} ^  o<e rne S(2)A  (2) _ ^  o<e m€ >^(3)
\5 15
2 . 6 . 3  The E n e rg y  I n te g ra l
<2‘ 82) =  nj n k
-00,0
6 rr\e £>(0 f l  (,0)4 W  rrte^UQ 4 ^erSo) 
L V X* X2me
^ S ( a ) ^ 4 Q ( ,y  _  4- nr\er &(4) J T ( |" )
S 1 '  X2 me
4. B IT>er ^  £(?) _ f l  t *)
A lthough of c o u r s e  fo r  s e l f - c o l l i s i o n s  th i s  i s  z e r o ,  in g e n e r a l  t h e r e  is  
a  c o n t r ib u t io n  f r o m  t e r m s  a s s o c i a t e d  w ith  c o l l i s io n s  b e tw ee n  e le c t r o n s  
and  p a r t i c l e s  of o th e r  ty p e s  w h e n e v e r  the  r e s p e c t iv e  p a r t i c l e  ty p e s  
have  d i f f e r e n t  t e m p e r a t u r e s ,  and  a l s o  f r o m  an y  in e la s t i c  c o l l i s io n s .  
H ow ever, s in c e  no t e r m s  in v o lv in g  u 's  o r  (Vs of airy p a r t i c l e  
type  o c c u r  in  the  c o l l i s io n  t e r m s ,  th is  eq u a tio n  does  not a f fe c t  the 
"d eco u p lin g "  of the  e l e c t r o n  m o m e n t  e q u a t io n s .  No a p p r e c ia b le  
s im p l i f ic a t io n  c an  be m a d e  w ithou t c o n s id e r in g  the  n a tu re  o f  the  
c o l l i s io n s .
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. . S t r e s s  In te g ra l
r*
F o r  th is  c o l l is io n  in te g r a l ,  th e  c ' s  a r e  o b ta in e d  by ta k in g  p a r t i c le s  
L to  be e le c t r o n s  in  e q u a tio n s  (2. 51) and  (2. 52). F o r  th is  
c a s e ,  i t  fo llo w s d i r e c t ly  f ro m  (2. 61) and  (2. 73) th a t th e  "d o m in an t"  
m s  in  th e s e  c o ll is io n  in te g r a ls  a r e  th o se  in v o lv in g  Pe . In c lu d ed  
in  th e s e  t e r m s  i s  a  c o n tr ib u tio n  f ro m  th e  e le c t ro n  s e l f - c o l l i s io n s .
The r e s u l t s  a r e ,  fo r  s e l f - c o l l i s io n s
2
(2 .8 4 ) T  e e  ( We j =  — \J± He rne A  (2 )  Pe
v 1 C -  ------------- rv
/°e
(it sh o u ld  be n o ted , in  co n n ex io n  w ith  (2. 5), th a t  th e  a c tu a l c o e f f ic ie n t 
of in  th e  e le c t r o n  1 3 -m o m e n t e q u a tio n s  i s  one h a lf  of th a t  g iven
in  (2. 84), an d  s im i la r ly  in  th e  h e a t flu x  e q u a tio n s ) . F o r  c o ll is io n s  
w ith  "h ea v y "  p a r t i c le s
r  'w r  ~o°,o . 0
• l e p  ( I j ) — ne np 32 me &0) -T1 •+ m
^  "" j -  i y  ^  I '*
%  /  p *  ■
2 2 
U )
S ep,e
2 . 6 . 5  The H eat F lu x  In te g ra l
A s show n in  (2. 53), w h e re  th e  fu ll fo rm  of th e  h e a t flux  in te g ra l  
w as g iv en , i t  i s  o n ly  n e c e s s a r y  to  c o n s id e r  th e  e n e rg y  flu x  te rm ; the
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re m a in in g  p a r t  in v o lv e s  the  m o m e n tu m  in te g r a l ,  a l r e a d y  g iven  in 
(2. 81). The e n e r g y  flux  in te g r a l  is
(2 .8 6 )  I j fe( 4 (l>ey*'l«4) = " A ( & j )  ■* Qfcj)) LLj -t (c |( tO  -  C j V p )  Ufe
+(c%j) + + (c&t.) -  clWj) gk ?
/°j /“k j
the C $ b e in g  g iv en  by  (2. 55) to (2. 58) on ta k in g  p a r t i c l e s  L to  be 
e l e c t r o n s .  T h e se  c o l l i s io n  t e r m s  c a n  be c o n s id e r e d  in  the  s a m e  w ay  
a s  the  m o m e n tu m  and s t r e s s  c o l l i s io n  i n t e g r a l s ,  u s in g  (2. 61) and 
(2. 73). T h e r e  i s  a  n o n - z e r o  e l e c t r o n  s e l f - c o l l i s i o n  t e r m ,  and  c o n t r i ­
bution  f r o m  t e r m s  in v o lv in g  c o l l i s io n s  w ith  o th e r  p a r t i c l e  ty p e s ,  but 
the  "d eco u p lin g "  found in  th e  m o m e n tu m  and  s t r e s s  c o l l i s io n  i n t e g r a l s  
i s  a l s o  found f o r  th is  c a s e .  The " d o m in a n t"  t e r m s  in the  e l e c t r o n  
c o l l i s io n  in t e g r a l s  a r e  (w h e re  p a r t i c l e s  p a r e  not e l e c t r o n s ) :
(2. 87)
(2. 88)
I e e ( { m^ e W e )  =  
d e p  f  1 ITle We We)
— ^2r ne /"l
15"
V
]*) R,
r»e Of
ee e ' L'e
■ f t
-°°J° «V \
8 JTe S (2 )f l C2) _ 8  me 8 ( 3 ) Q u ) ) u
3 ^  "
-OOjO
+ + u m e & t 3 ) j f l u )
V
C2
3 STe ’ '
3 ep,<?
+ 32 15“
-  °o 0
rrieSU) A  (,3)
It c an  be c o n c lu d e d  f r o m  th i s  d i s c u s s io n  on the  e l e c t r o n  c o l l i s io n  
t e r m s  th a t ,  p ro v id e d  th e  co m p o n en t  p a r t i c l e  t e m p e r a t u r e s  s a t i s fy  
(2. 61) and  (2 .6 2 ) ,  i r r e s p e c t i v e  of th e  type  of c o l l i s io n s ,  the  1 3 -m o m en t
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e q u a t io n s  fo r  e l e c t r o n s  o n ly  invo lve  the  t e m p e r a t u r e s  and  n u m b e r  
d e n s i t i e s  of o th e r  p a r t i c l e  ty p e s ,  and no o th e r  d y n a m ic a l  v a r i a b le s .
T h e se  c o n s id e r a t io n s  c an  be e x te n d e d  to  show th a t  u n d e r  the  s a m e  
c o n d i t io n s ,  the  m o m e n t  e q u a t io n s  of the  "h eav y "  p a r t i c l e  ty p es  do not 
invo lve  th e  e l e c t r o n  c o m p o n en t  v a r i a b l e s  U.e R q .
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Invo lv ing  H ydrogen
3. 1 In tro d u c t io n
T he  f in a l  f o r m  of th e  c o l l i s io n  in t e g r a l s  of the  p r e c e d in g  C h a p te r  
a r e  of l i t t l e  p r a c t i c a l  va lu e  w ithout the  -H-'s be ing  d e te r m in e d  
e x p l ic i t ly .  In the  l im i t in g  c a s e  of e l a s t i c  c o l l i s io n s ,  t h e r e  a r e  only 
five  such  c o l l i s io n  " f r e q u e n c ie s "  invo lved  and  th e s e  have  a l r e a d y  been
o b ta in ed  fo r  m a n y  d if f e r e n t  ty p e s  of i n t e r a c t io n s  (e. g. C h a p m a n  and
1 A* vt
C ow ling  ). H o w ev er  s in ce  the  g e n e r a l  11 ( t ) a s  d e fin ed  in
C h a p te r  2 a r e  p e c u l i a r  to  th i s  t h e s i s ,  o b v io u s ly  no e q u iv a le n t  c a l c u l a ­
t io n s  have  been  c a r r i e d  out fo r  the  i n e la s t i c  c a s e .
In g e n e r a l  t h e r e  a r e  in  a l l  2 0 _fl S to  be d e te r m in e d  f o r  e ac h  
type  of c o l l i s io n  f o r  e a c h  p a r t i c l e  type  p r e s e n t .  T h e r e f o r e  at f i r s t  
s ig h t  the t a s k  i s  a fo rm id a b le  one. H o w ev er ,  a s  w il l  be se e n , r e a s o n ­
ab le  and  i n t e r - r e l a t e d  e x p r e s s i o n s  c an  be o b ta in ed  fo r  c e r t a in  sp e c if ic  
c a s e s .
In th is  C h a p te r  and  the  fo llow ing  the  a p p l ic a t io n  of the  e q u a t io n s  
of the  p re c e d in g  P a r t  to the  f o r m a t io n  of a  l a b o r a t o r y  h y d ro g e n ic - l ik e  
p la s m a  i s  c o n s id e r e d .  The -H- S a r e  o b ta in ed  e x p l ic i t ly ,  w h ile  the 
p a r t i c u l a r  fo r m  of the  e q u a t io n s  and  the  im p o s i t io n  of a s s o c i a t e d  
b o u n d a ry  co n d i t io n s ,  su i ta b le  fo r  n u m e r ic a l  in te g ra t io n ,  a r e  d i s c u s s e d .
In a t te m p t in g  to  follow  the c o l l i s io n  p r o c e s s e s  d u r in g  th e  d e v e lo p ­
m e n t  of a fu lly  io n is e d  p la s m a  f r o m  m o le c u la r  h y d ro g e n ,  c o l l i s io n s  
invo lv ing  (G o o d y ear  and  Von E n g e l2 ) H2> H H* ? H*, H ?
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and  e l e c t r o n s  sh ou ld  be ta k e n  in to  a cc o u n t.  B e c a u se  of the  l a r g e  
n u m b e r  of p o s s ib le  ty p e s  of c o l l i s io n s  b e tw een  th e s e  p a r t i c l e s ,  a 
s im p l i f ie d  m o d e l ,  r e s t r i c t e d  to  \-l H   ^ H  and  e l e c t r o n s ,  i s  
c o n s id e r e d .  In a l l  p r o b a b i l i ty  th is  i s  a r e a l i s t i c  m o d e l  f o r  s u f f ic ie n t ly  
h igh in i t ia l  t e m p e r a t u r e s ,  and  in g e n e r a l  sh o u ld  give r e s u l t s  su i ta b le  
fo r  c o m p a r i s o n  w ith  e x p e r im e n t .  U n fo r tu n a te ly ,  ev en  f o r  th i s  s im p le  
c a s e ,  the  r e l e v a n t  e x p r e s s i o n s  f o r  the  X"1 S a r e  not p a r t i c u l a r l y  
a m e n a b le  to in te g ra t io n ,  a n d  in c e r t a i n  c a s e s  v a r io u s  a p p ro x im a t io n s  
a r e  n e c e s s a r y .  G e n e r a l ly  sp eak in g , r e l a t i v e ly  e x ac t  e x p r e s s io n s  can  
be o b ta in e d  fo r  e l a s t i c  c o l l i s io n s  (C h ap m an  and  C ow ling , loc . c i t .  ), 
the  m a jo r  a p p r o x im a t io n s  app ly in g  to the  in e la s t ic  p r o c e s s e s .  T h e se  
a p p ro x im a t io n s  a r e  s u c h  th a t  the -fl S te n d  to  be in a c c u r a t e  n e a r  the  
t h r e s h o ld  e n e rg y ,  which, i s  u n fo r tu n a te ,  but th e y  do le a d  to  r e a s o n a b ly  
a c c u r a te  r e s u l t s  f o r  a p p r e c ia b ly  h ig h e r  e n e r g i e s .
H o w ev e r ,  in  the  p r e s e n t  c a lc u la t io n s ,  i t  is  p o s s ib le  th a t ,  due to 
the  n a tu re  of the  a p p ro x im a t io n s ,  c e r t a i n  of the  f l ' s  c o r r e s p o n d in g  to 
the  in e la s t ic  p r o c e s s e s  a r e  no t p h y s ic a l ly  a c c u r a t e .  F u r t n e r m o r e ,  it  
i s  not u n l ik e ly  th a t  a n o th e r  a u th o r ,  in  a t te m p t in g  s u c h  c a lc u la t io n s ,  
w ould  p r e f e r  d i f f e r e n t  a p p ro x im a t io n s .
3 .2  The D if f e r e n t ia l  C r o s s  S ec tio n s
Since t h e r e  a r e  no t s u i ta b le  a n a ly t ic a l  e x p r e s s io n s  f o r  the  
d i f f e r e n t ia l  (o r  fo r  th a t  m a t t e r ,  to ta l)  c r o s s  s e c t io n s  fo r  a l l  of the  
p r o c e s s e s  be in g  c o n s id e r e d ,  two m a in  a p p r o a c h e s  a r e  p o s s ib le .  The 
f i r s t  w ould  be to  o b ta in  e m p i r i c a l  r e l a t i o n s  f o r  the  d i f f e r e n t ia l  c r o s s  
s e c t io n  f o r  e a c h  p r o c e s s ,  in  th e  r e l e v a n t  e n e r g y  r a n g e ,  b a s e d  on the 
u se  of a c c u r a t e  c a lc u la t io n s  an d  e x p e r im e n ta l  r e s u l t s .  U n fo r tu n a te ly  
t h e r e  a r e  r e l a t i v e l y  few a c c u r a t e  c a lc u la t io n s  f o r  the  d i f f e r e n t ia l
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c r o s s  s e c t io n s ,  an d  f e w e r  e x p e r im e n ta l  re s u l ts»  M o re  d a ta  i s  a v a i l “ 
a b le  on total, c r o s s  s e c t io n s ,  and  e m p i r i c a l  r e l a t i o n s  fo r  the  d i f f e r e n t ia l  
c r o s s  s e c t io n s  cou ld  have  been  c h o se n ,  w hich  in te g r a te  to th e  known 
to ta l  v a lu e s .  T h is  w ould , h o w e v e r ,  be p a r t i c u l a r l y  te d io u s .  The 
s e c o n d  a p p ro a c h  i s  to  u s e  a  c o n s i s te n t  m a th e m a t i c a l  a p p ro x im a t io n  fo r  
the  th e o r e t ic a l  e v a lu a t io n s  of the  d i f f e r e n t ia l  c r o s s  s e c t io n s ,  f o r  
e x a m p le ,  the  B o rn  a p p ro x im a t io n  o r  c e r t a in  m o d if ic a t io n s  of th is  
a p p ro x im a t io n .  It is  the  l a t t e r  a p p ro a c h  w h ich  i s  u s e d  in  the  s u b ­
se q u e n t  c a lc u la t io n s .  It m u s t  be s ta te d ,  h o w ev er ,  th a t  th e  in v e r s e  
f if th  p o w e r  law and  o th e r  su ch  c l a s s i c a l  m o d e ls  p ro v id e  a m u c h  b e t t e r  
d e s c r ip t i o n  of c e r t a i n  of the  e l a s t i c  c o l l i s io n s  th a n  any  fo rm  of the
B o rn  a p p ro x im a t io n .  JTI S c a lc u la te d  fo r  s u c h  c l a s s i c a l  c r o s s
1
s e c t io n s  a r e  g iven  in C h ap m an  an d  C ow ling  . F o r  the  p r e s e n t  c h a p te r  
the  B o rn  a p p ro x im a t io n  h a s  b e en  a p p l ie d  to  a l l  c o l l i s io n s ,  be in g  m u l t i ­
p l ied  by a n u m e r i c a l  f a c to r  to p ro d u c e  " r e a s o n a b le "  a p p ro x im a t io n s  to 
the to ta l  c r o s s  s e c t io n s  in the  e n e r g y  r a n g e  0 - 100 ev. The d e ta i le d  
d e r iv a t io n  of the  v a r i o u s  c a s e s  an d  a c o m p a r i s o n  w ith  know n v a lu e s  of 
to ta l  c r o s s  s e c t io n  i s  g iv en  in A ppendix  A.
F o r  n o ta t io n a l  c o n v e n ie n c e ,  in  the  fo llow ing  s e c t io n s ,  j
'Xi s  r e p l a c e d  by 6 . Cj^  i s  th e  e l e c t r o n  c h a r g e ,  and  is  the
f r e e - s p a c e  p e rm i t t iv i ty .  E x c e p t  w h e re  o th e rw is e  d e s ig n a te d ?  d .T t  
i s  the  so l id  ang le  in to  w h ich  th e  a sy m p to t ic  r e l a t i v e  v e lo c i ty  Cj of 
the  c o l l id in g  p a r t i c l e s  i s  d e f le c te d  w ith  p o la r  ang le  i s  the
r e d u c e d  m a s s  of th e  c o l l id in g  p a r t i c l e s ;  fl i s  P lank*s c o n s ta n t  
d iv ided  by  2.TT ; and  k i s  the  ( r e d u c ed )  w ave  v e c to r  of the  
c o l l id in g  p a r t i c l e s ,  g iv en  by  p  / .  p i s  th e  r e d u c e d  m o m e n tu m  
hV 0 . F in a l ly ,  Q,0 i s  the  B o h r  r a d iu s ,  an d  the ch an g e  in  w ave
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v e c to r  in a c o l l is io n ,  K , i s  de f ined  by
( 3 . 1)  K -  fef _  fco ,
and  Rf be ing  the  w ave v e c t o r s  b e fo re  and a f t e r  th e  c o l l is io n .  
The m o d u li  of th e s e  w ave  v e c t o r s ,  t o  and  (the w ave n u m b e r s ) ,  
a r e  of c o u r s e  eq u a l  f o r  e l a s t i c  c o l l i s io n s .  The d i f f e r e n t ia l  c r o s s  
s e c t io n s  g iven  in  the  fo llow ing  s u b - s e c t io n s  a r e  d e r iv e d  in  A ppendix  A 
and  in c lude  the  " c o r r e c t i o n "  f a c to r s .
3 .2 .  1 E la s t i c  C o l l i s io n s  B e tw een  E l e c t r o n s
The d i f f e r e n t ia l  c r o s s  s e c t io n  f o r  th e s e  C ou lom b  c o l l i s io n s  i s
(3.2) <T d-fL =  rry e1* C<rsec^/-/x d f l
w ith  X  ^  X o  • OC o *s the  Debye c u t -o f f  ang le  (see  A ppendix  A).
3. 2 .2  E la s t i c  C o l l i s io n s  B e tw een  E l e c t r o n s  and  H y d ro g en  A to m s  
The a d ju s te d  B o rn  d i f f e r e n t ia l  c r o s s  s e c t io n  i s
(3 .3 )  c  d / l  =  ( . 4 5 ) 4 m l e 4 at, (  | A u  +  8 ) a d n
FTkxT T t
3 . 2 . 3  E la s t i c  C o l l i s io n s  B e tw een  E l e c t r o n s  and  Ions
T h is  C ou lom b  d i f f e r e n t ia l  c r o s s  s e c t io n  h a s  the  s a m e  fo r m  a s  
(3.2) :
( 3 . 4)  (T  d-fL — rnr e 4 Q rsec^ X /2 . d A
w ith  ^  0 (Debye c u t-o f f ) .
73
3 . 2 . 4  E la s t ic  C o ll is io n s  B e tw een  H yd ro g e n  A to m s  
The  a d ju s te d  B o rn  c ro s s  s e c tio n  is
( 3 . 5 )  6 “ d . f l  S=r ( 2 . Ox  10 4 tr'2f G-U K V ( t t o K  d n
F  ( at Kx + u)*
3 . 2 . 5  E la s t ic  C o ll is io n s  B e tw een  H yd ro g e n  A to m s  and P ro to n s
O f the sam e g e n e ra l fo rm  as (3. 3), the  d if fe r e n t ia l  c ro s s  s e c t io n  is
( 3 . 6 )  (TdH  =  ( 2 . 0  *  io  2 ) 4  m t e * a t  ( M s  4  8 ) *  c l ü
f^CK-at + T r
3 . 2 . 6  E la s t ic  C o ll is io n s  B e tw een  P ro to n s  
F o r m a l ly  the sam e as (3. 2) and (3. 4),
( 3 . 7 )  <5~ d o .  =  m r e ^ C c r s e c ^ X /a  d /1
4 M  ko
w ith  ")0 'Jy  ^  a (Debye c u t -o f f ) .
3 . 2 .  7 Is  - 2p E x c ita t io n  C o ll is io n s  B e tw een  E le c tro n s  and H yd ro g e n  
A to m s
The a d ju s te d  B o rn  a p p ro x im a tio n  g iv e s
( 3 . 8 )  <s d-0 -  ( . 45 )  3a f 5 h  rnl eha0 d/2
3 . 2 . 8  Io n is a t io n  C o ll is io n s  B e tw een  E le c tro n s  and H yd ro g e n  A to m s  
A  s im p l i f ie d  fo rm  o f the  B o rn  a p p ro x im a tio n  used  f o r  th is  case 
g iv e s
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(3.9) <5~ d j l ,  c j / l2 d* =  ( . I^ io 5) 24TTat niieH(X d A ^ n . d x
f i U .  K’ ( o 5 K l + l T
w h e re  Q -^ t i s  the  s o l id  ang le  in to  w hich  the  in c id en t  e l e c t r o n  is  
s c a t t e r e d  (with w ave v e c to r  k-f ), and d -d  2 the  s o l id  ang le  in to  
w h ich  the  a to m ic  e l e c t r o n  is  e j e c te d  w ith  w ave v e c to r  X  . D e ta i ls  
a r e  g iven  in A ppendix  A.
3 . 2 . 9  C h a rg e  E x ch an g e  C o l l i s io n s  B etw een  H yd ro g en  A to m s  and  
P r o to n s
A s im p l i f ie d  B o rn  a p p ro x im a t io n  g iv e s
(3 .1 0 )  < T  d A  = .  ( . 2  1 x |o“2) mr e" a i  d  O.
t -  l ) 6
w h e re ,  fo r  th is  c a s e ,  K :=. .
3. 3 E v a lu a t io n  of the  (j^S 
3 . 3 , 1  E la s t ic  C o l l i s io n s
The g e n e r a l  of s e c t io n  2. 3 (C h a p te r  2) a r e  s im p l i f ie d  fo r
e la s t i c  c o l l i s io n s ,  s in ce  \  •= | . H ence  the  4>(-/V) a r e  in d ep en d en t
of y j i
(3. i t )  t \>) = . j" (  1 _  C a s t
s  <j>0>)
and th e se  cj)(V) a r e  the  s a m e  as  th o se  u s e d  by C h ap m an  and 
C ow ling^.
(a) E l e c t r o n - e l e c t r o n  c o l l i s io n s
T h e se  r e s u l t s  a r e  g iven  in  r e f e r e n c e  1.
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(3. 12)
w h e re
<j>ee(0 = [  (  1 - C criX ) e ¥ <) Cgsec4xA dft _  e2L_ icrcj ( k A ^
4  g*  m r  3
(3. 13) W ee =  X d c f m r  
( Xo b e ing  the  Debye len g th ) .  S im ila r ly ,
(3. 14) < U 2 ) 2.e (^ icgCt + Aee) - Ä -  ) ^  2. <j>ee(l) ,
PHp 0*1 v )
s in c e  A ee i s  l a r g e .
(b) E le c t r o n - h y d r o g e n  a to m  c o l l i s io n s  
A cco rd in g  to  (3. 3),
(3 .1 5 )  4eaC0 — I ( l - C o s % )  (j H S ) 4 m r 2 e * a t ( K V 0 + 8 ) a s^> >  <J^
0 r  U  + KV.)*
Since fo r  e l a s t i c  c o l l i s io n s
( 3 . 1 6 )  K 1 =  2  fei ( 1 -  C a %X )  y
u s in g  the  s u b s t i tu t io n  tj =. \ _ CosX , a f t e r  so m e  m a n ip u la t io n  the
r e s u l t  is
( 3 . 1 7 )  4>e a ( ! )  =  (• 4 5 )  4 m l e 4  a t  q  Ü 3  +  1
w h e re  cj^  =. 2  L a 0 — 2  rYip cj^cu / t\
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S i m i l a r l y  
(3. 18) cj)e a (2) ( I -  CoC"X) Cj (• i*.5) 4ml e1* (tf ( K a„ ->• 8) S^X dx
=  2  4> 0) _  q (6 g, + ic)
fC 3 C^+a)5
A l t e r n a t iv e ly ,  fo r  the  s a m e  c o l l i s i o n s  c o n s i d e r e d  a c c o r d in g  to an 
i n v e r s e  p o w e r  f o r c e  law, the  (j)^S a r e  g iven  in C h a p m a n  and Cowling  .
(c) E l e c t r o n - p r o t o n  c o l l i s i o n s
T h e s e  c o l l i s i o n s  give the s a m e  e x p r e s s i o n s  a s  fo r  e l e c t r o n -  
e l e c t r o n  c o l l i s i o n s .
( 3 . 1 9 )  <j> (l) -  _ e l _  i<ra( I 1- ,
< 9 3
(3 .20 )  < ^ ( 2) =  2 _ £ 1  ( XctjO 4 A e p )  -  A e p  ^  ^
\ +7v e f
w h e re  - A - ep = \ t>  g1 m r .
(d) H ydrogen  a t o m - h y d r o g e n  a to m  c o l l i s i o n s  
U s ing  e q u a t io n  ( 3 .5 )
(3 .21)  (j>aa(i) =  I ( I - C c* X )g  Q« io~2) 4 ml eV» K‘>( a l K14 8 ) 'l'Si)nXlx
< P ( a p C + 4 ) a
.,2.
On s u b s t i t u t in g  f o r  K ( f ro m  (3. 16)) the  p a r t  of (3. 21) to  be i n t e g r a t e d  
i s
. tt
(3 . 22)  I  =  ]  ( I -  C o i x f  ( P -«jCosX)'*'  S w X  d x
(  r  -
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w h e re  (p — I  k0^ o > p = c^ 4  8 and  r ~ q \ i ±  . E l e m e n ta r y  a p p l ic a t io n  
of s ta n d a r d  i n t e g r a l s  p r o v id e s  the  r e s u l t :
(3 .2 3 )  I 2 h S  7 6
H W  + k ) '1
1 4 3 3 4 0
_P >92 ___ 2 > <1
3 ( ^  + 0**
— 1 2 2 2 —  _  ?
+ ic3(<Vj+4) 
<W + ^  J
the  l im i t s  be ing  on lj . F o r  the  g r e a t e r  p a r t  of the  e n e r g y  ra n g e  
be in g  c o n s id e re d ,  cp ! ; tak ing  th i s  in to  a cc o u n t ,  the  a p p ro x im a t io n
(3 .2 4 )  I =  1 in i+g
t  1
w ill be u sed .  In th i s  c a s e ,
(3 .2 5 )  =. q ( l x  I0'2) W> e1* iöq i l ?
F y ” "
S im ila r ly ,  w ith  the  s a m e  a p p ro x im a t io n ,
=  2- 4*au(')
A gain , p o s s ib ly  b e t t e r  a l t e r n a t iv e  r e s u l t s ,  b a s e d  on i n v e r s e  p o w er  
fo r c e  laws, a r e  g iven  in  r e f e r e n c e  1.
(e) H y d ro g en  a to m - p r o t o n  c o l l i s io n s
U sing  the d i f f e r e n t i a l  c r o s s  s e c t io n  (3. 6), fo r  th i s  c a s e
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(3 •  2 7 )  ( ) >  ( i )  =  I  ( i  -  easy.)  c )  ( 2 x  \£)4 w ?  a o  (  k V o  ^  d x
° ^ ( K l a i + 4 r
The in te g ra t io n  i s  s i m i l a r  to  the  p re v io u s  c a s e s .  T ak in g  c^—'2(^h> »  | ^
(3 .2 8 )  <j>a pO) =  ( 2 x ' o ' 2 ) 4  0 q , t 2
Again , i t  m a y  be show n th a t
<3-29> cj)af)(2) =  ( 2 * \o-2) & 0 r r v e 1'c& H 3
-  2-4V,} •
(As m e n tio n e d  w ith  c e r t a i n  o th e r  c a s e s ,  r e f e r e n c e  m a y  a lso  be m a d e  
to  C h ap m an  and  Cow ling*).
(f) P r o to n - p r o to n  c o l l i s io n s
The c a lc u la t io n  fo r  th is  c a s e  i s  f o r m a l ly  th e  s a m e  a s  f o r  e l e c t r o n - 
e l e c t r o n  c o l l i s io n s ,  the  r e s u l t s  b e in g
(3 .3 0 )  (j)pp(0  =  e ! _ _ i a t j (
w h e re  VV ==- X p 0 Z ppr ; and  s im i l a r ly ,
e 2 -
(3.31) (l) = 2e±_  f - L ( u 4 ) -  -AjtL ) ^  2 (b 0).
ntp C|^  I -f pp ^
3 . 3 . 2  In e la s t ic  C o l l i s io n s
F o r  in e la s t ic  c o l l i s io n s  invo lv ing  p a r t i c l e s  J  5 R 
p ro d u c e  p a r t i c l e s  ,
c o l l id in g  to
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(3. 32) \  Ä  mj rn k __  2. nr,& A £
T h e r e f o r e  i t  is  n e c e s s a r y  to  u se  the  g e n e r a l  f o r m  fo r  the  <j)'s 
f ro m  C h a p te r  2, i s
(3. 33)
/n-
< p ( y v )  = J  ( I  _ X u Co5Vx ) g < r s i ^ /  dX-  ■
w hich ,
F o r  e x c i ta t io n  c o l l i s io n s  w h e re  th e  n a tu re  of the  c o l l id in g  p a r t i c l e s  d o es  
not change  (the e n e r g y  be ing  c a r r i e d  aw ay  by pho tons , f o r  e x a m p le ) ,  the  
fo llow ing cj)'s a r e  r e q u i r e d  to  e v a lu a te  th e  c o l l i s io n  t e r m s :  <j)(-oo o) 
^ 0 ) 0  0 an d  (|) ( ,2 ^ 2 )  . In  m o r e  g e n e r a l  i n e la s t i c
c o l l i s io n s  i t  i s  a l s o  n e c e s s a r y  to c a lc u la te  (1)J3 l) •
(a) E le c t r o n - h y d r o g e n  a to m  I s  - 2p e x c i ta t io n  c o l l i s io n s  
U sin g  the  d i f f e r e n t ia l  c r o s s  s e c t io n  (3. 8),
0 . 3 4 )  < ^ , v )  =  J  ( I -  x ^ c ^ x )  q  (-45) 3a 2 lir h  " v V  a ,  dy.
Who  K*( 4 9)t
and s in ce
(3 .3 5 )  K2 =  £  + ^  _ 2 ko kf Os%~)C ,
ig n o r in g  the  c o n s ta n t  t e r m s  in  (3. 34), th i s  b e c o m e s
(3. 36) I (A V) ( I - amc<*V) swx dy- 
( p - T O O  Ct -
w h e re
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(3. 37) f = C  + fef i ^ ^ afc.fcf , r -  9 + 4 a o ( 4  k f)
S = U ' U f  ; t  =  p& -c^r  =  - )&feofef  j
r  + s =  9 + 4 a 0 ( ko 1 ) A-
U sing  the s u b s t i tu t io n  u ~  r  ~ S C<rs X' >
(3 .3 8 )  I (jjlv) -  I ( I -  X [ r /S  ~ Vs] ) dlj
(4 •+ “t y )  y 6
and  it fo llow s th a t  I  (^u^)) c an  e x p r e s s e d  in  t e r m s  of i n t e g r a l s  
P Q and R , w h e re  (s in c e  V t a k e s  th e  v a lu e s  ex, \ and X )'•
(3. 39) 
(3. 40) 
(3 .41)
r t +S
P = j _ _ 4y
J r - sr i s ^  + h )  y 6 
Q -  j U
r .  rJ r - S d y
(t + ai) T
T h e se  i n t e g r a l s  a r e  r e a d i l y  e v a lu a te d .  C o n s id e r in g  (3. 39), i t  i s  
found th a t
(3 .42) P =
Pi
3+ -  5* ^  + ^  Jcg * + m
y '  V y
A f te r  i n s e r t in g  the  l i m i t s  of in te g r a t io n  in  the  g e n e ra l  t e r m
r-s
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r-ts
L öu ( ^  ) J r _s and s u b s t i tu t in g  fo r  r  -v S and  r -  S
e x c e p t  n e a r  th r e s h o ld  i t  i s  found th a t  th i s  c a n  be a p p ro x im a te d  by
(3. 43)
a - n  / y)
°i ( ! ± v ^
V y  /
r ^ s
( 2  L ^ ) 5 = cJ .
J r -  ^
S im i la r ly ,  c o n s id e r in g  the  t e r m  in  (3. 42) invo lv ing  the  lo g a r i th m ,  aw ay  
f r o m  the  th r e s h o ld ,
(3 .4 4 ) lo -C j t  4- ■5 J U _____________
r-s  4 cio (
a  M
On the o th e r  hand, n e a r  th r e s h o ld ,  i t  i s  found tha t  both  of th e s e  t e r m s  
(3 .4 3 )  and (3 .4 4 )  a r e  of the  s a m e  o r d e r .  F r o m  a p h y s ic a l  p o in t  of 
view'', i t  i s  th e  n e a r  t h r e s h o ld  r e g io n  th a t  i s  u s u a l ly  of p a r t i c u l a r  
im p o r ta n c e  d e sp i te  th e  s m a l l  to ta l  c r o s s  s e c t io n ,  s in c e  d u r in g  the  
e x c i ta t io n  an d  io n is a t io n  s ta g e s  th e  m e a n  p a r t i c l e  e n e r g i e s  a r e  w ith in  
th is  r e g io n .  H o w ev er ,  i t  i s  on ly  w ith  the  s im p l i f ic a t io n  a c h ie v e d  by 
d i s c a r d in g  a l l  t e r m s  in  (3. 42) e x c e p t  th e  lo g a r i th m  t e r m  th a t  a  c o m p r e ­
h e n s ib le  f o r m  fo r  the .0. S c an  be ob ta in ed . In th i s  c a s e ,  the  
i n t e g r a l  (3. 42) b e c o m e s
(3 .4 5 )  P =. 3^  loti ^
t ‘
I 1
311 feo fe-f 2 a 0(feo-
w hile  s i m i l a r  a p p ro x im a t io n s  in c a lc u la t in g  Q  P,, give
(3 .4 6 )  9 <1 P
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(3 .4 7 )  p, =  a i  p .
T ak in g  the  re levant, p a r t i c u l a r  v a lu e s  of V ,
(3. 48) II i >" £ ~0
K /A -  ( l - X* r ) P , Qs s
1 (/.4 = (1 - 2lI1)P -t _S s1 sl
W rit in g
(3. 49) A  = (•25) 31 2l!,g KTir kf e4at
t u k0
and u s in g  (3. 46), (3 .47 ) ,  th e  (j)'s becom e
(3. 50) = A(i -x")P
(3. 51) = a ( i - x* c a ; ) p2 k0
(3 .52 ) <Ka 2) = A( i -  >?(£ + %?) P . ' 2_ '
A gain  i t  i s  n e c e s s a r y  to  m a k e  a s s u m p t io n s  c o r r e s p o n d in g  to  a 
n o n - th r e s h o ld  r e g io n .  S ince  fo r  the  e x c i ta t io n  c o l l i s io n s  be ing  
c o n s id e re d ,
(3 .5 3 )  xz =  I _ 2 Aff = I _  2 mr
83
(3. 54) X I _  m A f  s  2L
f,1 ko C
A lso  f r o m  th e  e n e r g y  c o n s e rv a t io n ,  (s in ce  i s  th e  e x c i ta t io n
e n e rg y )
(3. 55) ko =  6r . 2 rrv A
f ?  ’
C + = i k l  -  I r n r A t  _ 2« ;
fi1
fef ^  °< .
ko
U sing  th e s e  r e l a t i o n s  in e q u a t io n s  (3. 50) to  (3. 52), g iv ing  th e  ,
i t  fo llow s th a t
(3. 56) 4> ( - ^ j 0) =  -A P ,
(3. 57) 4 ( ' » 0 =  A ( l - g A ) P
^  m r A t  A P ,
ft1 kJ
(3. 58) U 2,2 ) =  A (1 - ( g f A ' ) P
=  x  4  c ' , o ,
(3. 59) <f>U,0) = A ( i - x a ) P
=  <t>(2, i ) >
2me A P
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=  2 .
H ence fo r  the  A ' s the  fo llow ing  r e l a t i o n s h ip s  app ly  *,
_  2 A  r . ' i - o  _  I> I
( 3 . 60)  . U ( r  ) =  I l { T )  =  2  A C T ) .
A gain , u s in g  (3. 55) in  (3 .4 5 ) ,  A P  s im p l i f ie s  to
(3 .6 1 ) A P  =  ('4-s) 2.'5 q ml ev a„ i o ^  3
b ' °
E q u a t io n s  (3. 56) to  (3. 59) e n ab le  th e  cj> *s to  be e x p r e s s e d  in  t e r m s  
of (3. 61).
(b) E le c t r o n - h y d r o g e n  a to m  io n is in g  c o l l i s io n s
An io n is a t io n  c o l l i s io n  i s  e s s e n t i a l l y  an  e n c o u n te r  in  w h ich  the  
a to m ic  e l e c t r o n  i s  e x c i te d  to  the  co n tin u u m  s ta t e .  F o r  th is  r e a s o n ,  
fo r  the  in c id e n t  e l e c t r o n  s c a t t e r e d  in  th e  c o l l i s io n ,  the  p r o c e s s  m a y  
be t r e a t e d  a s  e x c i t a t io n  w ith  v a r i a b l e  A £ . On the  o th e r  hand,
owing to  the  s t r ip p in g  of the  a to m  an d  the  p ro d u c t io n  of new p a r t i c l e s ,  
fo r  the  a to m , the  p ro to n  p ro d u c e d ,  and  the  a to m ic  e l e c t r o n  e je c te d ,  
the c o l l i s io n s  n e e d  to  be c o n s id e r e d  in  m o r e  detail.. To so m e  ex ten t  
the p h y s ic s  of th e s e  c o l l i s io n s  i s  c o n ta in e d  w ith in  the  - fu n c t io n s  
(C h a p te r  2); n e v e r t h e l e s s  th e  .T l 's  m u s t  be c a lc u la te d  f o r  e a c h  
d i f f e re n t  p a r t i c l e  type  f o r  w h ich  the  13 -m o m e n t  e q u a t io n s  a r e  r e ­
q u ire d .  In g e n e r a l ,  fo r  e a c h  p a r t i c l e  c o n s id e re d ,  the  A £ a r e  
d i f fe ren t ,  and  the  X 's m u s t  be e x p r e s s e d  in  t e r m s  of th e s e  f o r  
in te g ra t io n  o v e r  th e  r a n g e  of A  £ .
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L e t  d A 1 1 be the so l id  ang le  in to  w h ich  the  in c id e n t  e l e c t r o n  
(w ith in c id e n t  ( r ed u c ed )  w ave  v e c to r  fco ) i s  s c a t t e r e d  w ith  wave 
v e c to r  Rf , and  d ü z the  so lid  ang le  in to  w h ich  the  a to m ic  
e l e c t r o n  i s  e j e c te d  w ith  w ave  v e c to r  % . It i s  shown in A ppendix  A 
th a t  it  is  s a t i s f a c t o r y  to r e f e r  a l l  th e s e  p a r a m e t e r s  to a f r a m e  m o v in g  
w ith  the  c e n t r e  of m a s s  of the  two c o l l id in g  p a r t i c l e s .  The s u b s c r i p t s  
e, 3 e2 , ; p w ill  r e f e r  r e s p e c t i v e l y  to the  s c a t t e r e d
e le c t ro n ,  a to m ic  e l e c t r o n ,  a to m , an d  p ro to n  p ro d u c e d .  F o r  the  
c o l l i s io n  d y n a m ic s  (but not the  g e n e r a l  e q u a t io n s  fo r  the e l e c t r o n  
co m ponen t)  the  s c a t t e r e d  an d  a to m ic  e l e c t r o n s  a r e  t r e a t e d  s e p a r a t e ly .
(i) S c a t te r e d  e l e c t r o n ,  Gi
U sin g  eq u a t io n  (3. 33) and  the  d i f f e r e n t ia l  c r o s s  s e c t io n  (3. 9),
( X  be in g  th e  p o la r  an g le  of kf w ith  re sp ec t ,  to  )
(3 .6 2 )  ^eo^e , ( y v )  = j ( l  _X^1CsiVx ) g ( ,/^«io'5) 2 T jm b va„tf5i Smx d% d i i j d x
J f i X  K4(a2Kx+ I p
w h e re
(3 .6 3 )  r\ *  ko +  Rf -  2 .
It is  a lm o s t  im p o s s i b le  to  c a lc u la te  the  Cl's  f r o m  (3. 62) a s  such ; 
h o w ev er ,  by a p p ro x im a t in g  the  t e r m  (cLo K2+ I )** in  the  d e n o m in a to r  
by 1 ci0 R0 + j j t i t  b e c o m e s  p o s s ib le  to  e v a lu a te  the  seq u e n c e
of i n t e g r a l s  r e q u i r e d  to o b ta in  the  C l's  . A lthough  by  no m e a n s  an
i /  4a c c u r a te  a p p ro x im a t io n ,  th e  W t e r m ,  a l s o  in  the  d e n o m in a to r ,  
n u l l i f ie s  the  e ffec t  of th i s  a p p ro x im a t io n .
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F r o m  the  c o n s e r v a t io n  of e n e rg y ,  i t  fo llow s th a t
(3. 64) ko fcf + 'X7' + 2 r0r I
w h e re  I  i s  the  io n is a t io n  e n e r g y  of th e  a to m . In te g ra t io n  o v e r  c\ f l 2 
y ie ld s  a f a c to r  4  TT . The l im i t s  of in te g ra t io n  o v e r  ~)C a r e  
( O , TT ), w hile  f r o m  (3. 64) the  l i m i t s  on X a r e  ( O * 
k 0 "  2. n v l  /  ft2)*- ). The  eq u a t io n  (3. 62 ) b e c o m e s
(3 . 65 ) <f>e0L.elyV) =  A-TT (•!*.» io"?) 2St g rrv a l e 4 3> ,V )
kl  + 0 *
w h e re
TT r ( l l J - 2 « r W ) l
(3 .66 )  3”, ■=■ J J ( > ~ AMCcr^ v x )  fef X d x
(  kQ2 + kf -  i k0 fej f o x ) 2"
th is  be ing  e v a lu a te d  in  A ppendix  B. F o r  th i s  c a s e ,  X is  g iven  by
(3 6 7 ) X I _ 4< 2. n r v l / fi
U sing  the  v a lu e s  f r o m  th i s  append ix  fo r  the  a p p r o p r ia t e  , on
p u tting
2. f Z
(3. 68) =  Ko
and
(3. 69) A =  ( J 4 ___________________________
+ I )4 3(imr/tilf
_ 2 X
~ F “
x i o b  l^Ti qcu r 4  e 4 t u  2<*?
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the  r e s u l t s  a r e :
(3. 70)
‘l e a e f - ’V ) =  A  ,
(3. 71)
^eo^e, C *3 0 =  A O  - +<xj \
L k* ‘ ;
(3. 72) 4>eae ,  O h =  A ( 1 — ( ) h .
A- k £
(3. 73) ^ e ^ e ,  ( 2 , 0 ) » A ( i  - 1  £ )  , 
5  fcj
(3. 74)
4 e a  e, 0 — A  ( I -
. i ° U (  k t  *  o^1) ') 
10 k ^
F in a l ly ,  2 .m r I / t | X
f  x
i s  n e g le c te d  c o m p a r e d  w ith  r<0 in  the
p a r e t h e s i s e d  t e r m s  a f t e r  s u b s t i tu t in g  f o r  c< f r o m  (3. 59). (Again
th i s  c o r r e s p o n d s  to  a n a p p ro x im a t io n  v a l id  aw ay  f r o m  th re s h o ld .
H o w ev e r ,  a p a r t  f r o m  b e ing  c o n s i s te n t  w ith  p r e v io u s  a p p ro x im a t io n s
tak en , th is  type  of a p p ro x im a t io n  in. the  p r e s e n t  c a lc u la t io n s  i s
n e c e s s a r y  to  o b ta in  w o rk a b le  r e s u l t s ) .  T he  r e s u l t s  th e n  b e co m e
(3. 75) Cl)eaJe1( ' . > ) = 2 (I,5 ( r ° ° 0  i
(3. 76) ^ e ^ e ,  ( 2 , 2 ; =  i m r l  (I
(3. 77) 4 e a je ( ( =  | , C'  °°> ° h
^ea.e.O,!) ■= I  cteo)e , ( ~ 00-'0) '(3. 78)
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( i i )  The a to m ic  e le c tro n ,  e g
S im i la r ly  to  (3 .6 2 ), but; f o r  th is  case w ith  X  be ing  the  p o la r  
ang le  o f ^  w ith  re s p e c t to  k 0 , and X  , the  d e f le c tio n  ang le o f
(3 ' 79) ( I -  X/UC<n'l x)cj (-I4 x 10 5j u < e 4 Tl at
x h %6 w  d - Q ,
t *  kc l ) *
w h e re  now K is  in  te rm s  o f X  | (be ing  d e fin e d  in  fa c t f ro m  the 
d i f fe r e n t ia l  c ro s s  s e c tio n ):
(3. 80) _ 2 CosX I •
F o r  th is  case (A p p e n d ix  B)
(3 .8 1 )  \ a
In te g ra t io n  o v e r  X  is  s t ra ig h fo rw a rd ,  ow ing  to  the  c ro s s  
s e c t io n a l independence  o f th is  a ng le . D e fin in g
(3. 82) J2 CyWjV) =  J ( l y^Ccr^x) SLn X  d X  5
e le m e n ta ry  in te g ra t io n  g iv e s
(3 .8 3 )  J iC y U .V )  =  2  -  X (  1 +  C ~0V)
V + I
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In te g ra t io n  o f (3. 79) o v e r  the  s o l id  ang le  d f l ( in v o lv e s  o n ly  te rm s  
in  f*] w h e re
(3-84) M =  f  S i/n^d^t, dfe,
K*(aiKl+ O'*-
'  a  X  V if
A s  in  the p re v io u s  case , the  te rm  ( &o K + i ) is  re p la c e d  b y  
( d o k o + 0 * * "  . In te g ra t io n  o v e r  the  a z im u th a l ang le  g iv e s  >
and w ith  the above a p p ro x im a tio n , in te g ra t io n  o v e r  *)£ m ay be 
e ffe c te d , g iv in g
(3 .8 5 )  M  =  ________________
R e tu rn in g  to  (3. 79), cj) O l j V) becom es
(3 .8 6 ) ° e a 1el ( ^ ' 0  =  ( Tnrtfh T2fcV) C| C'Vx lo*) ^  <£ fef *  dx
i *  k 0
— 4 tt B L^UjV)
(aä  f e o  + I ) *
w h e re
(3 .8 7 )  B =  (• 14- x >o~3 ) l 6 a. tt mfl  e1*
W o
°< is  d e fin e d  b y  (3. 68) and. L  (yl^v) is  c a lc u la te d  in  A p p e n d ix  B. 
T a k in g  the v a lu e s  o f L  (/*» v) f ro m  th is  A p p e n d ix , and s in ce  f \  , 
a lre a d y  d e fin e d  by  (3. 69), is
(3. 88) A  =  4  TT B 1 o<?____
( X f e o + i y *  3 ( 2 r r y l / f i f
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the <|> yu v) a re  given by
(3. 89) =. A  j
(3. 90) ^ e a ;e2 0 , 0 =  A ;
(3. 91) ^ e a  ea (A =  A ( l  + 2 l  )  ,3 S k i  '
(3. 92) = 3  a !  A  ,
5  k*
(3. 93) -  A  •
Since
(3. 94) ( i  4 2 C  ) 
3 S k i  J
~  J L
! S'
the 4 0 /^ V ) m ay  be e x p re s s e d  a s  fo llow s in te r m s  of
(3. 95) (t e a >ei0  , l ) =  4*eo C'°°j °),
(3. 96) ^ea^e,. O  j 2 ) =  11 l ea
(3. 97) <f>ea,e2 (2 ,o ) =  4  t !  i « 1' * 0) ~  4 ^ e a C - ^ o ) ;
5  k l  5
(3. 98) ( 3j 0 - =  4 e a  ° ° j  °) •
In any c a se  it is  obvious fro m  (3. 33) th a t <p (-oo,<^is s im p ly  the to ta l
c ro s s se c tio n  fo r  the c o llis io n  d iv ided  by 2. tt ; and th e re fo re  fo r
9
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a ll  p a r t i c l e s  in v o lv ed  in  a  p a r t i c u la r  ( in e la s t ic )  c o ll is io n , th e  (fC*00, 0) 
a r e  id e n tic a l . T h u s (3. 89) is  id e n tic a l w ith  (3. 0).
(iii)  The a to m s
In the  p a r t  of A ppendix  B d e a lin g  w ith  th e  c a lc u la tio n  of th e  X*S 
it  w as p o in te d  out th a t fo r  a to m s  a s  a  p a r t ic le  type  in  th is  type  of 
io n is in g  c o ll is io n , the  only  -TLlS in v o lv ed  a r e  the  JO- I t ) , w h ich  a r e  
in d ep en d en t of A . H ence fo r  th e  a to m s ,
( 3 ‘ 9 9 )  t W a l “ -0 )  =  ] -  f  g ( l < n , l o 3)
J  ~  f e o  I C  C a i  K 1 - , .  I ) 1*- 
w h e re  X  -  Cor> * (V  b f )  /  kok+) =  )6 , .
A gain  re p la c in g  (Oq K^ -t i by  ( Clo ka 4 I , s in c e  on
d if fe re n tia t in g  (3. 63),
(3 .100)  S w X i  d X f
(3 .101)  (h'e a
w h e re
(3 .102)  C  =  g C - H >  io '3) m r  e A 2 *i f  a t
^  £  ( a H t - i  » r -
The u p p e r  an d  lo w e r  l im i t s  on K a r e  ^  . U sin g  (3. 64) and
(3. 6 8 )5
L X 2 ^ 1(3. 103) k-f =.  <X -  IK ,
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and  th e r e f o r e ,  on in te g ra t in g  o v e r  K
( 3 . 1 0 4 )  cj)e a ( - « i J o)  _  y dx 2 kDfB4
T he re m a in in g  in te g ra t io n  i s  s t r a ig h tf o r w a r d  a lso :
2 f x  j y  C ^ - y ^ U o
J° (Xmpl/fi1)1
( 3 . 1 0 5 )  cj>e a ( - 0 0 jO ) _  2
3 p -K V l/ t lT
It i s  a p p a re n t  on c o m p a r in g  (3. 105) w ith  (3. 70) fo r  e x a m p le , :hat 
th e  4 )ea^'QO'°) o b ta in e d  fo r  th e  d if fe re n t c a s e s  a r e  e q u a l; th is  s u g g e s ts  
th a t  th e  d if fe re n t a p p ro x im a tio n s  m ad e  a r e  c o n s is te n t .
(iv) The p ro to n s
A s d is c u s s e d  in  A ppendix  B, th e  - / \ s  fo r  th e  p ro to n s  p ro d u c e d  
in  the  io n is in g  c o l l is io n s  a r e  r e a d i ly  o b ta in e d  fro m  th o se  fo r  th e  
a to m s . In p a r t ic u la r»  w hen  t e r m s  of o r d e r  ÜLe a r e  n e g le c te d , th e
I rfVa
A L S  a r e  th e  s a m e  fo r  the  p ro to n s  a s  fo r  the  a to m s . T h e re  is ,  
th e r e f o r e ,  no n e ed  to  c a lc u la te  th e  p a r t i c u la r  fo r  th e s e
p ro to n s .
(c) C h a rg e  ex ch an g e  c o l l is io n s
A s d is c u s s e d  in  A ppendix  A, on ly  r e s o n a n t  c h a rg e  ex ch an g e  
c o ll is io n s  a r e  c o n s id e re d . T h e se  c h a rg e  ex ch an g e  c o l l is io n s  a r e  
e la s t ic  in  th e  s e n s e  th a t th e re  is  no k in e tic  e n e rg y  a b so rb e d  in  the  
c o ll is io n , a lth o u g h  in  th e  s t r i c t  s e n s e  of a  ch an g e  in  th e  n a tu re  of 
the  c o llid in g  p a r t i c le s  th e  c o l l is io n s  a r e  in e la s t ic .  N e v e r th e le s s ,  
the  m o s t c o n v e n ie n t way of c o n s id e r in g  th is  c a s e  i s  to  c a lc u la te  th e  
anc* hen ce  th e  4 ‘S fo r  th e  -  fu n c tio n s  of th e  a to m  (o r
p ro to n ) p r e s e n t  a f te r  th e  c o l l is io n  m in u s  the  ^  -  fu n c tio n s  of th e
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a to m  (or p ro ton ) ,  in v o lv in g  the o th e r  n u c le u s ,  b e fo re  the  c o l l i s io n .  
F r o m  th is  po in t of v iew , th e  c o l l i s io n  i s  e l a s t i c ,  w ith  d i f f e r e n t ia l  
c r o s s  s e c t io n  (3. 10;.
Since ?>0) — ?>(?•) — O f o r  e la s t i c  c o l l i s io n s ,  t h e r e  is  no
n e e d  to  c o n s id e r  ([>(-0 0 , 0 ) , w h ile  (j) ( ”1 o') — O an d
=  $ 0 )  say .  A lso  le t  ( \ > ( l } l )  =  (j>(z) ; th e n
(3 .1 0 6 )  C|> ( V)
w h e re
D ( 1 ~ CcrsV>l) SünX d X 
° ~ 0 " \
(3. 107) D =
S u b s ti tu t in g  fo r
( 2 * i x lo"2) cjmr do 2 s
—
AK (defined  f o r  e q u a t io n  (3. 10))
(3 .1 0 8 )  (j>a p p ) D
IT
( I -  C a i ^ x )  S ir\ X  d X
o  ----------------------- -------------——
( ) + 2  k o a t  ( I + C ) ) 6
f r o m  w h ich  i s  o b ta in e d
}
(3 .1 0 9 )  <j>ap(|)
(3 .1 1 0 )  <j)a p (2)
D (  — 1- - - - - - - - - - - - L _  +. — !—  ^
lo lo k  a ,  i t  ktafr '
D /  16 f d a f
^  ^ i o Ko o-l +  I o feo aS ^
D /  s  f e ta t
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F o r  th e se  c a lc u la t io n s , i t  h a s  b e en  a s s u m e d  th a t Kö I •
3. 4 E v a lu a tio n  of the  j f l  £
The IT's , d e fin e d  in  C h a p te r  2, a r e  e s s e n t ia l ly  the  r e s u l t  of 
in te g ra t in g  the  Y ' S o v e r  th e  im p a c t v e lo c ity . R e s ta tin g  the  
d e fin itio n ,
oo
(3- m )  n i k / r) =  V* L e~Yylr+X dY
w h e re  V  =  & Q , o r  s in c e  "ft k Q =  rn r Q , Y  -  ^ ^ k° .
v, " -  ” rnr
lo is  the  th r e s h o ld  v a lu e  of j fo r  a  p a r t i c u la r  c o ll is io n . T hus
fo r  e la s t ic  c o ll is io n s  Vo i s  z e r o ,  w h ile  fo r  a c o ll is io n  w ith  e x c ita tio n  
e n e rg y  A  t o  >
(3 .1 1 2 ) Y 02 =  I T  A t o  ■
raT
T h is  is  ta k e n  a cc o u n t of, in  a  s e n s e , in  th e  ( J )  1 5 , in  th a t  b e in g  
fu n c tio n s  of th e  d i f f e r e n t ia l  c r o s s  s e c tio n , belowr th e  th r e s h o ld  e n e rg y  
th e y  ta k e  th e  v a lu e  z e r o .  H o w ev er, the a p p ro x im a te  c r o s s  s e c t io n s  
u se d  a r e  no t z e r o  fo r  a l l  e n e r g ie s  below  th e  c o ll is io n  th re s h o ld ,  and 
it  i s  n e c e s s a r y  to  s p e c ify  th e  p a r t i c u la r  lo w e r  l im i t  a s  in  (3. 112).
3 , 4 . 1  E la s t ic  C o llis io n s
F o r  th e s e  c o l l i s io n s ,  w ith  th e  .TVs a s  w ith  th e  (j) * S , th e  d e fin itio n s
1
a r e  fo r m a lly  th e  sa m e  a s  th o se  g iv en  by  C h ap m an  and  C ow ling  . The 
r e s u l t s  fo r  C o u lo m b  c o l l is io n s  g iv en  below  a r e  in  fa c t  th e  s a m e  a s  in  
r e f e r e n c e  1; h o w ev er, a s  a l r e a d y  m e n tio n e d , th e  u se  of " a d ju s te d "
B o rn  a p p ro x im a tio n s  fo r  th e  d if f e r e n t ia l  c r o s s  s e c t io n s  fo r  o th e r  
e la s t ic  c o l l is io n s  le a d s  to  d if fe re n t  r e s u l t s  f ro m  th o se  of r e f e r e n c e  1 f
f o rb a s e d  on i n v e r s e  p o w er  f o r c e  la w s .  Since 
e la s t i c  c o l l i s io n s ,  it i s  e v id e n t  th a t
(3 . n 3) n ^ ' . V )  =  n vk cr)
v
(using  th is  e q u a t io n  to  de fin e  1 ).
(a) E l e c t r o n - e l e c t r o n  c o l l i s io n s
E q ua tion  (3. 12) fo r  (j)(j) , w ith  (3. I l l )  g iv e s
e - Y l  Y l r 4 V  y 3 H-AXee) d Y  , 
m r2 y *
A lthough Aee i s  a fu n c tio n  of Y , ow ing to  i t s  o c c u r r e n c e  on ly  in
the lo g a r i th m ic  t e r m ,  i t  i s  g e n e r a l l y  a d eq u a te  to  r e p l a c e  it by  an
3" a v e ra g e d "  v a lu e  (L i le y  ), r e g a r d in g  i t  a s  c o n s ta n t  f o r  th e  p u r p o s e s  
of in te g ra t io n .  In th i s  c a s e  th e  i n t e g r a l  i s  e a s i l y  r e d u c e d  to  a n  
e x p r e s s io n  invo lv ing  the f a c to r i a l  func tion :
I
(3 .1 1 4 )  i l l r )  - TT5
(3 .1 1 5 )  f l ee(r} ■= tt* # 3e4 -tor] ( I + A tJ  TV)
1  in ,1
S im i la r ly ,  s in c e  (2 ) =  2  c|>e e (l) ’
(3 .1 1 6 )  _Q*e(r) =  2 f l ' ee(r) .
The " a v e r a g e d "  v a lu e  of V \ ee is
3
(3 .1 1 7 )  Aee = 3 kTe Xp -  s (  fe~h)*
e 1 (  4  tt
w h e re  X o  i s  the  Debye len g th .
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(b) E l e c t r o n - h y d r o g e n  a to m  c o l l i s i o n s
U s in g  eq u a t io n  (3. 17) fo r  CpO) g ives
I , 00 ^ . z
(3 .118 )  =  tt i  e  Y X + ( ^ 5 ) 4 m r  e 4 a t  q dY
ft4 (  z
a20 f e ^ l )  + (2oH 2q)^ -4  ( 2 qY L ) 2- 2 ^
6 ( 2 a U o  +  ^ - ) 3
Reta in ing  on ly  the  l o g a r i t h m  t e r m ,  t h i s  e q u a t io n  b e c o m e s
I s~ oo i r - ! , _
(3 .1 1 9 )  i l eafU = t U v O-SIT j  e~ Y 103(1 + Is^y'jdY.
F o r  the v a r i o u s  T  , the  fo llowing e x p r e s s i o n s  fo r  the  
obta ined:
r u n a r e
(3 .120)  -0-ea(i) =  trk (~4 s) e4 y5 I (_e b Ei ( - i ) ) ,
m rx a
(3 .1 2 1 )  i l e a (2 )  -  TI 1 U 5 )  y3 , ^I  +  E i t - i ) ) ,
(3. 122) n ea( 3 ) IT 1  O k 5) e ‘r !!'3 , ( ? - L  + (-2k1+2b-l)e bEi('bi)
2. v b . o '
* '  bX
E l ( -  i s  the  e x p o n e n t i a l - in te g r a l  fu n c tio n  (G ra d s h te y n  and  RyzhikV, 
and  the a rg u m e n t  b i s  g iven  by
(3. 123) b
2, 2.
q 0 m r
fv
The  s i m i l a r  a p p r o x i m a t i o n  of d i s c a r d i n g  t e r m s  o t h e r  th a n  the 
l o g a r i t h m  t e r m  in <j) ( ^ )  (equa t ion  (3. 18) ) g iv e s
(3. 124)
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io W  =  i  < j > e f t o )
and  th e r e f o r e
(3 .1 2 5 )  i l ea0-) =  2 .O.ea(r) .
(c) E l e c t r o n - p r o to n  c o l l i s io n s
T he c a lc u la t io n  of th e  XTs i s  f o r m a l l y  the  s a m e  a s  fo r  e l e c t r o n  - 
e l e c t r o n  c o l l i s io n s .  The r e s u l t s  a r e
(3 .1 2 6 ) a (r) — tt* lot[ (l tAfp) TV)
n e (r)
2. m r
2 n epcr)
w h e re  in th i s  c a s e  -A~ep is  g iv en  by
(3. 127) A - e p =  I  X o f e ° (p  N me
2  Vc XgCKf  '  e**
(k T e )
e 2 ( 4 T r n fee :l ) i
(d) H y d ro g en  a to m - h y d r o g e n  a to m  c o l l i s io n s
The r e l e v a n t  cJ>(V) a r e  g iv en  in (3. 25), (3. 26). U s in g  (3. 25) 
fo r  cj>(» ) , f i  (Y*) i s  the  in te g r a l
00
=  (a, icd) * V tt1 ( e'Y\ lr' ! h g  ( i t  bY*)dY,
r,A O
(3 .1 2 8 )  _ f  1 aa( r )
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w h e re  b =■ hVOL^/lt K a s  b e fo re .
F r o m  the  r e s u l t s  in v o lv in g  s i m i l a r  i n t e g r a l s  fo r  th e  e l e c t r o n - h y d r o g e n  
a to m  c o l l i s io n s ,  in  the  s a m e  n o ta t io n ,  the  .0 (r) b e c o m e
(3 .1 2 9 )  f l aa(l) =
(3.130) j f l aa(a) =
(3 .1 3 1 )  -
A gain, s in c e  f  ^(2)
2
(3 .1 3 2 )  i i aa(r) -
(2< io'2}
m rX
( 2 < io r 1)
m r
( 2  X lo"1)  fr* e *  TT1
i  (- e b EiC'b)
1 ( i +  e ifcEi(-b))Z v b
! ( 2 -  L + (-IbS^b-Q £b [;(-^
2 v b b*
™ 2. 4  (I) it fo l lo w s  th a t
2 i V a a (r )  .
(e) H y d ro g en  a to m  -p ro to n  c o l l i s io n s
F r o m  th e  eq u a t io n  (3. 28) fo r  (|) )
i
(3 .1 3 3 )  i l a p ( r )  =  (,2 * 10~2) e ^ T T » j  e" Y ( I + bY2) d Y
w ith  b a s  in (3. 123). T he  in t e g r a l s  have  the  s a m e  f o r m  a s  fo r  the  
p re v io u s  c a s e s  invo lv ing  a to m s ,  b e in g  e x p r e s s ib l e  in  t e r m s  of the  
e x p o n e n t i a l - in te g r a l  fu n c t io n s .  The r e s u l t s  a r e
(3 .1 3 4 ) n a f {I) =  (2 ,1 0 h e *  X ' V  2 ( _ e i  E i ( - i ) ) ;
rh r
(3 .1 3 5 ,  X l a p (2 )  =  ( 2  > l ^ j e h }f h (  i +  t b  E l ( - t l ) ,
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(3 .1 3 6 )  f l a p ( 3 )  = ( 2 O 0 ' 2) e ‘*Ki Tri i { j . i + ( - 2 b 4 2 b - l ) e ' b E l ( - i ) )
^  2 V  b
A gain , s in c e  (j)a p(2.) — 2(J)a (\ ) > i t  fo l lo w s  th a t
(3
2  l
.1 3 7 )  AapCO =  2 H ap (r)
(f) P r o to n - p r o to n  c o l l i s io n s
F o r m a l l y  the  s a m e  a s  fo r  e l e c t r o n - e l e c t r o n  c o l l i s io n s  an d  e l e c t r o n -  
p ro to n  c o l l i s io n s ,  the  r e s u l t s  a r e
(3 .1 3 8 )  - T i p p l r )  =  tA J L J L  - t a g  ( j  + A ^pp) t» ,
2 m?
2  j
(3 .1 3 9 )  l i p p ( r )  =  i i l p p ( r )
F o r  th e s e  c o l l i s io n s ,  h o w e v er ,
(3. 140) pp =. 3 X o m r  — 3 te~Tp /  \ i
6 2’ e 3- \  4 ir n^e2- /
3 . 4 . 2  E l e c t r o n - H y d r o g e n  A tom  I s  - 2p E x c i ta t io n  C o l l i s io n s
The A 2. Qr ) , g iven  by  (3. I l l )  a r e  fu n c t io n s  of, a m o n g s t  o th e r
v a r i a b l e s ,  th e  lo w e r  l im i t  of in t e g r a t io n  Y0 (^2.^ A ^ o  / m ^ ) ^ .  
Since i s  a  fu n c t io n  of th e  t e m p e r a t u r e ,  the  - O .  J(p )  w il l
e s s e n t i a l l y  be fu n c t io n s  of the  e l e c t r o n  and  a to m  t e m p e r a t u r e s .  As
/-N. /U jV
w ill  be s e e n ,  in  g e n e r a l  the  A L (jp) c an  on ly  be r e d u c e d  to  e x p r e s s io n s  
in  t e r m s  of in c o m p le te  G a m m a  fu n c t io n s ,  w hich  in  th i s  c a s e  a r e  
d im e n s io n le s s  fu n c t io n s  of the  t e m p e r a t u r e s .  The  in c o m p le te  G a m m a  
fu n c t io n s  a r e ,  h o w e v e r ,  t a b u la te d  fu n c t io n s ,  and  in  c e r t a i n  e x t r e m e
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c a s e s  th ey  can  be w r i t t e n  in  t e r m s  of a n a ly t ic a l  fu n c t io n s .  The follow
ing  A ' s  a r e  r e q u i r e d :  - f l ' T )  , H  & )  ,  Q t r  ) , Ü  \ V )  ,
w ith  r  =  O ? I 2.. and  3 ; but s in ce  r e l a t io n s  (3 .6 0 )  e x p r e s s
XY (Y) and  - 0 - \ r )  in  t e r m s  of XI ( r )  , it is  on ly  n e c e s s a r y  to
- 0 0 , 0  / - n I ,  I
e v a lu a te  -iZ. ( t ) and  1 1  ( r )  , fo r  th e s e  v a lu e s  of T
r ^ " 00^0 aThe c a lc u la t io n  of 1  LeQ{T') in v o lv e s  u s in g  (3. 56) f o r  Cj^^-ocgo).
T h is  g iv e s
°o 2
(3 .1 4 1 )  f l  ( r )  =  (-45 )  e 4 2 l5a^ Y tHJ e  Y Y l o g  ( b Y ) d Y
3 .0  ^ 3 .  Yo
w h e re  b h a s  the  va lu e  3^  / 2 a . 0^ A ? o  (b e a r in g  no r e l a t i o n  to  the 
t e r m  b , d e f ined  in  (3. 123)).
C o n s id e r  th e  fu n c tio n  I ( r 5Y>) defined  by
r ° °  2
(3. 142) I  (r>Y0) = I e Y J - o j ( bY) dY .
-'o
A change of v a r i a b le  y ie ld s
(3
00
. 143) I  ( r , Y o )  rr  ^f 2. e ~ X   ^ (  £ * )  d x  ,
and th is  c an  be in te g r a t e d  by p a r t s  fo r  the  v a r io u s  v a lu e s  of T  . 
L e t  T ( r 5z )  be an  in c o m p le te  G a m m a  func tion , d e f in ed  by
r  00
(3. 144) T (r , z )  =  J  e- * T _l dx .
(Some a u th o r s  define  the  in c o m p le te  G a m m a  fu n c tio n  in  the  i n v e r s e  
w ay, th a t  is  , by  ( T (r) — T* ( r ^ Z . )  ) in  the  above n o ta t io n ,  but the
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d e f in i t io n  (3. 144) is  m o r e  su i ta b le  f o r  the  p u r p o s e s  of th is  C h a p te r ) .  
P r o v id e d  x > 0 ,  the  V (r^z) a r e  de fined  fo r  a l l  T  .
In t e r m s  of th e s e  fu n c t io n s  (3. 144), in te g r a t io n  of (3. 143) g iv e s  
(3. 145) I ( 0,Yo)
(3. 146) I  ( ( j Yo)
(3 .1 4 7 )  I
(3. 148) I  (3,Yo)
It is  ev id en t  th a t  the  A L ( T)  a r e  o b ta in ed  u s in g  th e s e  r e s u l t s  fo r  
in equ a tio n  (3. 141), th a t  i s ,
(3 .149)  j \ j r )  =  C 4 5 )  e 4 2 l?a t y i T i I ( t , Y o )  ■
3“
The _ T lea(kr )  a r e  c a lc u la te d  u s in g  e q u a t io n  (3. 57) f o r  <|> ( l^l) . 
T h is  g iv e s
(3 .1 5 0 ) j f l  V) = ('i>5)TT»e',' f ^ m r A S .Y i
3 10 rof1
| e  Y Y^'Y^bY) dY
-  J- ( e"Y“ Y « | b1 Y0Z + T ( o ^  Yo2) )  ,
= J_( e_Y“V > 0  ^  W  + Y O j.b  + poX1)), 
=  i  ( e~Yo (  Yo4 Y0\  2 b1 Yo" + T  (1, Yo1)
T
+  2 T O , Y o“) 4  2 V(oX ) ) ,
= L  (e- 'Y*( y oc 4 3 Y04 + 6 Yo1 + o  tog b1 Yo1 + T(3Y.)
4 3 T 0 X )  + £P(i,Y.‘) + 6T(o/tf)).
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w h e re  ag a in  b =. 3 ^ ^ /  2 d 0 Z\£o . It fo llow s f r o m  th is
eq u a t io n  th a t  the  _ f l  (T ) c an  a lso  be e x p r e s s e d  in t e r m s  of the  
X (y ,Yo) , d e f in ed  in  (3. 142)^ and h en ce  in  t e r m s  of the  in c o m p le te  
G a m m a  fu n c tio n s .  In p a r t i c u l a r ,
(3,. 151) jQ p(L(T) =  ( ‘45 ) TT^  e 4“ rnr I ( r - ^ Y o )  .
3 ‘°
The in te g r a l  X  (.“  ^ ,Yo) , not p re v io u s ly  g iven , h a s  th e  v a lu e
(3 . 152) X (-1 ,Yo) =  H  T ( o X ) i^ b  J .. 6 j<K\X
Yq -tT
dx
The l a s t  in t e g r a l  on the  r ig h t  hand  s id e  of (3. 152) e x i s t s  fo r  YQ O ; 
b e in g  of a s i m i l a r  n a tu r e  to  the  in c o m p le te  G a m m a  fu n c t io n s ,  i t  m a y  
a ls o  r e a d i ly  be e v a lu a te d  n u m e r ic a l ly .
F in a l ly ,  the  r e m a in in g  _ 0 - ' s  a r e  r e l a t e d  to  (3. 149) and  (3. 151) by
(3. 153) I I  ( r  ) 
ea
2 j°
(3 .1 5 4 ) A .  (tO
= an lc 'r) 
= anlcr)
3 .4 .  3 E le c t r o n - H y d r o g e n  A tom  Io n is in g  C o l l is io n s
F o r  th e s e  c o l l i s io n s  the  _fV$ a r e  de fined  by (3. 111). The lo w e r  
l im i t  of in t e g r a t io n  i s  g iven  by Y 0 — ( 2 .Y ^ X  /  PHr) * w h e re
I  i s  the  io n is a t io n  e n e rg y .  As w ith  e x c i ta t io n  c o l l i s io n s ,  s in c e  
Y i s  a fu n c tio n  of the  e l e c t r o n  and  a to m  t e m p e r a t u r e s ,  the  I X 1 S 
a r e  a lso  fu n c t io n s  of th e s e  t e m p e r a t u r e s .  W hen r r \e T a  ^  ^  Oft a ie ^
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then  X c<e — , in  w hich  c a s e  the  XX'S a r e  s im p ly
2 feTe.
fu n c t io n s  of the  e l e c t r o n  t e m p e r a t u r e .  T h is  a l s o  a p p l ie s  to  the  
e x c i ta t io n  c o l l i s io n s  of c o u r s e .  F o r  e a c h  of the  p a r t i c l e s  ( in c id en t  
e l e c t r o n ,  a to m , a to m ic  e l e c t r o n ,  and  p ro to n  p ro d u ced ) ,  th e  fo llow ing
n ' s  a r e  r e q u i r e d :  j T  \ t ) X I  ' (T )  f l / V r  ) i l \ r )
1 L (T) w ith  T  ta k in g  the  v a lu e s  0, 1, 2, and 3. F o r tu n a te ly ,  
i t  i s  no t n e c e s s a r y  to c a lc u la te  a l l  80 XX * $ . As shown in  Appendix 
B, the  f l  $ f o r  the  p ro to n s  a r e  e s s e n t i a l l y  eq u a l  to the  X I' S> fo r  
the  a to m s .  F u r t h e r m o r e ,  fo r  the  in d iv id u a l  p a r t i c l e s ,  r e l a t i o n s  have 
b een  g iven  b e tw een  v a r io u s  (j) (yu^v) > en ab l in g  m a n y  XX's t o b e  
e x p r e s s e d  in  t e r m s  of o th e r s .
In p a r t i c u l a r  i t  h a s  b e e n  show n th a t  f o r  the  in c id e n t  e le c t r o n ,  a l l  
^ e a  e can  be e x p r e s s e d  in  t e r m s  of C"”00; 0 ) o r
(j>ea e ^ 2 2 ) ; fo r  the a to m ic  e l e c t r o n ,  a l l  e A*) can
e x p r e s s e d  in  t e r m s  of (J)^  ^  ^ (-oo^o) ; and  fo r  th e  p r o to n s  and  a to m s ,  
the  on ly  ( J )  ( / ^ v )  in v o lv ed  i s  (|> ( - cd^ o) ; and  f in a l ly  th a t  the
Cl) (r°° j ° )  a r e  e q u a l  fo r  a l l  p a r t i c l e s  inv o lv ed  in a  p a r t i c u l a r
c o l l i s io n .  The g e n e r a l  fo r m  of i  L I t )  b e in g  g iven  in  eq u a tio n  
(3. I l l ) ,  i t  i s  ev id en t  th a t  i t  i s  a fu n c tio n  of ( j ) ( y u ^ v )  , Y o  and
c e r t a i n  o th e r  c o n s ta n ts  of the  c o l l i s io n .  T h e r e f o r e  a l l  p a r t i c l e s  in
s ~ \ ~ o
the  c o l l i s io n  have the  s a m e  1 1  ( r  ) . I t  fo llow s  th a t  f o r  the  
io n is a t io n  c o l l i s io n s ,  o n ly  8 of the  XX's n e e d  be c a lc u la te d ,
n a m e ly  - ^ - eQ_ Xr ) and  XI (T ^  w ith  T -  o j | 2. and  3 .
Since
(3. 155) Y o  — O '  1
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u s in g  th i s  r e l a t i o n  and  a l s o  th o se  a f t e r  (3. I l l ) ,
(3. 156) ko _  -1 — mr
V  S ' t f
„ 1 £ ,1K o "h =  I lA  ( Y %  Yt" )
A t C
w h e re  Y t & "ft / ITip (Xo , and, l ik e  V 0 ) i s  a  c o n s ta n t  of 
the  c o l l i s io n .  W ith  (j> oc^o) , g iven  in eq u a tio n  (3 .7 0 )  f o r  e x a m p le ,  
f ro m  (3. I l l ) ,
(3.157) X lea°°(r) =  ( l4xio'3) t U x 21|Tr:i' y V  I  (t •, Y0jY,)
3 a 06 ( l  mrI  / t C f  
w h e re  X ( f j Y o _ , Y | )  i s  d e f in ed  by
(3. 158) I  (r  jYo,Y,) =. e-Y1 Ylr + 1 (Y 1-Y.1) l  dY
% (Y 1 + Y 1)1'’
I  ( P 3 Yo; Y, ) m a y  be r e d u c e d  on m a k in g  a p p r o p r ia t e  a p p ro x im a  ­
t io n s ,  o r  i t  m a y  be n u m e r i c a l l y  e v a lu a te d .  As d i s c u s s e d  p re v io u s ly ,  
I ( r ; Y o , Y , )  i s  e s s e n t i a l l y  a  fu n c tio n  of the  e l e c t r o n  t e m p e r a t u r e .
S im i la r ly ,  u s in g  equation  (3. 72) f o r  (J) ( ^ 2 \ ,  i t  m a y  be
v e r i f i e d  th a t
(3. 159) A '  (r) -  (A xlo'^TTi f iV  2.“W t<vI  KT" IjYoY,)cQ c. _______________________ ___  __  *ea^e
■x \2.
3 mrc a 4.  ( 2 m r T /  ft")
X (TjY Y ) b e ing  again, g iv en  by  (3. 158).
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F in a l ly ,  u s in g  e q u a t io n s  (3. 70), to  (3. 78), (3. 95) to (3. 98), and  
(3. 105), the  s e t  of 48 XT's f o r  the  c o l l i s io n  (as  a l r e a d y  m e n tio n e d ,
32 of the XT^S a s s o c i a t e d  w ith  the  a to m  and p ro to n  p a r t i c l e  ty p e s  
n e ed  not be c o n s id e re d ) ,  in  t e r m s  of the  8 in d ep en d en t X T 's  a r e  a s
fo llow s . F o r  c o n v e n ie n c e ,  -f l  „ T T ) and  XT (r ) a r e  a lso
ea ea,e,
r e p e a te d .
—  O O  j  O  -  j»
(3 .160)  . f t eQ. ( r )  =  p V *  10 ) t V  it'1 2 *  ICr;Y.,Y,) ,4
w ith  I  ( t  3 Y0,Y,)
3 ao  rr»r C 1 /
d efin ed  in equ a tio n  (3. 158);
\A
( 3 . 161 ) n e ' C t )  =  "  ( r )  ,
2 . 0 —<30, O
(3.162) n e; e (r) =  m M (r) ,
(3. 163) A ? a e  ( t ) :ea,e,
2 1
—  00,0
(3. 164) ( r )  =  (-I4 k io~3) tt* t V  2*° (S’-1 m r l  I  ( r - l  ; Y o , t )  ,
S u f a S  (
- 00,0
- O ea ( r ) )(3.165) n e; A (r) =
-  0 0 ,0
(3. 166) i l e a6  ( r )  =. l 3 A ettc r ) ,
* x  15
—  oo,  O
-- - ^ - e a C O ;
n 3.» .
(3. 168) i  l e =
(3 .167)  A ^ “ (r)
X I  f r  ) s ecu'" '  J
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n(3 . 169 )  J i e a a (r) =
- 0 0 , 0
• d eay )
(3 .170)  A  '“ (r) =
- 00 ,0
U ea(.r)
3,4.4 H ydrogen  A to m - P r o to n  C h a rg e  E xchange  C o l l is io n s
The n a tu re  of the  c h a r g e  exchange  c o l l i s io n s  h a s  a l r e a d y  b een  
d i s c u s s e d .  The 4 a p a r e  £P-ven  by (3. 109) and (3. 110), b e in g  
in d ep en d en t of yU. , w h ile  the  XV 5 r e q u i r e d  a r e  w ith
r ■= \ 3 2. and  3 . U s in g  (3. 109) and  s in ce  the  c o l l i s io n s  a r e
e s s e n t i a l l y  e l a s t i c ,  f r o m ( 3 . 1 1 1 ) ;
(3 .1 7 1 )  X l a p ( 0  -  U.l x IO'2  34) 2 . V  V TT  ^ Tfr)
2. m?
S im i la r ly  w ith  <j> (-2) g iv en  by  (3. 110), i t  fo llow s th a t  
<2
(3 .1 7 2 )  U ap (r) =  ( 7 U X IQ 'b  2 e V .  X P ( r + l )  .
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C h a p te r  4
C h a r a c t e r i s t i c  F o r m s  and  B o u n d ary  C o nd itions  
4. 1 In tro d u c t io n
A p p re c ia t in g  th a t  the  13 -m o m e n t  eq u a t io n s  a r e  in  t e n s o r  fo rm ,  
and  in d ep en d en t of a  p a r t i c u l a r  c o o rd in a te  s y s te m ,  w hen th e se  
eq u a t io n s  a r e  a p p l ie d  to a p h y s ic a l  s i tu a t io n  th ey  m u s t  be e x p r e s s e d  
in  t e r m s  of p h y s ic a l  c o m p o n e n ts  r e le v a n t  to  the  c o o rd in a te  s y s te m  
u sed . F o r  an  in f in i te  g a s  o r  p la s m a ,  w h e re  b o u n d a r ie s  a r e  not 
im p o r ta n t ,  a  c a r t e s i a n  f r a m e  i s  o ften  m o s t  s u i ta b le .  H o w ev er ,  fo r  
l a b o r a to r y  e x p e r im e n t s ,  p l a s m a s  a r e  u s u a l ly  g e n e r a te d  in  c y l in d r ic a l  
o r  to r o id a l  a p p a r a tu s .  To take  acc o u n t  of the  r e s u l t i n g  s y m m e t r y ,  it 
is  p r e f e r a b l e  to  u s e  a c o o rd in a te  s y s te m  w hose  c o o rd in a te  s u r f a c e s  
a r e  the  s u r f a c e s  of s y m m e t r y  of the  p la s m a .  As a p a r t i c u l a r  e x a m p le ,  
in Appendix  C the 1 3 -m o m e n t  e q u a t io n s  a r e  r e f e r r e d  to  c y l in d r ic a l  
c o o rd in a te s ,  t h i s  s y s te m  h av in g  the ad v an tag e  of a c o m p a r a t i v e ly  
s im p le  affine  conn ex io n .
Since th e  1 3 -m o m e n t  e q u a t io n s ,  to g e th e r  w ith  M a x w e l l 's  eq u a t io n s ,  
e s s e n t i a l l y  f o r m  a s e t  of f i r s t  o r d e r  q u a s i l in e a r  h y p e rb o l ic  p a r t i a l  
d i f f e r e n t ia l  e q u a t io n s  in sp ac e  and  t im e ,  i t  i s  im p o r ta n t  in  the  a p p l i ­
ca t io n  of th e s e  e q u a t io n s  to  o b ta in  th e  c h a r a c t e r i s t i c s  an d  e igenfunctions  
of the  e q u a t io n s .  The e ig e n v a lu e s  o r  c h a r a c t e r i s t i c  s p e e d s  a r e  the  
sp e e d s  a t w h ich  d i s c o n t in u i t i e s  t r a v e l .  F u r t h e r m o r e ,  th is  i s  n e c e s s a r y  
to find w hat b o u n d a ry  co n d i t io n s  a r e  r e q u i r e d ,  a s  w e ll  a s  p e r m i t t i n g  
the  s ta b i l i ty  of v a r io u s  m e th o d s  of n u m e r i c a l  in te g ra t io n  to be determined..
A gain , know ing  the  e ig e n v e c to r s  and  c h a r a c t e r i s t i c  s p e e d s ,  the  
e q u a tio n s  c an  be e x p r e s s e d  in n o r m a l  fo r m .  T h is  l e a d s  to a v e r y  
s im p le  m e th o d  fo r  e x p l ic i t  n u m e r i c a l  in te g ra t io n .  H ow ever , in c a s e s
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inv o lv in g  M axw ell ' s  e q u a t io n s  c e r t a i n  of the  c h a r a c t e r i s t i c  s p e e d s
a r e  the  v e lo c i ty  of l ig h t ,  an d  s t r a ig h t f o r w a r d  e x p l ic i t  m e th o d s  r e q u i r e
e x t r e m e l y  s h o r t  t im e  s te p s  m a k in g  n u m e r ic a l  in te g ra t io n  so m ew h a t
1
im p r a c t i c a l .  R ec e n t ly ,  h o w e v e r ,  K e l l e r  h a s  d e v ise d  an e s s e n t i a l l y  
im p l ic i t  m e th o d  f o r  th e  n u m e r i c a l  in te g r a t io n  of su ch  e q u a t io n s  w hich  
i s  u n c o n d it io n a l ly  s ta b le ,  i r r e s p e c t i v e  of s te p  len g th .  A lthough  a t  
f i r s t  s ig h t th e  d i r e c t  s im p l ic i ty  of the  e x p l ic i t  m e th o d  is  lo s t ,  i t  t u r n s  
out th a t  K e l l e r ' s  m e th o d ,  a lthough  im p l ic i t  in  p r in c ip le ,  i s  e f fe c t iv e ly  
e x p l ic i t  in  p r a c t i c e .  U n fo r tu n a te ly  the  p ro o f  of s ta b i l i ty  and  c o n v e r g ­
en ce  of th e  m e th o d  d e p en d s  on the  e q u a t io n s  b e ing  c o m p le te ly  r e d u c ib le  
to c h a r a c t e r i s t i c  n o r m a l  fo r m .  In  g e n e r a l ,  h o w e v er ,  the  1 3 -m o m e n t  
eq u a t io n s  c an  only  be r e d u c e d  to  J o r d a n  n o r m a l  fo rm .  N e v e r t h e l e s s ,  
e x te n s io n s  of th e  p ro o f  sh o u ld  be p o s s ib le  fo r  th i s  c a s e ,  w hile  a s  w ill  
be see n  in  s u b se q u e n t  s e c t io n s ,  the  a s s o c i a t e d  d i f f e r e n c e  m e th o d  can  
s t i l l  be r e a d i ly  a p p lied .
In the  s u b se q u e n t  s e c t io n s ,  the  e q u a t io n s  a r e  e x p r e s s e d  in  
c h a r a c t e r i s t i c  n o rm a l  o r  e q u iv a le n t  fo r m ,  an d  the  im p o s i t io n  of th e  
a p p r o p r ia te  b o u n d a ry  c o n d i t io n s  e x a m in e d  in d e ta i l .  A lthough, a s  
s ta t e d  in the  p r e v io u s  C h a p te r ,  th e  m a in  o b jec t  of th i s  P a r t  of the  
th e s i s  is  to d i s c u s s  th e  a p p l ic a t io n  of the  e q u a t io n s  of P a r t  I to  (for 
e x am p le )  the  f o r m a t i o n  of a h y d ro g e n - l ik e  p la s m a ,  the  d i s c u s s io n  in 
the p r e s e n t  C h a p te r  i s ,  in  a c tu a l  fac t ,  m o r e  g e n e r a l  th a n  th is .
4 .2  C h a r a c t e r i s t i c s  and  the  N o rm a l  F o r m  of the  M o m en t E q u a t io n s
T he te c h n iq u e s  w h ich  have  b een  d ev e lo p ed  f o r  s tu d y in g  h y p e rb o l ic  
p a r t i a l  d i f f e r e n t ia l  e q u a t io n s  (w ithout n e c e s s a r i l y  so lv in g  th e m ) a r e  
qu ite  lu c id  and  e le g a n t  fo r  the  c a s e  of two in d ep en d en t v a r i a b l e s ,  but 
r e la t iv e ly  c o m p l ic a te d  and m u c h  l e s s  e le g a n t  fo r  m o r e  th an  two
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in d ep en d en t v a r i a b l e s .  F o r  th i s  r e a s o n ,  on ly  tw o d i f f e r e n t ia l  in d e p e n d ­
ent v a r i a b l e s ,  T and t  , a r e  a s s u m e d  f o r  th i s  C h a p te r  (the 
m o m e n t  e q u a t io n s  a r e  s t i l l  c o n s id e r e d  fo r  th r e e  s p a t i a l  v a r i a b l e s ,  but 
s p a t i a l  d e r iv a t iv e s  in o th e r  th a n  the  r - d i r e c t io n  a r e  ig n o re d ) .  W ith a 
s e t  of f i r s t  o r d e r  p a r t i a l  d i f f e r e n t ia l  e q u a t io n s  fo r  a v e c to r  v a r i a b le  U. 
w r i t t e n  in  the  fo r m
(4.D A + B ^  Ü- I C Ü
'dt h r
o  ,
the  e q u a t io n s  a r e  h y p e rb o l ic  p ro v id e d  th a t  a l l  k  e ig e n v a lu e s  c ,  y  
of the  m a t r i x  / \  ß  a r e  r e a l ,  and in  ad d it io n  th a t  t h e r e  e x is t  k
l i n e a r l y  in d ep en d en t e ig e n v e c to r s  X ,  . . . . In p a r t i c u l a r ,  th i s
 ^ } 2 a r e  d i s t in c t  (C o u ran t  and H i lb e r t  ).is  the  c a s e  if  a l l  of the  r o o t s l
M o re  g e n e r a l  c a s e s  a r e  d i s c u s s e d  l a t e r .
An im p o r ta n t  p r o p e r ty  of su ch  h y p e rb o l ic  e q u a t io n s  i s  th a t  th e y  can  
be l i n e a r l y  t r a n s f o r m e d  to an  eq u iv a len t  s e t  of e q u a t io n s  w h e re  the  
d e r iv a t iv e  of the  v e c to r  a t  a g iv en  po in t i s  on ly  in  one (a " c h a r a c t e r i s t i c " )  
d i r e c t io n .  The e ig e n v a lu e s  of the  m a t r i x  f\ ß  , hav ing  the  d im en s io n s  
of v e lo c i ty ,  a r e  c a l l e d  th e  c h a r a c t e r i s t i c  s p e e d s  of the  s y s te m  of 
e q u a t io n s ,  w h ile  the  c o r r e s p o n d in g  e ig e n v e c to r s  f o r m  a b a s i s  fo r  the  
m a t r ix .  P r o v id e d  th a t  th is  b a s i s  sp an s  th e  v e c to r  s p a c e ,  the  o p e r a to r
A B m a y  be d ia g o n a l is e d ,  u s in g  the  e ig e n v e c to r s  a s  a
o r
b a s i s .  T h is  d ia g o n a l is a t io n  h a s  s e v e r a l  a d v a n ta g e s .  W ri t in g  C'l ^ A t f ° r  
the  L** c h a r a c t e r i s t i c  s p e e d  and  c o r r e s p o n d in g  le f t  e ig e n v e c to r ,
A B = Cj_ ti(4 . 2 )
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so  th a t  ( a s s u m in g  fo r  the  p r e s e n t  th a t  the  sp an  the sp a c e  of the  
m a t r i x  r e p r e s e n t a t i o n )  the  e q u a t io n s  (4. 1) a r e  l i n e a r l y  e q u iv a len t  to 
the  s e t ,  o v e r  I , of e q u a t io n s
( 4 . 3 )  J k ( 3 U  +  )  +  X v A " C U  =  O .
'F T  T t  )  ^ ~
T h is  i s  c a l l e d  the  c h a r a c t e r i s t i c  n o r m a l  fo r m  of the  eq u a tio n s  (4. 1.) .
T he  im p o r ta n c e  of th i s  f o r m  a r i s e s  f r o m  th e  fac t  th a t  a  d i r e c t io n a l  
d e r iv a t iv e ,
( 4 . 4 )  D'l
■at
c an  be defined , e f fe c t iv e ly  y ie ld in g  a s e t  of o r d i n a r y  d i f f e r e n t ia l  
e q u a tio n s ,
(4.5) X i  Di U. +  l i  A"'C U =  o  .
A gain, the  n o r m a l  f o r m  is  m o s t  su i ta b le  fo r  the  a p p l ic a t io n  of n u m e r i c a l  
m e th o d s ,  in c lu d in g  th e  a n a ly s i s  of the  s ta b i l i ty  of d i f f e r e n c e  s c h e m e s .  
F in a l ly ,  it  i s  a t  the  c h a r a c t e r i s t i c  s p e e d s  th a t  d is tu rb a n ce s  p ro p a g a te ,  
and  the c h a r a c t e r i s t i c s ---- the c u r v e s  of the  equ a tio n
(4.6) d r  =  c-L
d t
---- a r e  the  c u r v e s  on w h ich  a l l  d i s c o n t in u i t ie s  and b r a n c h  l in e s  of the
so lu t io n s  l ie .  A know ledge  of the  c h a r a c t e r i s t i c s  of a  s e t  of h y p e rb o l ic  
d i f f e r e n t ia l  e q u a t io n s  i s  n e c e s s a r y  to  a d e q u a te ly  sp e c ify  the  b o u n d a ry  
co n d i t io n s ,  w h ile  the  r e l e v a n t  in i t ia l  co n d i t io n s  a r e  w ith in  the  a r c  th a t
i s  bounded  by  th e  c h a r a c t e r i s t i c s  p a s s in g  th ro u g h  the  m o s t  d is ta n t  
p o in ts  of i n t e r e s t .
0 .
Supposing , h o w e v e r ,  th a t  the  e ig e n v e c to r s  -cri do not span  the 
v e c to r  s p a c e ,  i t  i s  n e c e s s a r y  to  c o m p le te  a b a s i s  fo r  A B • The 
m a t r i x  c a n  no lo n g e r  be c o m p le te ly  d ia g o n a l is e d .  N e v e r th e le s s ,  by a 
su i ta b le  ch o ice  of b a s i s ,  a r e l a t i v e l y  s im p le  r e p r e s e n t a t i o n  m a y  be 
m a d e ,  in th a t  the  m a t r i x  c an  be t r a n s f o r m e d  to the  J o r d a n  c an n o n ic a l  
fo r m .  L e t  the e ig e n v a lu e s  C*^  have  m u l t ip l ic i ty  rrvL , and  su p p o se  
th a t  the  eq u a t io n
(4 . 7)  -  C i l )  =  o
h a s  Q i  l i n e a r l y  in d ep en d en t s o lu t io n s  fo r  . T hen  t h e r e  e x is t  
g e n e r a l i s e d  (left) e ig e n v e c to r s  of r a n k  6 5 say , su ch  th a t
„.a, i?(A"B -  c j f  _ o
while
«.»> i U(A'ß - c , l f ‘ 4 o
and it: can be show n  th a t  e ig e n v e c to r s  of d if fe r in g  ra n k  a r e  ind ep en d en t 
3
( F r ie d m a n '  ). It m a y  a l s o  be show n ( r e f e r e n c e  3) th a t  t h e r e  a r e  
m ; — s u c h  g e n e r a l i s e d  e ig e n v e c to r s ,  and tha t  th e  l a r g e s t  v a lu e  of 
the  in te g e r  6, i s  not g r e a t e r  th a n  the  d im e n s io n  of the  s p a c e .  The 
in c lu s io n  of the  g e n e r a l i s e d  e ig e n v e c to r s  p r o v id e s  a b a s i s  w hich  
sp an s  the s p a c e .  H o w ev e r ,  w hile  a b a s i s  of f i r s t  o r d e r  e ig e n v e c to r s
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p ro v id e s  a d ia g o n a l m a t r ix  re p re s e n ta t io n , the  b a s is  o f g e n e ra lis e d  
e ig e n v e c to rs  ( in  the a p p ro p r ia te  l in e a r  c o m b in a tio n s )  can o n ly  g ive  a 
re p re s e n ta t io n  in  the J o rd a n  fo rm .  Thus
(4. 10)
w h e re
(4 .1 1 ) a  /  CL
O
o
\ •
is  the J o rd a n  fo rm  fo r  the  g e n e ra lis e d  e ig e n v e c to rs  
o f the ro o t  , fo r  th e  m a t r ix  M  .
„(oO Aß)
~  I i  'S
In  c o n s id e r in g  the 13 -m o m e n t - M a x w e ll e q u a tio n  s y s te m , th e re  
a re , in  g e n e ra l (and a f te r  m in o r  s im p l i f ic a t io n s  o f the  n a tu re  o f ta k in g  
T  — j  |pj ■=. e t c . ) ,  som e N  t  6  s im u lta n e o u s
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e q u a t io n s  to be so lv ed ,  w h e re  N i s  th e  n u m b e r  of c o m p o n e n ts  in  the  
g a s  m ix tu r e .  The cou p lin g  be tw een  the e q u a t io n s  fo r  e a c h  g a s  c o m p o n ­
en t is  of c o u r s e  th ro u g h  the  c o l l i s io n  t e r m s ,  the  f ie ld  v e c to r s ,  and the  
r e f e r e n c e  v e lo c i ty  fo r  th e  m o m e n ts ;  so m e  s im p l i f ic a t io n  i s  o b ta in ed  by 
r e f e r r i n g  the  m o m e n ts  to a  r e s t  f r a m e ,  th a t  i s ,  tak in g  \ /  r  O in 
e q u a t io n s  (1. 17) to  (1 .2 1 )  of C h a p te r  1. F r o m  a m a th e m a t i c a l  point of 
v iew , h o w e v e r ,  i t  i s  the  d i f f e r e n t ia l  t e r m s  w h ich  a r e  r e le v a n t  to  the  
p ro p a g a t io n  of d i s tu r b a n c e s ,  the  r e m a in in g  t e r m s  be in g  r e l e v a n t  to 
su ch  p h e n o m en a  a s  r e s i s t i v i t y ,  v i s c o s i ty ,  and re la x a t io n .  S ince  the 
c h a r a c t e r i s t i c s  a r e  a s s o c i a t e d  w ith the  c o e f f ic ie n ts  of the  d i f f e r e n t ia l  
t e r m s ,  w hen \ /  — O the  e ig e n v a lu e s  and, e ig e n v e c to r s  fo r  e a c h  
c o m p o n en t of the  g a s  m ix tu r e  w ill  be in d ep en d en t of the  o th e r  c o m p o n ­
e n ts .  O bta in ing  th e  c h a r a c t e r i s t i c  s p e e d s  is  th e r e f o r e  s t r a ig h t f o r w a r d  
fo r  th is  c a s e ,  and  it i s  ev id en t  th a t  the p h y s ic s  of the  s i tu a t io n  is  u n ­
a f fe c te d  by s e t t in g  \ /  — O .
%
T he 1 3 -m o m e n t  e q u a t io n s  fo r  th e  f t h  g a s  c o m p o n en t a r e  r e a d i ly  
w r i t t e n  in  the  fo llo w in g  fo rm :
(4. 12) X - + Qi  ö U---------------------+ s jli  -4. Wj Uj -  o .
o t  J
In th is  e q u a tio n ,  I  i s  th e  id e n t i ty  m a t r i x ,  and  i s  a  13 co m p o n en t
co lu m n  v e c to r ,  w ith  t r a n s p o s e d  form.:
H. 13) Ui -  ( p\ , < , “■! ) u’ , Pi , P'l', P;\ P!’, ff,
p ”  K, R l ,  R i )  •
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T a k in g  T  as h a v in g  the  d im e n s io n s  o f le n g th , the c o e ff ic ie n t  is  
e s s e n t ia l ly  in d epe nden t o f  the c o o rd in a te  s y s te m  used , a lth o u g h  i t  
shou ld  be re m e m b e re d  th a t  ^ is  assum ed  independen t o f s p a t ia l 
c o o rd in a te s  o th e r  th a n  T . W ith  a c o o rd in a te  sy s te m  ( T, 3; tp ), the 
'S j f) co m p o n e n ts  a re  d e s ig n a te d  I  ^ 2 3 .
Ig n o r in g  s u b s c r ip ts ,  is  g ive n  be low . In  th is  m a tr ix ,
(4 . 14) A  = _  2  1 P" 5 P f
2 ( / 3 ) ±  a ( f i l
B = y P P '2 5- P u ' u
2 ( P f  x p  3
C = _  * P P 13 ^  f P a ' u 3
2 ( / ° r  1 p  J
F = 1  P "  +  J  P _  ^  u ' a
2 / 0  2 p  L
G- = 7 P 12 W  U 'U 2
2 p L  5
H = 2  Jr _  a  u  t
1 p L
p a 1 u.1
1
(4
. 
15
) 
Q
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0 o O 10 0 0 0 O » l * 0 o 0 0  0 o
0 o o 0 o O cU*-o o 0 0 O 0 0
0 o 0 0 O i l * )  0 o 0 - H -
1
0
ri
IrttPO t o l » 0  
1 1
«olfO
1
0 0 0 0 0 0 0 0 0 0 0 o o
0 0 0 0 0 0 0 0 0 0 0 0 o
0 o 0 ~ K 0 0Y 0 0 0 0 0 0 a-t<L
o 0 - I Q - 0 0 0 0 0 0 0 0  0-1 CL 0
0 0 o 0 0 0 0 0 0 0-1 CL o 0
0 -\< L 0 0
“d
Lo|fr> J'I'O
d
3
CO
1
0 U~ (J) i
0 o o Q o 0 0 a ~ 0 o 0  0 o
0 o o o O 0 £L_ 0 0 0
oo 0
1 £ZJ1 l
ix
LOl1'0
XX
<Htv
o► 0
£X
<S|ro
1
0
3  *3£X IX.
l r> |« 5  l n |w >
1 l
jQ_
\
O 0 o o 0 o A B
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T h e  c o e f f ic ie n t  m a t r i c e s  S i  and  Wj in eq u a tio n  (4. 12) a r e  
fu n c t io n s  of the  p a r t i c u l a r  c o o rd in a te  s y s te m  ch o sen . F o r  a  c y l i n d r i ­
c a l  c o o rd in a te  sy s te m ^  S L is  g iven  in  A ppendix  C ( s e c t io n  C3). W j  
c an  a l s o  be w r i t t e n  out, in t e r m s  of the  - • S ince , h o w e v e r ,
o n ly  th e  UL  ^ P and K a r e  ex p l ic i t  in W j U ^ t h e  be ing
fu n c t io n s  of pj p j  e tc .  , the  c o e f f ic ie n ts  of Pj  ^ p j  in W j  a r e
no t c l e a r  w ithou t c o n s id e r in g  p a r t i c u l a r  c a s e s .  F o r  c y l in d r i c a l  c o ­
o r d in a te s ,  and  w ith  th e  p a r t i c u l a r  v a lu e s  of the f r o m  C h a p te r  3,
the  f o r m  of Wj c a n  be o b ta in e d  f r o m  the  m o m e n t  e q u a t io n s  fo r  th i s  
c o o rd in a te  s y s te m ,  g iven  in  s e c t io n  C2 of A ppendix  C.
T h e  e ig e n v a lu e s  of th a t  i s ,  the  c h a r a c t e r i s t i c  s p e e d s  fo r  the
i - t h  g a s  co m p o n en t ,  a r e  th e  so lu t io n s  of the  d e te r m in a n t  eq u a tio n
(4. 16) I Q - xl I = o .
T h is  c h a r a c t e r i s t i c  equ a tio n ,  on exp an d in g  th e  d e te r m in a n t ,  i s  found 
to  be
(4
• i 7 )
The 13 r o o t s  a r e
X* -  * ( y  4 X +  } £  )
- +  i l
f e j F
5 m (O =  O .
(4. 18) X =  O (five t im e s ) ,
(4. 19) X — ^  ^Z  k  ^ * (tw ice),
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(4. 20) A = ± 135
k T
m + 6 P"r + f u *V io(
- ( k l f  +j v m / 36 IT
+  iS IT P" NX11215
and
(4 .21) A = ]3
5
kT
m
7
+  6 rp
_  f  376  
'  100
4-9 ,
36 p
+
1
15 mo '
The  le f t  e i g e n v e c t o r s  a r e  the  ro w  v e c t o r s  w h ich  a r e  the  so lu t io n s  
of the  equa t ion
(4 .22 )  T/uU) Qi = A Jjyu ( A )  .
T h e r e  a r e  12 l i n e a r l y  in d e p en d e n t  le f t  e i g e n v e c t o r s  of r a n k  1; ig n o r in g  
the p a r t i c l e - t y p e  s u b s c r i p t s ,  th e y  a r e  a s  fo l lows .
(l) Roots x ^  i  /  jL k j  ~  i  XI
\5* m /
4 »  Cx  = x , j  )  __
Xi  [ a -  -  X, ]  )
( o , P j - p p y p ; * u ‘ - u > r / p ' ;
o ,  x,  - x p y p “  o ,  o .  0 ,  I  . - J P ' / P “ )
1 .  [ X  = X, ]  1 = ^ - « ( A + a ' ) !>/(», -  ' i p ,  O ,
r—
»IIIi_l ( c t d )
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m  p -  f  n p / p 6, ( §  a +sj x + p / p » _  ?"/ n )5 _  ^
r I * f
o, |x(gp/P'ä- p y p ‘i) > o; o)(j o; ( g  p/p'- P 7 P ,JA
(2) R o o t s  >  =  1 x z , 1 x 3 . ) + K 2?+3(£)1=<3
(4•25) i f [ A - A j  i , [ X = A j ,  ) =  f(a',\Kl£-l£ P'/p-p/o) 
[ A--^1 ^ [A =-A3 ] J \ 6 13
W  ~rP-Mp% +fW|p/px
- s p '7 p ‘ ) , ( L X  K 6 ~  z Wp*
°  , 1 , S ° )
(3) R o o t s  X = o  .
(4. 26) illcr- oo
o 0 0 , O » °)
(4. 27) 5 in . °  , o o5
0 , 0 , 0 , ° > °  )
(4. 28) Ill 0o
> ° 2 > ,-f ,0, 03
° > ° > 0 > ° , o ,
, O , o )0 , 1 , 0 o
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(4 .29 )  i,% s  (  i C u 1? '3- a i Pa ) p / p  ; o  , p p ' 3 , -  P P ' 1,
° >  ° ,  O , o , - H ( u ? P '- a  P'3) 3 o , Pa )  .
The  r e m a i n i n g  e i g e n v e c t o r  n e c e s s a r y  to c o m p le t e  the  b a s i s  i s  a 
g e n e r a l i s e d  e ig e n v e c to r  of r a n k  2 c o r r e s p o n d i n g  to the  r o o t  X ~ 0  • 
T h i s  g e n e r a l i s e d  e i g e n v e c t o r  i s  the so lu t ion  of the  equa t ion
(4 .30) i (1)(Q)X = O ,
being  the v e c t o r
(4.31) =  ((p'lu? . P V ) ( g p - Y P ,,)i>u:/^,
-L » p (P a i i - P '3a K P " - i- jP ) } O  ^ O , O , O , o ,
-  \I p a ( P ' V - P V ) 3 O } - 7 (P 'V - P V X P -£ P ) , (C5pv7p"X 
( p ^  -t! P) uV 7 P !k ‘ c P - P" 'i) ,  -  (C 5 P41 p'l)(p1!- ^ p )  a \  ‘jp'u1 Cp-P")j).
The five  e i g e n v e c t o r s  Jtq to X 13 , c o r r e s p o n d i n g  to  the  z e r o
r o o t s ,  a r e  a s s o c i a t e d  w i th  the  J o r d a n  r a t h e r  than  d iagona l  f o r m  of 
the  m a t r i x  r e s p r e s e n t a t i o n .
M a x w e l l ' s  e q u a t io n s ,  a s  a l r e a d y  m e n t io n e d ,  a r e  h y p e rb o l i c  with  
c h a r a c t e r i s t i c  s p e e d s  i  C (twice).  W r i t t e n  in the  f o r m  of 
equa t ion  (4. 12) th ey  b e c o m e
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w h e re  i s  th e  c o lu m n  v e c to r  ( £  ? E   ^ ) and  V \ -  is  a
func tion  of the  c o o rd in a te  s y s te m ,  be ing  g iven  in  A ppendix  C f o r  
c y l in d r i c a l  c o o r d in a te s .  The fo u r  le f t  e ig e n v e c to r s  a r e
(4 .3 3 )  i«* ( 1 , 0 , 0 / ) ,  h =  ° j 1 > - c > °1 
( 1 ,  0 , 0 , - c)  ,  1 1 3 ( 0 , 1 , 0 ,  o ) ,
the  f i r s t  two be ing  a s s o c i a t e d  w ith  th e  ro o t  4  C . The M axw ell 
e q u a t io n s  a r e  of c o u r s e  pu t in to  c h a r a c t e r i s t i c  n o r m a l  f o r m  by m u l t i ­
p ly ing  the  e q u a tio n  (4. 32) by th e s e  e ig e n v e c to r s ,  an d  s in ce  the c o m ­
po n en ts  of the  v e c to r  £  do not e n te r  the  d i f f e r e n t ia l  s id e  of the  13- 
m o m e n t  e q u a t io n s ,  th i s  i s  the  r e l e v a n t  c h a r a c t e r i s t i c  n o r m a l  fo r m  fo r  
u se  in co n junc tion  w ith  th e s e  e q u a t io n s .  The co n v en ien t  n a tu re  of th is  
fo rm  i s  show n by e x p r e s s in g  the M axw ell e q u a t io n s  in  n o r m a l  fo rm :
(4. 34) c  ßä) + C i L  (  E + C B3) 4  (  I ,  0J0Jc)Af=0
b t  b  T
<L(E* - cB1) + c i l E 5 - c B1) -f ( I, oj -cJo ) A t - 0
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ä_(E' -c ( E - cB4) + ( ! j o o - c ) A |  - o
at br J
1_ ( Es+cB‘) _ c 1 . ( EA cß 1) -t (o }\ o ) A t  «O.
b t  V ÖT '
U sing  the  e ig e n v e c to r s  to  a s  a b a s i s ,  i t  i s  e v id en t  tha t,  in
t e r m s  of th i s  b a s i s ,  the  fo u r  v e c to r  c o m p o n en ts  in eq u a tio n  (4. 34) a r e  
3 '  =  1 « . | ,  Z,  t 3 and  T  = 4 S* 1  ;
in t e r m s  of t h e s e  it  i s  obv io u s  th a t  the  e q u a t io n s  (4. 34) b e c o m e
c i  ) 3
b r ' +■ =  o
( iL -f
‘ tv> 4*
4(8 -A. t -  o
( -  -  1 bt C fv> 4“ -h  A  l =. o
- a ) 3 ‘ 4" i% A  I n O
E q u a t io n s  (4. 35) d e m o n s t r a t e  the  c o n c i s e n e s s  of the  c h a r a c t e r i s t i c  
n o r m a l  fo r m .
In the  c a s e  of a  q u a s i l i n e a r  s e t  of e q u a t io n s ,  the  e ig e n v e c to r s  and  
the d i f f e r e n t ia l  o p e r a t o r s  do not n e c e s s a r i l y  c o m m u te ,  and i t  i s  not 
a lw ay s  p o s s ib le  to  ch an g e  th e  b a s i s  to  o b ta in  the  fo rm  (4. 35). H o w ev er  
th ey  can  s t i l l  be e x p r e s s e d  in the  f o r m  (4. 34), and  th e r e  is  of c o u r s e  
no fu n d a m e n ta l  d i f f e r e n c e  b e tw een  (4. 34) and (4. 35). The m o m e n t  
e q u a tio n s  a r e  l a r g e l y  r e d u c ib le  to th i s  fo r m  by m u l t ip ly in g  e q u a tio n  
(4. 12) by the  e ig e n v e c to r s  to 4 l|3  • The r e s u l t  i s ,  in g e n e r a l
nota tion :
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<4 . 36 ) 1 / L  (  ^  +  9 ,  \ U  )  +  i ^ S U  +  i,U I  W j  U -j = O
e>t y 2)T ^
w h e re  / A -  l  ^ 2,  ^ , , ,   ^ \ X  , the  Cyu b e in g  th e  r o o t s  a s s o c i a t e d  w ith  
the r e s p e c t iv e  yu , t o g e th e r  w ith
(4 .37)  -p j  ^  J 1 3  s u  -h ^ i W j  y. j = 0 .
E q u a t io n s  (4 . 3 6 ) a r e  in  n o r m a l  fo r m ,  w hile  s in c e  U  i s  the  m a t r ix ,
(4 . 38 ) J  *
0 0 0 0 0 0 0 a G 0 0 0 0
0 0 0 0 '/p 0 0 o O 0 G 0 0
0 0 0 0 0 0 0 O O 0 Ö 0 0
0 0 0 0 0 0 G 0 O 0 0 0 0
0 0 Ö 0 0 0 O 0 O 0 0 G 0
0 0 0 0 0 0 O ö O 0 0 0 0
0 0 0 0 0 0 O 0 O 0 0 0 0
0 0 0 0 0 0 0 0 O 0 0 0 0
0 0 0 0 0 0 G 0 O 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 G
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 a 0 0 0
0 Ö 0 0 Ö 0 0 0 0 0 0 0 6
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eq u a t io n  (4, 37) i s  in  a f o r m  p e r t a i n i n g  to J o r d a n  n o r m a l  f o r m .  (In 
(4. 38) the ro w  of z e r o s  a lo n g  the  p r i n c i p a l  d iagona l  r e p r e s e n t  the
r e l e v a n t  z e r o  e ig e n v a lu e s ) .  The m a t r i x  J~ is  not in J o r d a n  f o r m  of 
c o u r s e .  The  c o n v e r s i o n  to  t h i s  f o r m  i s  s i m p l y  a c h ie v e d  by u s in g  an 
a p p r o p r i a t e  l i n e a r  c o m b in a t io n  of the  z e r o  r o o t  e i g e n v e c t o r s ,  Ji  ^ to
4 , 3 L e t
(4. 39)JL =  l r_ 2«( P'V- P'u1)
? P ' 1-
( & P -  P " ) i i i
th en
+  91 p( P V - P V ) ( p  - n h  ,
(4. 40) X\l  Q == Ji |3 ^
w h e re ^  i s  (e s se n t ia l ly )  a J o r d a n  m a t r ix ,  w ith  n o n - z e r o  e l e m e n t s
x,-- P/ P ) ^ 5 ^ — ^  . (T h ese  e l e m e n t s  a r e  typ in s te a d
of the  c u s t o m a r y  j due to the  d im e n s i o n a l i t y  of LL , the  n o n -
c o m m u t i n g  of p r e v e n t i n g  a change  of b a s i s  f r o m  be ing
D/m a d e  a s  in (3. 35). ) U s ing  the  e i g e n v e c t o r  X ^  w i th  eq ua t ion  (4. 37) 
g iv e s  the  J o r d a n  f o r m :
(4.4i) X n  ( Ul + j' + i u  S U. + X a 1 ULj = o.
c>Xj
(F o r  the  p a r t i c u l a r  c a s e  of one d i m e n s i o n a l  f low invo lv ing  on ly
4five d y n a m ic a l  v a r i a b l e s ,  G r a d  ob ta in ed  the  five  c h a r a c t e r i s t i c  
s p e e d s ,  f o u r  of w h ich  w e r e  n o n - z e r o .  S i m i l a r l y  f o r  a t w o - d i m e n s i o n a l
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flow, the " 1 3 - m o m e n t "  e q u a t io n s  ( th e re  b e in g  a c t u a l l y  nine f o r  th i s  
c a s e )  have  n ine  su ch  s p e e d s ,  t h r e e  of w h ich  a r e  z e r o .  In e a c h  c a s e ,  
on u s in g  an  a n a l y s i s  s i m i l a r  to tha t  p r e s e n t e d  above,  a l l  the  e i g e n ­
v e c t o r s  a r e  of f i r s t  r a n k ,  and  t h e r e f o r e  r e d u c t i o n  to t r u e  c h a r a c t e r i s t i c  
n o r m a l  f o r m  i s  p o s s i b l e .  ).
4 . 2 . 1  The M o m e n t  E q u a t io n s  in N o r m a l  F o r m
The  c o lu m n  v e c t o r  U -  i s  d e f ined  in t e r m s  of i t s  c o m p o n e n t s  in 
e q u a t io n  (4. 13). S u b s t i tu t in g  fo r  t h e s e  c o m p o n e n t s  in the  g e n e r a l  
e q u a t io n s  (4. 36), (4. 37), the  c h a r a c t e r i s t i c  n o r m a l  f o r m  of the  m o m e n t  
e q u a t io n s  i s  a s  fo l lows .
(a) F o r  c h a r a c t e r i s t i c  s p e e d s  C =  +  X  ^ , l e t
( 4 . 4 2 )  d j l 1 ) =  b .  ±  .b .
dt bt bT
J
In w r i t i n g  the  c o r r e s p o n d i n g  e q u a t io n s ,  to  avo id  confus ion ,  Sjk w i l l  
be u sed ,  w i th  the  u n d e r s t a n d i n g  th a t  the u p p e r  s ign  in (4. 42) i s  to be 
t a k e n  with  the  u p p e r  s ign  in e q u a t i o n s  (4. 43) and  (4. 44).
(4. 43) p i i f  + (o'- till'1) d. P +
r dt P'* dt p 11 ; dt  -
_  a  dj_R3
+ PlS dt 5 d t  5 p'* dt
+ r  su. -+ z
-t, [c L “ j J j
X, diP'1
dt
=. o
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(4. 44) -  8_P (  + X +• u 1) d ±P _  11 P cW  4  £ p (  äJ J£ 
P K 1 d t  1 d T  1 ^ p 15
P 13 '  d t
+ 1 . u J ( 8 J  JP _  £ " \ 4  £  u' •+ -L?Xil cj( P2.  ^ 3 5  pi* pi* 7 a  I a* -1 d t
* tp'j-f ±|MB iL-p i p,^ l Rd t
+ ( ZJ _P _  Pn\ d ,R*
\ n I13 p ‘i  P '3 )  d t
4. ~ A J
(b) C h a r a c t e r i s t i c  s p e e d s  C =  t  X z   ^ ~ X j
S U. + £ U j
J
O  -
L e t
(4. 45) eh(*)
dt
i L  ±  XyU <L- 
b t  7  ä T
fo r  (4 .4 5 )  wi th  they tL  t ak ing  the  v a l u e s  2  and  3 . U s ing  9ji±.
(+ ) u n d e r s t o o d  a s  in the  p r e v i o u s  c a s e ,  th e  fo u r  e q u a t io n s  a r e :
(4 .46 )  ( u V  y ) U ( A  juf3- |  «  118 f> 3 P
4  ( 5  p ( \ r f  _  11 P — U  P " )  c L u '
^  ' r  6 r 18 d t
+ C |  u ‘ ±  f  V  1 1 4  + - - K  ) 4aJp
W  9 P V  d t
+ ( ± ü  X. -  £ i _  + 31 I f  ) d ^ "
 ^ 7 i s p V  a t + t R’
C<*0
126
I s  Lc = XJ
+ i t  tc = X3]
•t7 [ c -  -  )>xj
L c  -  -
(c) C h a r a c t e r i s t i c  s p e e d s  
eq u a t io n s  a r e
su + — O.
c =  o The c o r r e s p o n d i n g
öt
+ Pl i ^K3
ö t
(4.47) a p +  £  _^P_“  + - t ,  ( S U -V X Wj Uj ) = O
J
(4.48) p _  5 0_P" + i | 0 ( S d  4 Y W i l i f U o
öt  ' 4- ä t  " J - J /
(4.49) i P ”  +  l,(SU + I W j U j )  =  O
öt j
(4.50) 1 P(ULxP,i-  u3P'2) ö p  pP'J äJi _ p p “ öa!
2 /° öt  ö t
+ i f ( u aP '3- u3p,a) ö P 11 _  P 13
I t  öt
+ 4« ( s a  + i  w.u.) = o ,
J
(4.51) ( p ' V -  P V ) ( i ?  P - ^ P ' h E ü '  § £
v ^  9 /° ö t
_ ( P l lu - P i5u1) ( P 11- i i  P) ^  pBu,'
-  £ ( P ' V -  P V ) K  7(P'x ui -  P V ) ( P "
x C)t
-  t-ypyiE1 + [(iTpi-Tp")cpu-^ p )a 3+ i p V  (j>
^ "t
( c td )
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P" ) 1 _ \(s? +7P")( P-4i pjV+VP'WpJ L 3S
-P") iß;
c> t
as/P'V -P'V)(ii £ _ £")p<V
9 K
_ 2i ( p ' V - P V ) (  P"-4i P)£ £P"
9 iS  P
+ i , 3 ( S U  + 1  Wj Uj)  =  O.
As a l r e a d y  d i s c u s s e d ,  the  l a s t  equ a t io n  (4. 51) i s  not in c h a r a c t e r i s t i c  
n o r m a l  f o r m ,  and  n e i t h e r  h a s  it b e en  w r i t t e n  in the  J o r d a n  n o r m a l  
f o r m .  Should t h i s  e q u a t io n  be p r e f e r r e d  in the  J o r d a n  f o r m ,  t h i s  i s  
o b ta in ed  by  u s in g  the  e ig e n v e c t o r  of equa t ion  (4. 39), • The
r e s u l t  is:
(4 . 5 2 ) ( ( P ' V - P V ) ( U  P -  05 P") P a 1 + n{  P 'V - P 'V jW p
v 4-5 9 p  y h*
-  P " ) (  P / P P 11) ) ^  -  ( P ,V - P V ) ( P " - 4 i r P ) « p a u 'bt i S  9  '
-«(P'V-P'VXfip-P")( PPI3/P")^ + 2%(p'V? V 3 5 '
- P ' V ) (41 P-  P" ) ( p ) ö u 3 -  2L(P 'V-P 'V)(P"
3ir bt ?
-  y  P) (P/pV£p-f( -£u 'p(pV - P V )  -  ^ ( P ' V
'Öt Q_
- P V ) ( P " - £ P ) ( P / P U ? )  4 n r  ( P ' V - P ' V ) ( | i  P
35  9 36
-p " ) (  i / p i a) ) ß P i v 7( p iv - p ,V ) ( p " - | i p )  L h 1
1 b i  b t
+((q>+7P"KP'"-^ aHip'Vcp-p") + ^ (pv-pvx^p
C o t d )
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- P") C P'V P 'V ^ f V  + (-<*P *7P,,) (P " -& lVbt
- y p ' X P - p ' V - ^ t P ' V - p v K ^ p - p ' 1)) i E '
b “t
+ «  ( P'V- P 'V)(4!, p - P") P/O i f  -11 (p'V- P'V)(P"<? 6^  br 9
-ÜP)P/^VP" -f i n  (SU + I  WjULi) = O .
»  &r “ j J_J
T h e re  is  no g r e a t  a d v an tag e  of h av in g  e q u a tio n  (4. 51) in  th i s  fo r m ,  and  
in fac t  the  r e s u l t i n g  c o e f f ic ie n ts  a r e ,  if  any th ing , m o r e  c o m p lic a te d .
4. 3 B o u n d a ry  C o n d it io n s
4. 3. 1 N e c e s s a r y  B o u n d a ry  C o n d it io n s
In the p r e v io u s  s u b s e c t io n  it h a s  b e en  shown th a t  fo r  the  L-th gas  
co m p o n en t m o m e n t  e q u a t io n s ,  five of the  13 c h a r a c t e r i s t i c  s p e e d s  a r e  
z e r o .  F r o m  th e  th e o r y  of c h a r a c t e r i s t i c s  it fo llow s th a t  a to ta l  of 
e ig h t  b o u n d a ry  c o n d i t io n s  m u s t  be s p e c i f ie d  fo r  th e s e  e q u a t io n s .  
F u r t h e r m o r e ,  s in c e  fo u r  of the  n o n - z e r o  r o o t s  a r e  n eg a tiv e  and fo u r  
p o s i t iv e ,  fo u r  b o u n d a ry  c o n d i t io n s  m u s t  be s p e c i f ie d  on e a c h  b o u n d a ry  
of the  v a r i a b le  T  (e. g. fo r  a  c y l in d r i c a l  s y s te m  the  b o u n d a r ie s  a r e  
the  " s u r f a c e "  T = and  an o u te r  s u r f a c e ,  s a y  T  = CL ). S im i la r ly ,  
fo r  the  M ax w ell  e q u a t io n s  (4. 32) t h e r e  a r e  two p o s i t iv e  and  two n eg a t iv e  
c h a r a c t e r i s t i c  s p e e d s ,  show ing  th a t  two b o u n d a ry  c o n d i t io n s  a r e  r e ­
q u i r e d  on e a c h  b o u n d a ry .  It i s  show n l a t e r  in the  C h a p te r  th a t  the 
m o m e n t  eq u a t io n  b o u n d a ry  c o n d i t io n s  m u s t  s p e c ify  the  v a r i a b l e s  
LL*  ^ P*1 P' j and  P\ on e a c h  b o u n d a ry .  The M axw ell
e q u a t io n s  a r e  not c o n s id e r e d  ag a in  in  th is  s e c t io n ,  s in ce  fo r  any  
p a r t i c u l a r  p h y s ic a l  s y s te m ,  the  r e l e v a n t  b o u n d a ry  c o n d i t io n s  a r e
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r e a d i ly  o b ta in e d  (in p a r t i c u l a r ,  f o r  c y l in d r i c a l  c o o rd in a te s ,  on the 
" b o u n d a ry "  T = i O >  E X =  O w hile  E  ^ > B m u s t  be s p e c i f ie d
on the  b o u n d a ry  T = Ct ).
4 . 3 . 2  P h y s ic a l  B o u n d ary  C o n d it io n s  on a W all
A lthough a c y l in d r i c a l  c o o rd in a te  s y s te m  is  not b e in g  c o n s id e r e d  
in th is  C h a p te r ,  e x c e p t  a s  a sp e c if ic  e x a m p le  in the  a s s o c ia te d  
A ppendix  C, the  b o u n d a ry  c o n d i t io n s  a r e  g iven  in s u c h  a w ay th a t  th e y  
a r e  d i r e c t ly  r e l e v a n t ,  f o r  in s ta n c e ,  to a c y l in d r ic a l  w a ll .  In v iew  of 
th is ,  a b r i e f  m e n t io n  m a y  be m a d e  of the  b o u n d a ry  co n d i t io n s  th a t  
m u s t  be ta k e n  a t  th e  c e n t r e  of a c y l in d r i c a l  s y s te m .
It i s  ev id en t  f r o m  A ppendix  C th a t  the fo r m  of the  m o m e n t  e q u a t io n s  
in  c y l in d r i c a l  c o o r d in a te s  in v o lv e s  t e r m s  of the n a tu re  s / r  w h e re  s 
i s  a d y n a m ic a l  v a r i a b l e ,  and  in p a r t i c u l a r  the t e r m s  u | / t  P* /V ^  P 
and R / t  . S ince a l l  su ch  t e r m s  m u s t  r e m a in  f in i te  (a lthough c e r t a i n  
d is c o n t in u i t ie s  a r e  p o s s ib le ) ,  the r e l e v a n t  b o u n d a ry  co n d i t io n s  at T  — O 
a r e  o b v io u s ly
(4. 53) Ll' =  °  ;  P  = 0  j  p i = 0  J P\ — O .
T h e re  a r e  in  fa c t  an  e x c e s s iv e  n u m b e r  of su ch  b o u n d a ry  co n d i t io n s  a t  
V — O ; p r e s u m a b ly  th o se  o th e r  th an  the  s p e c if ie d  co n d i t io n s  (4. 53) 
follow in any  c a s e  f r o m  in i t ia l  c o n d it io n s .  A n o th e r  s im p le  c a s e  th a t  
m a y  be m e n t io n e d  is  th a t  of an  in f in ite  p la s m a .  O b v io u s ly  a t the  
e x t r e m e s  of th is  p la s m a ,  the  v a r i a b l e s  >
a r e  z e r o  a s  in  (4. 53).
B o u n d ary  c o n d i t io n s  f o r  th e  m o m e n t  e q u a t io n s  at a w a ll  have b e en  
4
d i s c u s s e d  by  G ra d  . In the  p r e s e n t  s ec t io n ,  h o w e v e r ,  m o r e  g e n e r a l
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c o n d it io n s ,  a p p l ic a b le  to  p h y s ic a l  p h en o m en a , a r e  c o n s id e re d .  A lso , 
r e d u c t io n  of the  b o u n d a ry  c o n d i t io n s  is  ta k en  to a s ta g e  w h e re  the 
p a r t i c u l a r  d y n a m ic a l  v a r i a b l e s  ( \Jl j P ? P t R* ) can  be d i r e c t l y  
e x p r e s s e d  in  t e r m s  of th e  b o u n d a ry  c o e f f ic ie n ts .
C o n s id e r  a b o u n d a ry  w a l l  th a t  i s  a c o o rd in a te  s u r f a c e  T = c o n s ta n t ,  
in a c o o rd in a te  s y s t e m  ( T j S  , r) )• L e t  the  v e lo c i ty  d i s t r ib u t io n  n e a r  
the  w a ll  be r e p r e s e n t e d  a s  fo llow s:
(4 .54)  f  ( w'; v/,  W3) =  f  ( w W ' ; W^w3) 4. { ( w ' + V ^ W 1 ^ 5) ,
(The T  ^ ^  c o m p o n e n ts  a r e  d e s ig n a te d  1 i 2 ^3  r e s p e c t iv e ly ) .  \ /
i s  the  c o m p o n en t  of the  r e f e r e n c e  v e lo c i ty  of the  m o m e n ts ,  \ J
The t e r m s  on the  r ig h t  hand  s id e  a r e  de fined  by th is  eq u a tio n  to g e th e r  
w ith  the  s p e c i f ic a t io n s
I
(4. 55) < O
o >  O
w h e re  the  d i r e c t io n  of C i s  su ch  th a t  C ^  O i s  aw ay  f r o m  the  w all.  
The c o r r e c t  b o u n d a ry  c o n d i t io n s  a r e  th o se  w h ich  sp e c ify  the  " r e f l e c t e d  
h a lf"  of the  d i s t r ib u t io n  fu n c tio n  of the  p a r t i c l e s  a d ja c e n t  to the  w a ll ,
, when the  " in c id e n t  h a l f" ,  f  , i s  g iven .
T h is  b r e a k - u p  of the  d i s t r ib u t io n  func tion  m a y  be a p p l ie d  to 
d e te r m in e  w h ich  v a r i a b l e s  m u s t  be s p e c if ie d  fo r  the  fo u r  b o u n d a ry  
co n d i t io n s  on th e  w a ll .  Since the  q u e s t io n  of w h ich  a r e  the  r e le v a n t  
v a r i a b l e s  i s  in d e p en d e n t  of the  p h y s ic a l  n a tu r e  of the  b o u n d a ry
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c o n d it io n s , c o n s id e r  a p e r fe c t ly  r e f le c t in g  w a ll .  Then  on th is  w a ll ,
( 4 . 56)  f +( c ' , W ^ W * )  =  f  ( " t ' j
th a t is ,  -jf is  even in  C* . T h e re fo re  a l l  m o m e n ts  odd in  C.' m u s t 
v a n is h . These  a re  the  m o m e n ts
(4. 57) m ( w' tV") dvv =. p C u‘ + V ! )
({ m ( w 1 fV*) w 'dw  =. 
J 4 Ph ( w l+V') =
^  m(w'+V!) ( w ) i' d w  —
r\ 11 \ /  ^ xp ■+ u
r \  13 . .1 3P + pV a
K 1JE_ pd + i  p v
4 ° < l 1
Since N / can be s p e c if ie d  a r b i t r a r i l y ,  i t  fo llo w s  th a t in  a l l  ca s e s  the  
b o u n d a ry  c o n d it io n s  m u s t be im p re s s e d  on the  fo u r  v a r ia b le s ,  6b
, and o f c o u rs e  in  g e n e ra l th e y  need no t be z e ro . A g a in , 
the p a r t ic u la r  case o f T  =  O in  a c y l in d r ic a l  s y s te m  m a y  be c o n ­
s id e re d  as a p e r fe c t ly  r e f le c t in g  l in e ,  s in ce  in  p a s s in g  th ro u g h  T  — O 
the T -  co m p o n e n t o f  the  v e lo c ity ,  C* , is  e f fe c t iv e ly  re v e rs e d .
F11 P
J
P ro p e r t ie s  o f a b o u n d a ry  w a ll  th a t a ffe c t the c o n ta in e d  d ilu te  gas 
o r  p la s m a  can  be d e s c r ib e d  as fo llo w s . F o r  each p a r t ic le  o f type  l  
w h ic h  c o l l id e s  w ith  the  w a ll :
(1) a f ra c t io n ,  oc , o f the  in c id e n t p a r t ic le s  m a y  be s p e c u la r ly  
re f le c te d ,  — c ' b e in g  c o n v e rte d  to  + C1 ;
(2) a f ra c t io n ,  ß , m a y  be adso rb ed  by the w a ll  and r e - e m it te d  w ith  
a M a x w e llia n  v e lo c ity  d s i t r ib u t io n  about som e te m p e ra tu re ,  TJ 
(p o s s ib ly  a f te r  a t im e  in te r v a l  T ,  );
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(3) a f r a c t i o n ,  & , m a y  be p e r m a n e n t l y  a d s o r b e d  by the  w a l l  o r
r e - e m i t t e d  a s  p a r t i c l e s  of a n o t h e r  type ( p o s s ib ly  a f t e r  t i m e  in t e r v a l
);
(4) t h e r e  m a y  be S p a r t i c l e s  of type  j  p r o d u c e d  w i th  t e m p e r a t u r e  
T2 (for e x a m p l e  f r o m  s e c o n d a r y  e m i s s i o n  o r  p r o c e s s  (3));
(5) f ina lly ,  the  wall  m a y  be an  in d e p en d e n t  s o u r c e  of M p a r t i c l e s  p e r
unit  a r e a  p e r  unit  t im e ,  at  a t e m p e r a t u r e  T $ , i r r e s p e c t i v e  of the
s t a t e  of the  g a s  in the  v e s s e l .
Although in c e r t a i n  c a s e s  s o m e  o r  all  of th e se  c o e f f i c i e n t s  a r e  
func t ions  of W w  and  \a/ , any  su ch  d e p en d e n c e  wi l l  be i g n o r e d  f o r  
the  p r e s e n t  s ec t io n .  T h i s  a l low s  the  b o u n d a r y  v a lu e s  of it* > P '3
and Rv* to be r e a d i l y  e x p r e s s e d  in  t e r m s  of the  above  c o e f f i c i e n t s .
As e l s e w h e r e  in th i s  C h a p t e r  p a r t i c l e - t y p e  s u b s c r i p t s  a r e  n e g l e c t e d  
fo r  the  i - t h  ga s  c o m ponen t .
The  " in c id en t  ha l f"  of the  d i s t r i b u t io n  func tion ,  { ( -  C* W* W*) ,
j  i  1
m a y  be r e g a r d e d  a s  known.  S i tua t ion  (1) c o n t r i b u t e s  to f  ( c \  W ^ W ^ )  
a t e r m
(4. 58) CX f  ( -  C1, W* , W 5 ) .
S i tua t ions  (2), (4), and  (5) r e s p e c t i v e l y  c o n t r ib u t e  the  t e r m s
I  nr\j CCi )*
(4. 59) fe, ( t  - T , )  e  2 k T i
1 m; C ^ i ) X
2 V t*(4. 60)
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-  > (Ci. )a
(4. 61) ^  e 2 . ^ 3
w h e re h and  k 3 c an  be e x p r e s s e d  in t e r m s  of
ß > * > & ? N > T,  ^ T2 and T3 .
D efin ing  the " h a lf  m o m e n ts "  by
}
the  g a s  m a s s  c u r r e n t  in c id e n t  on the  w a ll  i s
OO OO oor r
(4. 63) j  f  wä) me1 dw =(yoa') -t o^ V'.
- c o  -CO -  OO
T hen  fe(( t )  i s  s u c h  th a t  th e  M ax w e ll ian  g a s  c u r r e n t  le a v in g  th e  w all
owing to s i tu a t io n  (2 ) is
OO oo C = c o
•64) j j  f  e «-W, me1 dw(4
-  oo - oo C -  O 
It i s  a lso  g iven  by
(4 .es) ß  h/oa')" ■+f>~ V J
t a k e n  a t  t im e  *t . On in te g r a t in g  (4. 64 ),
(4 .6 6 )  =  p  [ ( p a 1) -  +  .
The c a lc u la t io n  fo r  i s  v e r y  s i m i l a r .  The m a s s  flux of p a r t i c l e s
of type  t  due to  im p a c t  of p a r t i c l e s  of type  J  i s
134
(4 .67 )  6  [  C/ÖjU-j) ]  .
T h e r e f o r e
(4 .68)  ^ ( t )  =  +  / ° j V  ]  / ( a  11 ) )  '
F o r  the  p a r t i c l e s  i n t r o d u c e d  f r o m  the  w a l l  a s  an  independen t  
(M axwel l ian)  s o u r c e ,  it i s  u s u a l  to s p e c i f y  the  p a r t i c l e  c u r r e n t  dens i ty ,  
tha t  i s ,  the  n u m b e r  of p a r t i c l e s  p e r  unit  t i m e  p e r  unit  a r e a ,  s a y  N . 
The m a s s  c u r r e n t  i s  m  N . Since t h i s  m a s s  c u r r e n t  i s  a l s o  given 
by ( c a se  (5))
00 oo
(4. 69)
° °  _  w ( c  ) x
L e 2kT$ me' dw =. Hr (kh)
-  CD - O O C - O
it fo l lows  tha t
(4 .70 )  R ,  -  N  (  m \ 2
With the  k j  k2 and  k 3 in t e r m s  of known c o n s t a n t s  o r  func t ions ,  
the b o u n d a ry  r e l a t i o n s  can  be c o m p l e t e d  by o b ta in ing  u.1  ^ P ^ j P'* 
and  R a s  fu n c t io n s  of t h e s e  k ' S . F r o m  e q u a t io n s  (4. 58) to 
(4 .61) ,
(4 .71 )  f +( c > V )  =  ° < 1  ( - c ' ^ w 4) +
mcc)z _ rwCcJ.*
+  + k 3 e  2 k T i  .
M ul t ip ly ing  th i s  e q u a t io n  in t u r n  by
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(4 .72)  m w 1
i n te g r a t io n  o v e r  W (w h e re  the  M ax w e ll ian  fu n c t io n s  on the  r ig h t  hand 
s id e  e x is t  on ly  fo r  C ' > O ) g iv e s ,  in  t e r m s  of the  d e f in i t io n  
(4. 62):
(4 .73) -  <* ( /0U .'f +  ^  ( k j Y +  M l ’ +
(4 .74)  (P Y =  < x ( P 'T  +  + k j 1s + f c j ,* )
2rr k i V ' ( r f +  f e X 4 , t )m
(4 . 75 )  ( P ' t _  < * ( P ' T +  T r i m ( i f e ) ! ( k J |£+ h T / + k3T34 )
_  ( k , T >  k X )m
(4. 76) (R  )+ ,  4 R T  *  « L j H i ) i ( R T M , T >\ t , t )
2. it A  ^ m •
2 J L ^ ( k j X k X * k t T Y )
4-°<i m V
+  k ll i 1+ L T j 2 + h l M
_  5"m V ' ( 2 n f e ) f  7 h l f +  k j J )
BTT V ^  7 V
( o t d . )
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+ m V 1 ( k ,T ,2 + h T v  + k j T z ) .
4 2 \ m 1 K
The "ha l f  m o m e n t s "  c a n  be e x p r e s s e d  in t e r m s  of the  m o m e n t s  by
the  u s e  of the  1 3 - m o m e n t  a p p r o x i m a t i o n  f o r  the  d i s t r i b u t io n  function.  
T h i s  d i s t r i b u t i o n  func t ion  i s  g iven  in  the  In t roduc t ion ,  and f r o m  (4. 54) 
i t  fo llows th a t  the  "f ~ f o r  th i s  function  a r e
(4
3 -  <*, (  (C'jh (w f+  (W*)1) /
i \ o 1. 77 )  "f ( i c ' j W ^ w 3) =
4- 2ocL(+ u 'c '  + iTw1 +ui wi) + j^(c*TP1 + (wa)x P
f  ( w ^ P 3 + Zc'w ^P '1!  2c‘w3 p13 -+■ w2v/' P2äj
+ JsSi (2<xl [(c'f+cw1)1 + (w*fj  -  5-)(  i  C'B1 + W1 R1
+
fo r
+
■‘RM) ,
c ^ o ;
f " ( t c » 3) =
fo r C < o .
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T ak in g  m o m e n ts  of th e  v a r i a b l e s  DO PfiW1 , nnw'vN/3”  ^ >
-L tVi w ' ( (  w)x  — 5/ Z o( l) ? w ith  r e s p e c t  to d i s t r ib u t io n  fu n c tio n s  
( 4 .  7 7 ) :
( 4 . 7 8 )  p ~  = .
( 4 . 7 9 )  J O l l 1)l \b
( 4 . 8 0 )  ( P a )
A  i  i { f r ' x' * ■ ? ( # £ )
-  P_ ( 1 p(.l ± tn-°ft) iOl) + P")
4<xt p v u  / v
I ' )
r
2 « i Vtt / '  2. p ' • « r  5 p '
- £ V ' ( u2 ± P IX l<jroq)ip )
(4. 81) ( P l3f
2 °<l
( 4 . 8 2 )  ( R 1) "
** y x i
u 3 ±  _ T ( I I ')l  +  )
2  p \°<i
i  _ E 1 L _  )
( n « i ) *  p )
1  +  P "  + ( T T O t j , ) *  _Rl_
I t  3  p s p
i ( ^ ) i u ‘ + i f f  4 ' )
- f 2z° ( V ' ) a^ ^ 5 ^ p (  I + ( lT « i)3 U ')  + P" )
p1/°v' f -  —. i  £ jT .
V S ° < l  4 - ( j T ° < ; ) i  4 p ° < i
1 -  R‘ A
2 0  (TT o i r f i  p J
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F i n a l l y  s u b s t i t u t io n  of t h e s e  v a lu e s  fo r  the  "ha l f  m o m e n t s "  in to  
eq u a t io n s  (4. 73) to (4. 76) g iv e s  f o u r  a l g e b r a i c  eq u a t io n s  r e l a t i n g  
jO \jL  P ' a a P *  ^ and  f t  to the  b o u n d a r y  c o e f f i c i en t s .  F o r  
v a r i o u s  r e a s o n s ,  such  a  s i m p l i c i t y  of n u m e r i c a l  i n t e g r a t i o n  o r  
p a r t i c u l a r  p r o p e r t i e s  of the  gas ,  s p e c i a l  v a l u e s  of V  m a y  be chosen .  
T h e r e f o r e  the  e l e m e n t a r y  but t e d io u s  a l g e b r a  of su b s t i t u t in g  the  "ha l f  
m o m e n t s ' i n t o  t h e s e  e q u a t io n s  and  so lv ing  the  r e s u l t i n g  a l g e b r a i c  
eq u a t io n s  is  not c a r r i e d  out f o r  the  g e n e r a l  f o r m  of (4. 7 3) to (4. 76).
4. 3. 3 B o u n d a r y  C o n d i t io n s  fo r  H y d ro g en  A to m s ,  P r o t o n s ,  and  E l e c t r o n s
As d i s c u s s e d  p r e v io u s ly ,  m o l e c u l a r  h y d ro g e n  and i t s  c o m p o u n d s  a r e  
not c o n s i d e r e d  in the  i d e a l i s e d  h y d ro g e n ic  p l a s m a  of th i s  p a r t  of the  t h e s i s .  
H ow ever  it  shou ld  be m e n t io n e d  tha t  a w e l l  known p r o p e r t y  of m e t a l l i c  
s u r f a c e s  at  n o r m a l  t e m p e r a t u r e s  when i m p a c t e d  by h y d r o g e n  a t o m s  i s  to 
a d s o r b  a p r o p o r t i o n  of t h e s e  a t o m s ,  r e - e m i t t i n g  t h e m  so m e  t im e  l a t e r  a s  
m o l e c u l a r  h y d ro g e n .  The  p h e n o m e n a  a s s o c i a t e d  wi th  the i m p a c t  of 
e l e c t r o n s ,  p r o t o n s  and  a t o m s  w i th  s u r f a c e s  a r e  not a l l  p r o p e r l y  u n d e r ­
stood,  and e x p e r i m e n t a l  r e s u l t s  in the  l o w e r  e n e r g y  r a n g e  ( lOOev) 
a r e  often d if f icu l t  to  i n t e r p r e t .  N e v e r t h e l e s s  t h e r e  a r e  su f f ic ien t  c o n ­
c l u s i o n s  a v a i l a b le  on which  to b a se  a p p r o x i m a t e  b o u n d a ry  c o n d i t io n s  fo r  
t h e s e  p a r t i c l e s .
C o n c e r n in g  e l e c t r o n  i m p a c t  w i th  s u r f a c e s ,  inc iden t  e l e c t r o n s  m a y  
u n d e rg o  i n e l a s t i c  c o l l i s i o n s  w i th  the  l a t t i c e  o r  w i th  a t o m s  on the  s u r f a c e ,  
o r  m a y  be r e f l e c t e d  w i th  l i t t l e  e n e r g y  l o s s .  F o r  i n c i d e n t  e n e r g i e s  
g r e a t e r  than  10 to 20 ev,  c o n s i d e r a b l e  s e c o n d a r y  e m i s s i o n  o c c u r s ,  the  
s e c o n d a r y  e l e c t r o n s  b e in g  in  the  e n e r g y  r a n g e  2 to 3 ev, l a r g e l y  i n d e ­
pendent  of the  p r i m a r y  e l e c t r o n  e n e r g y .
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P r o to n s  s t r ik in g  a s u r f a c e  c a n  a ls o  p ro d u c e  s e c o n d a ry  e l e c t r o n s .  
H o w ev er ,  m o s t  s tu d ie s  a p p e a r  to show th a t  the  s e c o n d a r y  e m is s io n  
c o e f f ic ie n t  i s  s m a l l  fo r  in c id e n t  e n e r g i e s  l e s s  th an  100 ev. M any 
p r o to n s  in c id e n t  on the  s u r f a c e  w il l  be s c a t t e r e d  w ith  so m e  lo s s  of 
e n e rg y .  Such " r e f l e c t e d "  p r o to n s  a r e  o b s e r v e d  at a l l  a n g le s  of r e ­
f le c t io n  a l th o u g h  the  s p e c u la r  ang le  i s  m o s t  p ro b a b le .  A n o th e r  p r o c e s s  
th a t  m a y  o c c u r  is  the  c a p tu r e  of an  e l e c t r o n  f r o m  the  s u r f a c e .  The 
n e u t r a l  a to m  so  fo r m e d  c a n  be e i t h e r  a d s o r b e d  by the  so lid  o r  r e f l e c te d  
a s  a f a s t  n e u t r a l  a to m . The p ro d u c t io n  of n eg a tiv e  io n s  i s  a l s o  p o s s ib le  
by th is  p h en o m en a ,  but th i s  p r o c e s s  and  th a t  of s p u t te r in g  w il l  be ig n o red . 
An a d d i t io n a l ,  p r a c t i c a l ,  e f fe c t  of p o s i t iv e  io n  b o m b a rd m e n t  i s  the  
l ib e r a t io n  of a d s o r b e d  g a s  l a y e r s  f r o m  the s u r f a c e .
T he  p o s s ib i l i ty  of e x c i te d  a to m s  c o l l id in g  w ith  the  w a l l  w il l  be 
ig n o re d .  A to m s  im p in g in g  on a s u r f a c e  w ith  low e n e r g i e s  ( l e s s  th a n  a 
few ev) m a y  be c a p tu r e d  o r  " c o n d e n se d " ,  f o r m in g  an  a d s o r b e d  l a y e r ,  o r  
m a y  u n d e rg o  d i f f ra c t io n .  An e n e r g y  t r a n s f e r  to  o r  f ro m  the  l a t t i c e  
v ib r a t io n a l  e n e r g y  is  a l s o  p o s s ib le .  S p e c u la r  an d  d iffuse  r e f l e c t io n  
o c c u r  in  a l l  r a n g e s  of e n e rg y .  O u tg a ss in g  of a  w a ll ,  e i th e r  by h e a t in g  
o r  by  f a s t  p a r t i c l e s  c o l l id in g  w ith  i t ,  c an  p ro v id e  a s te a d y  flow of a to m s  
a t the  w a ll  t e m p e r a t u r e  in to  th e  g as .
T he e x p r e s s io n  of th e s e  s u r f a c e  ’ e f fe c t s  in a f o r m  r e le v a n t  to the  
b o u n d a ry  e q u a t io n s  i s  a s  fo llo w s .
(a) E l e c t r o n s
The f r a c t io n  of in c id e n t  e l e c t r o n s  s p e c u la r ly  r e f l e c t e d  is  ^ ( ^ t h e  
f r a c t io n  r e - e m i t t e d  w ith  a M ax w e ll ia n  d is t r ib u t io n  at t e m p e r a t u r e  T t (e) 
i s  an d  fo r  e a c h  e le c t r o n  im p a c t in g  w ith  the  w a ll ,  S(^e) s e c o n d a ry
e l e c t r o n s  at a r e  e m i t te d .  F o r  e ac h  p ro to n  im p a c t ,  £>(^p) s e c o n d a ry
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e le c t r o n s  a r e  p ro d u c e d  a t  T i ( 0  . <X(e) ; ß (e); & (e; e) ; ?>(€ p)5
T j(q^  T(Jp) and  a ls o  V ( e )  , the f r a c t io n  of e l e c t r o n s  a b s o r b e d  by the
s u r f a c e ,  a r e  a l l  dependen t  on the  n a tu r e  of the  s u r f a c e ,  while  ta(ßjß)
in p a r t i c u l a r  i s  a r a p i d l y  v a r y i n g  function  of the  e l e c t r o n  t e m p e r a t u r e .
A p p r o x im a te  v a l u e s  of t h e s e  p a r a m e t e r s  fo r  s e v e r a l  s u r f a c e s  a r e  given
5
in C h a p t e r  V of M a s s e y  and  B u rh o p  .
(b) P r o t o n s
The  c o e f f i c i e n t s  c o r r e s p o n d  to a f r a c t i o n  C<(p) of inc iden t  p r o to n s  
s p e c u l a r l y  r e f l e c t e d ,  a f r a c t i o n  y9 ( p) r e - e m i t t e d  w i th  t e m p e r a t u e  
7, (p) , and  a f r a c t i o n  a d s o r b e d  by the  wal.1, be ing  e m i t t e d
a s  n e u t r a l  a t o m s .
(c) A to m s
A f r a c t i o n  <X(&) of the  im p a c t i n g  a t o m s  a r e  s p e c u l a r l y  r e f l e c t e d ,  
a f r a c t i o n  ß  ( a )  r e - e m i t t e d  w i th  t e m p e r a t u r e  T, (Q-) , and  a f r a c t i o n  
(a ) a d s o r b e d  by the  s u r f a c e .  E a c h  ion i m p a c t  p r o d u c e s  SCc^p) 
a t o m s  at  T^^Ct) , w h e r e  the  p r o t o n s  which  have  c a p t u r e d  e l e c t r o n s
a r e  r e a s o n a b l y  in c luded .  F i n a l l y  t h e r e  i s  a g a s  c u r r e n t  of a t o m s  ( N 
a t o m s  p e r  unit  a r e a  p e r  unit  t i m e )  a t  t e m p e r a t u r e  T 3(q.) .
Again ,  fo r  the  a t o m s  and  p r o to n s ,  a l l  the  p a r a m e t e r s  a r e  func t ions  
of the  s u r f a c e  m a t e r i a l  and  t e m p e r a t u r e  a s  w e l l  a s  of o th e r  c i r c u m ­
s t a n c e s .  A p p r o x im a te  v a l u e s  fo r  t h e s e  p a r a m e t e r s  a r e  g iven  in M a s s e y
5 6and  B u rhop  ( C h a p te r  IX), and  a l s o  K a m i n s k y  . The s u b s t i t u t io n  of
t h e s e  p a r a m e t e r s  in  the  b o u n d a ry  e q u a t io n s  i s  b a s i c a l l y  s t r a i g h t f o r w a r d
(a lthough t e m p e r a t u r e  d e p en d e n c e ,  fo r  e x a m p l e , m u s t  be a v e r a g e d ) ,  and
n e e d  not be r e - i t e r a t e d .
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4 . 4  U n c o n d i t io n a l ly  Stable  F in i t e  D i f f e ren ce  M ethods
It i s  w e l l  known th a t  an  e x p l i c i t  f inite  d i f f e r e n c e  s c h e m e  f o r  the 
n u m e r i c a l  s o lu t io n  of a s e t  of h y p e rb o l i c  p a r t i a l  d i f f e r en t i a l  eq u a t io n s  
c o n v e r g e s  only  w hen  the f ixed  m e s h  r a t i o ,  S =  A t / A T  , i s  l e s s  
t h a n  the  m a x i m u m  i n v e r s e  c h a r a c t e r i s t i c  s lope .  On the  o t h e r  hand  
c e r t a i n  i m p l i c i t  s c h e m e s  a r e  c o n v e r g e n t  fo r  a r b i t r a r y  m e s h  r a t i o s ,  
the d i f f icu l ty  b e in g  an  e n o r m o u s  i n c r e a s e  in  the  a m o u n t  of c o m p u ta t io n  
r e q u i r e d  to ob ta in  a  n u m e r i c a l  so lu t ion .  R ecen t ly ,  h o w e v e r ,  Keller'*' 
p r o p o s e d  a s c h e m e  f o r  s e m i - l i n e a r  h y p e rb o l i c  s y s t e m s ,  which  is  
e x p l i c i t  f o r  a l l  c h a r a c t e r i s t i c  s p e e d s  l e s s  th a n  the  i n v e r s e  of the  m e s h  
r a t i o ,  | / s  , an d  i m p l i c i t  by  d e c i s i o n  fo r  a l l  c h a r a c t e r i s t i c  s p e e d s  
g r e a t e r  th an  l / s ,  and  w h ich  i s  u n c o n d i t io n a l ly  s tab le .  Subsequen t ly ,  
K e l l e r  and  T h o m e e  p u b l i s h e d  a m o d i f ied  f o r m  of the  s c h e m e  w h ich  i s  
a p p l i c ab le  to  q u a s i l i n e a r  h y p e rb o l i c  s y s t e m s .  As m e n t io n e d  in the  
i n t r o d u c t io n  to t h i s  C h a p t e r ,  the  f o r m  of the  s c h e m e  and p ro o f  of u n ­
c o n d i t io n a l  s t a b i l i t y  a s  g iven  in r e f e r e n c e  7 a s s u m e  the  e q u a t io n s  a r e  
in c h a r a c t e r i s t i c  n o r m a l  f o r m .
C o n s i d e r  a s y s t e m  of e q u a t io n s  in th i s  n o r m a l  fo rm :
(4 .83)  M l  _  D  (  t ,  U )  ~b U l — F  (T,t, LJL) ;
dt C)T
w ith  in i t i a l  c o n d i t io n s
(4 .84 )  U  =  h ( r )  ,  ( t  =  o) •
and w i th  b o u n d a r y  c o n d i t io n s  a s  d e t e r m i n e d  by the  n o n - z e r o  c h a r a c t e r ­
i s t i c  s p e e d s ,  C say :
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(4. 85) G" ü .
<r* u
h (tj  (I-5-')U.) 5 r = To (.C < ° )  ,
Ü+ ( t ,  ( I - f f + ) U )  5 t  =  t , ( c > o ) ^
w h e r e
T
(4. 86) CT ~ =  O 3 if  C ^  °  "
i f  C ^  O  .
T hen  the fin i te  d i f f e r e n c e  s c h e m e ,  fo r  m e s h  r a t i o  S =. At / A T  , w i th  
V the fin i te  d i f f e r e n c e  ana logue  of U.  ^ is :
(4 .8 7 a )  (  V(L)j + i .  V(i).  + | ) _  S C (C)■ ( V( l). + , _  v ( i ) .  )
(4 .87b)  ( y(i-)j -  V ( l ) j  )  _  SCti)" ( v ( i ) " +| _  V ( i ) j )
( 4 .8 7 c )  ( A Ü j  - v ( i ) j )  _  SCCiJj (VCl)j  _  V )
=  At  Fun i
- SC(.i)? 
J
(vdj
* + ' 04)
J
r 1)
if  { < S C ( i)j
if  0
S C ( « j 4  1 j
if “ I < SccOj A o
if
V s  c  CO- <• '  ,
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n
V  ( i ) j  be ing  the  i -  th  c o m p o n en t  of V at m e s h  s p ace  and t i m e
t\
poin ts  j n , and  s i m i l a r l y  fo r  the  c h a r a c t e r i s t i c  s p e e d s  C(0  •
J 5 J
When j C I I / s  the  d e c i s io n  s c h e m e  c h o o s e s  the
a p p r o p r i a t e  e x p l i c i t  f in i te  d i f f e r e n c e  f o r m ,  (4 .87b )  o r  (4 .87c ) .  H o w ­
e v e r ,  w hen  |c |  1 the  fin i te  d i f f e r e n c e  r e p r e s e n t a t i o n  c h o se n
e f fe c t iv e ly  r e v e r s e s  the s p ac e  and  t i m e  v a r i a b l e s ,  the  i n t e g r a t i o n  
be ing  " f o r w a r d "  in  s p a c e ,  and  by defin it ion ,  the  c h a r a c t e r i s t i c  " sp e e d "  
> / C s a t i s f i e s  the  i n e q u a l i ty  |l / C  | <  S . Tha t  i s ,  in  th i s
f o r m ,  the  d i f f e r e n c e  s c h e m e  i s  exp l ic i t .  N e v e r t h e l e s s ,  it  can  be s e e n  
th a t  m o r e  c o m p u ta t io n  i s  r e q u i r e d  p e r  s tep  th a n  fo r  a p u r e l y  e x p l i c i t  
c a s e ,  but, d epend ing  on the  p a r t i c u l a r  p r o b l e m ,  the  ad d i t io n a l  l a b o u r  
i s  g e n e r a l l y  s l igh t ,  wh i le  the  n u m b e r  of s t e p s  m a y  be e n o r m o u s l y  
r e d u c e d .
The  e q u a t io n s  a s  g iven  in s e c t io n  4 .2  a r e  in c h a r a c t e r i s t i c  n o r m a l  
f o r m  e x ce p t  fo r  one (equa t ion  (4. 51)). The f in i te  d i f f e r e n c e  s c h e m e  
(4.87) m ay ,  h o w e v e r ,  s t i l l  be a p p l ie d  wi thou t  d if f icul ty ,  t e r m s  invo lv ing  
the  s p a t i a l  d e r i v a t i v e s  in (4 .5 1 )  be ing  r e a d i l y  a p p r o x i m a t e d  to at  any 
s t ep  of the  i n t e g r a t i o n ,  be in g  r e g a r d e d  in fac t  a s  no d i f f e r e n t  f r o m  the  
S and  W t e r m s .  H o w ev e r ,  b e c a u s e  su ch  t e r m s  do ex is t ,  the  
q u e s t io n s  of s t a b i l i t y  and  c o n v e r g e n c e  a r e  s t i l l  open  to doubt.
F in a l ly ,  i t  shou ld  be n o te d  th a t  the  d i s c u s s i o n  given in t h i s  P a r t  of 
the  t h e s i s  i s ,  in  one s e n s e ,  f a r  f r o m  c o m p le t e .  The  t r e m e n d o u s  t a s k  
of p r o g r a m m i n g ,  an d  of g iv ing  r e a l i s t i c  v a l u e s  to the  b o u n d a ry  c o n ­
d i t ions  a s s o c i a t e d  w i th  any e x a c t  e x p e r i m e n t a l  a r r a n g e m e n t ,  h a s  not 
b een  d i s c u s s e d .  T h e s e  a s p e c t s  a r e  su ch  tha t  even  the c a s e  of the  
f o r m a t i o n  of a s im p le  h y d r o g e n i c - l i k e  p l a s m a  would  p ro b a b ly  c o n s t i tu t e  
a t h e s i s  in  i t s e l f .  F o r  th i s  r e a s o n  the  a c tu a l  n u m e r i c a l  i n t e g r a t i o n  of 
a r e a l i s t i c  e x a m p l e  h a s  not b een  p u r s u e d .
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P A R T  III
H igh F r e q u e n c y  Wave M otion in  P l a s m a
145
C h a p te r  5
High F r e q u e n c y  W aves  in H om ogeneous  P l a s m a  
5. 1 In t ro d u c t io n
In th is  P a r t  of the  t h e s i s  the  p ro p a g a t io n  of high f r e q u e n c y  w a v es  
in  a p la s m a  i s  c o n s id e re d .  By u s in g  the  13 -m o m e n t  e q u a t io n s ,  c o l l i s io n  
p h en o m en a  su ch  a s  r e s i s t i v i t y ,  v i s c o s i ty ,  th e r m a l  conduction , and 
t h e r m o - e l e c t r i c  e f fe c t s  a r e  a u to m a t ic a l ly  ta k en  in to  acco u n t.  A lthough  
su ch  e f fe c ts  a r e  p ro b a b ly  in c lu d e d  in  d i r e c t  a p p r o a c h e s  w hich  e m p lo y  
the B o ltz m an n  equ a tio n ,  the  d is t in c t io n  be tw een  th e m  i s  lo s t .  H o w ev e r ,  
in the  13-m o m e n t  e q u a t io n s ,  the  r e l a t io n s h ip s  in v o lv ing  c o l l i s io n  p h e n o ­
m e n a ,  su ch  a s  m e n t io n e d  a b o v e ,w ith  the  wave m o tio n  m a y  be in d e p en d e n t ly  
r e c o g n i s e d  in the  a s s o c i a t e d  d i s p e r s io n  eq u a t io n s .
F o r  th i s  C h a p te r ,  a h o m o g e n eo u s  p la s m a  is  c o n s id e re d ,  w hile  in 
the  next, w ave m o tio n  in in h o m o g e n e o u s  p la s m a  is  d i s c u s s e d .  The 
p r im e  o b je c t  i s  to o b ta in  the  d i s p e r s io n  r e l a t io n s h ip s  fo r  v a r io u s  ty p e s  
of w ave m o tio n  and  f o r  v a r io u s  o r i e n ta t io n s  of m a g n e t ic  f ie ld . P a r t i c u l a r  
p r o p e r t i e s  of the  w a v es  a r e  b r i e f ly  d i s c u s s e d ,  and in Appendix  D, 
e x p l ic i t  d e te r m in a t io n  of F a r a d a y  r o ta t io n  is  g iven  fo r  s e v e r a l  c a s e s .
The e m p h a s i s  be ing  on p ro p a g a t in g  w a v e s  r a t h e r  th an  p la s m a  
o s c i l l a t io n s ,  fo r  a g iven  f r e q u e n c y  OJ , a p p ro x im a te  so lu t io n s  of the  
d i s p e r s io n  e q u a t io n s  a r e  found th a t  give the  p h a se  v e lo c i t i e s ,  d am ping , 
and  o th e r  p ro p a g a t io n  p r o p e r t i e s .  N o n -p ro p a g a t in g  p la s m a  o s c i l l a t i o n s  
a r e  ig n o re d .  O nly c o n t in u o u s  w ave so lu t io n s  a r e  c o n s id e r e d  in  w h ich  
c a s e ,  a s  i s  w e ll  known, the  F o u r i e r  t r a n s f o r m  of the  t im e  d e r iv a t iv e  of 
a fu n c tio n  is  s im p ly  the  F o u r i e r  t r a n s f o r m  of the  func tion  m u l t ip l ie d  by 
I to w ith  no in i t ia l  co n d i t io n s .  (It h a s  a l r e a d y  been  m e n t io n e d  th a t
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Landau  d a m p in g  d o e s  not o c c u r  w i th  a f in i te  s e t  of m o m e n t  eq u a t io n s .
In any  c a s e  t h i s  i s  not a co n t in u o u s  wave p h e n o m en a .  N e v e r t h e l e s s ,  
f o r  a t r a n s i e n t  wave ,  c o n s i d e r a t i o n  of the F o u r i e r  t r a n s f o r m s  of 
in i t i a l  c o n d i t io n s  show s  th a t  t h e r e  a r e  no g row ing  o r  d e ca y in g  so lu t io n s  
when c o l l i s i o n s  a r e  n e g le c te d .  Again  i t  would  a p p e a r  tha t  the  K r a m m e r s -  
K ro n n ig  r e l a t i o n s  ( K i t t e l S  p r e d i c t  a decay  t e r m  in the t r a n s i e n t  wave 
so lu t ion .  H o w ev e r ,  on u s i n g  t h e s e  r e l a t i o n s  to c a lc u l a t e  the  d e ca y  
t e r m  fo r  s o lu t io n s  of the  1 3 - m o m e n t  e q u a t io n s  fo r  w ave  m o t io n ,  it i s  
found to be z e r o .  )
In g e n e r a l ,  in m o s t  c a s e s  of p r a c t i c a l  i n t e r e s t ,  the  r e s u l t s  f o r  the
u s u a l  e l e c t r o m a g n e t i c  w a v e s  a r e  not v e r y  d i f f e r en t  f r o m  th o s e  ob ta ined
2
by o t h e r  a u t h o r s  (e. g. G in z b u rg  ). H o w ev e r ,  co n ta in ed  in the  d i s p e r s i o n  
e q u a t io n s  a r e  both  t r a n s v e r s e  and  lo n g i tu d in a l  " s t r e s s "  w a v es .  A lthough 
p e r h a p s  i n h e r e n t  in a B o l tz m an n  a p p ro a c h ,  t h e s e  w a v e s  a r e  not r e a d i l y  
r e c o g n i s e d  f r o m  th i s  s o u r c e ,  w h e r e a s  in the  p r e s e n t  a p p r o a c h ,  the  
p h y s i c a l  a s s o c i a t i o n  w i th  a n i s o t r o p i c  s t r e s s  c o m p o n e n t s  and the  hea t  
f lux i s  obvious .
As  shown in C h a p t e r  2, the  13 - m o m e n t  eq u a t io n s  fo r  the  e l e c t r o n  
c o m p o n en t  of a p l a s m a  o r  ga s  m i x t u r e  " d ec o u p le " ,  p ro v id e d  th a t
(5 .1 )  0<e < < < * p , ° H  , • • •
T e « Ü L F Tp m3. To 
m e  m  e
w h e r e  p ; . . .  a r e  "heavy"  p a r t i c l e  t y p e s .  A lso  fo r  su f f i c i e n t ly  high
f r e q u e n c i e s  i t  i s  a p p a r e n t  th a t  the  ions  and n e u t r a l s ,  owing to t h e i r  
l a r g e  i n e r t i a ,  w i l l  be e f fe c t iv e ly  s t a t i o n a r y ,  w i th  e l e c t r o n s  d e t e r m i n i n g  
the wave m o t io n .  T h i s  i s  so  when
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(5 .2 )  M  I Cdbll ,
Ico I > > 7
w h e r e  ^ b l  i s  the  ion c y c l o t r o n  f r e q u e n c y ,  p ?Q the  e l e c t r o n  
p r e s s u r e ,  the  p l a s m a  d ens i ty ,  and i s  the  wave n u m b e r  fo r
the wave o s c i l l a t i o n s .  The l a s t  r e s t r i c t i o n  of (5 .2 )  i s  equ iv a len t  to 
r e q u i r i n g  tha t  the  w ave  s p ee d  i s  m u c h  g r e a t e r  th a n  the  "heavy"
3
p a r t i c l e  m e a n  t h e r m a l  s p e e d s ,  and  (L i ley  ) i s  the  cond i t ion  tha t
(5. 3) |Vo| << I bUl
w h e r e  Vo i s  the  p l a s m a  m e a n  m a s s  ve loc i ty .
In the fo l lowing  s e c t i o n s  the  a n a l y s i s  a p p l i e s  e x p l i c i t l y  to a c o m ­
p le te ly  i o n i s e d  p l a s m a ,  and  i m p l i c i t l y  to the  p a r t i a l l y  i o n i s e d  c a s e .  
F o r  c o n v en ie n c e  in  t r e a t i n g  a fu l ly  i o n i s e d  p l a s m a  in  p a r t i c u l a r ,  the 
e q u a t io n s  a r e  w r i t t e n  in a f o r m  in  w h ich  the  c o l l i s i o n  t e r m s  a r e  
r e l a t e d  to c e r t a i n  " c h a r a c t e r i s t i c "  p a r a m e t e r s .  U s in g  th e  c u r r e n t
d en s i ty ,  J  =  n6 U. , t h e s e  b e c o m e  the  " eq u a t io n s  of
4
p l a s m a  p h y s i c s "  ( H e rd a n  and  L i ley  ); n e g le c t in g  the p a r t i c l e - t y p e  
s u b s c r i p t s  f o r  e l e c t r o n s ,  the  e q u a t io n s  fo r  t h i s  ga s  co m p o n en t  a r e  a s  
fo l lows .
*
5 . 1 . 1  C o n t in u i ty  E q u a t io n
(5 .4 )  +  + /OV )  =  O
Ox
Io n is a t io n  c o l l i s i o n s  have  b een  n e g le c t e d  fo r  t h i s  eq ua t ion .  In a 
p a r t i a l l y  i o n i s e d  g a s  s u ch  e f f e c t s  cou ld  be i m p o r t a n t .  H o w ev e r ,  the  
c o n t in u i ty  e q u a t io n  i s  on ly  a s s o c i a t e d  w i th  lo n g i tud ina l  ( c o m p r e s s i b l e )  
m o d e s ,  and whi le  t h e s e  a r e  c o n s i d e r e d  in s u b se q u e n t  s e c t i o n s ,  the 
e m p h a s i s  i s  on t r a n s v e r s e  m o d e s .  Hence ,  fo r  s im p l i c i t y ,  i o n i s a t io n  
p r o c e s s e s  in the  c o n t in u i ty  and  t h e r m a l  e n e r g y  e q u a t io n s  a r e  ig n o red .
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5. 1.2 G e n e r a l i s e d  O h m 's  Law E qua t ion
(5.5)  io d j  +  m j v - v  ^ ^ - P + v p _ / 2 S ( E  W x B )
e dt e ~ m ~
-  J x  B +  m T  - ^7V +  n e  T  n e a R  =  O.
5. 1. 3 T h e r m a l  E n e r g y  E q u a t io n
(5.6) d i p  + 3 py -V ■ V-R 4- £  m y  • ( P i )  . m T-dV
d t  1 f ~  ' '  z  e  ~ dt
_ j . ( e  + v k b )  +  p - . w  + p v - v  =  L i & ä e .
J
5. 1. 4 S t r e s s  T e n s o r  E qua t ion
(5. 7) + P V-V + | {vR } + i J ) ( v ^ J . 2 { ( t  +Vx B)tJ
{ i d y }  4  ^ P - w }  + 2. P{ v y )  - M  { P » B j
dt
4) p _ ^ -  o  .
5. 1. 5 H ea t  F lu x  E q u a t io n
w  4 1 P-’ ( p + | Pv(P) + £v p + | ¥ r i (r  
-  P - ( E + V x B - f n .  4 4 )  _ e  R x B , ? g y- V
(5. 8)
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4 i  R-W a. 2: vv 4 mb + mi W -I
5 5 £y£>
4. mi2 t • vV + y l  + i  R =. o .
ep  -  X ~
T h e s e  " e q u a t io n s  of p l a s m a  p h y s i c s "  f o r  the  e l e c t r o n s  a r e  c o m p l e t e d  
by the  in c lu s io n  of M a x w e l l ' s  e q u a t io n s .
On c o m p a r i n g  e q u a t i o n s  (5 .4 )  to (5 .8 )  wi th  the  g e n e r a l  1 3 - m o m e n t  
e q u a t io n s  (1. 17) to  (1 .2 1 )  of C h a p t e r  1, i t  c an  be s e e n  tha t
(5. 9) y  : _  rr\ l i f e ' «
yone 2. j
( m o m e n tu m  eqn. ),
(X - — —  -  I j t
n e  ^  j
( m o m e n tu m  eqn. ),
-e-l h —
1 / c (3)_ i l  oee  e + 0 ee e +
2 J
i  i ‘« v , )
J
( s t r e s s  eqn. ),
r =
(S j r (* 1
_ i ( s eeje + £««.« + I )
J
(hea t  f lux eqn. ),
8 — - 1 1  [  
n e  i  j  J j
(hea t  f lux eqn. ).
The  r e l e v a n t %'s a r e  g iven  in s e c t io n  2 . 6 of C h a p t e r  2 (u sed  in c o n -
junc t io n  w i th  e q u a t io n  (1. 16)), in t e r m s  of the  a s s o c i a t e d  JTi. S , while  
fo r  c e r t a i n  p a r t i c u l a r  c a s e s  the  S a r e  c a l c u l a t e d  e x p l i c i t l y  in  
C h a p t e r  3. F o r  a c o m p l e t e l y  io n i s e d  g a s  c o n s i s t i n g  of e l e c t r o n s  and 
one s p e c i e s  ( J ) of ions  w i th  c h a r g e  = “ 'Z j 6 e  , the  fo l lowing  
r e l a t i o n s  apply :
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(5. 10) iS p ,  e
.0) 
2 ° * j /
c(5) 
-CO
(m o m e n t. ) 
(m o m e n t. )
_ 16 mn1 j f l • (I)
3 Z i
i( * b e^ e (s tre s s )
1I b e J ^ (heat)
CO . U )
^Cuee^e + bee^e + ^ej^e J (heat)
22 °je,n. -H-ej C>)
5 Z j  ,
-  12 h f lee  CO -  ^  —
5 5 Z j
4 jrn n 2 _0_ e i C‘ )
_ 33. U-O-eeO) _ j Q2 D_ 1 ^-ejO) 
15 15 Z j
» c W
(e n e rg y ) =. b ^ H  ^ ej  - ^ - e i ( 0  •
o C eZ j
C o n s id e r in g  f o r  a m o m e n t the  m o m e n tu m  e q u a tio n  (1. 18) o f 
C h a p te r 1 (b e in g  e s s e n t ia l ly  the  O h m 's  la w  e q u a tio n  (5. 5)), the 
c o l l is io n a l re la x a t io n  te rm  a s s o c ia te d  w ith  d U-e is  _ 2. ^ \ X t / p ^ ) \ Se^e. . 
T h e re fo re ,  a p a r t  f r o m  the te rm  in  R e the c o l l is io n  t im e  fo r  
m o m e n tu m  re la x a t io n  w ith  the  io n s  e tc . is  T 0 , say, w h e re
( 5 . 11 )  T d _  Z
£
X S e i
Hence a c o l l is io n  fre q u e n c y , ^  , m a y  be d e fin e d  by
(5.12) V  — JL
To
the la s t  v a lu e  a p p ly in g  o n ly  to  the p a r t ic u la r  f u l l y  io n is e d  tw o  c o m ­
ponent p la s m a . T h is  e q u a tio n  show s, in c id e n ta lly ,  th a t a p a rt f r o m  
the fa c to r  n  j the -T2 S a re  g e n e ra lis e d  c o l l is io n  " f re q u e n c ie s "  
U s in g  the re s u lts  o f C h a p te r 3 fo r  C o u lo m b  c o l l is io n s ,
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(5. 13) X I « X ) =  ( mje y  1
*2 (
io3XVee A p j ( i )
\lTiee / o3/x
=  4  - ^ - e j  U )
1«3-A.xej
w here
(5. 14) W e e
T
z r
Then
(5. 15)
9 —
m  V 
n  e x
(A 6 o<e _ _  B_ /O (-V
5 n e ^  p n e
4
T
—
/ « v
1
T =
3  v
X -- II
0e|ro|1 _ 3 m  p e  V
4- S (Xe a yO e
F o r  the two com ponent fully  io n ised  p lasm a, the d im e n s io n le s s
p a r a m e te r s  ß 'S € 0 take  the va luesj j
(5. 16) z3 = |  4 2 j  +  £  J  1 J 5
3 =■ 2 t Z j  +
5 | O
€ = I
e = I ,
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and a l s o
-A.ep be ing  g iv en  in  C h a p t e r  3.
H o w ev e r ,  s in ce  t h e s e  p a r a m e t e r s  a r e  r e t a i n e d  th ro u g h o u t  the  d i s p e r s i o n  
e q u a t io n s ,  the  s o lu t io n s  o b ta in ed  a r e  in  fac t  m o r e  g e n e r a l ,  be in g  a p p l i ­
c a b le  to a l l  c a s e s  of p a r t i a l l y  i o n i s e d  p l a s m a s  w hen  the  a p p r o p r i a t e  
v a l u e s  of ß  1 'S ^  6 © and  V a r e  inc luded .  A f u r t h e r  poin t  to  note
i s  th a t  by r e t a i n i n g  su c h  c o e f f i c i e n t s ,  the  e f f e c t s  a s s o c i a t e d  w i th  the 
t h e r m o - e l e c t r i c  p r o c e s s e s  ( r e l a t e d  to  £ © ), t h e r m a l  co n d u c t iv i ty
( S  ), v i s c o s i t y  ( ß  ), and  r e s i s t i v i t y  p r o c e s s e s  ( V ) a r e  
e a s i l y  r e c o g n i s e d .
The  r e m a i n i n g  c o l l i s i o n  t e r m  to  be c o n s i d e r e d  is  th a t  of the  t h e r m a l  
e n e r g y  equat ion* The  s e l f - c o l l i s i o n  t e r m  be ing  z e r o ,  f o r  e l a s t i c  
c o l l i s i o n s ,
Since th i s  eq u a t io n  is  only a s s o c i a t e d  wi th  the lo n g i tud ina l  m o d e s ,  
i n e l a s t i c  p r o c e s s e s  have  b een  e x c lu d e d  fo r  s im p l i c i t y .  Without 
c o n s i d e r i n g  in d e t a i l  p a r t i c u l a r  c o l l i s i o n s ,  i t  i s  not p o s s ib l e  to 
e s t i m a t e  the  m a g n i tu d e  of the  i n e l a s t i c  t e r m .
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where k is  Boltzm ann 's constant. This p re s su re  re la x a tio n  frequency, 
3 UDe V /  rnj , i s  e ssen tia lly  negligible com pared with the
m om entum  re laxation  frequency, and it m ay there fo re  be ignored.
5.2 The D ispersion  Equations
The steady state solution of the equations (5.4) to (5. 8) for a 
homogeneous p lasm a is obviously J" - = 0 ,  P = O _ R =  O .  
and p =  p0 ? p = pQ , where the subscrip t o is used in this 
C hapter to designate steady state  values of the p a ra m e te rs .  Also, 
from  M axwell's equations, £  -  O and B =  B c> • F rom  
equation (5. 3), it follows that, for p rac tica l  purposes, the mean m ass  
velocity  of the p lasm a, V o > can be taken as ze ro  in considering high 
frequency e lec tron  motion, and the re fo re  it is  sa t is fac to ry  for the 
m om ents to be r e f e r r e d  to th is velocity, putting V  — Vo = O in the 
moment equations (5. 4) to (5. 8). L inearis ing  these  equations, and 
using unsubscrip ted  sym bols for the dynamical v a riab les  which r e p r e ­
sent the d e p a r tu re s  (assum ed sm all) from  the s teady state , gives the 
equations for wave motion. Using equations (5. 15) to exp ress  the 
collision te rm s  in te rm s  of the collision frequency and assoc ia ted  
coefficients, the wave motion equations are :
(5.19) , m v -  T -  o
b t "e
(5.20) b l  4 e v • P 4 e V p _  fi> e2 E -  £  J  K B„it m ~ nn “m1 " m -
-  1  e £° t V B
s ™ po4- V J
— o
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(5 .21 )  L P  +  i  +  £  EC f °  V • T  =öt1 r ä ~ 3 e ft
(5. 22) <L P. ,~v > +
+ s \ >  p
| V  R j  + a m  Po 1 7  J~ ■ _  1 a   ^ P x  B l j
-  o
(5 23) L& +  £  _Es v p  -  I  j£ V / 0  + Po V -  P _ e R X Bo
*>t 2. 2  A 1 ' p a ~  m
_  2^  rn  Po 0  y  J  i ^  V P  ~  O
2 e Po
M a x w e l l ’s e q u a t i o n s  a r e  a l r e a d y  l i n e a r :
(5. 24) V  X B - y u . J  - i d E
(5. 25) V x  E +  S B -  O
a t
T h e s e  e q u a t io n s  can  r e p r e s e n t  v a r i o u s  ty p e s  of wave m o t ion ,  
inc lud ing  v e r y  c o m p l i c a t e d  p l a s m a  o s c i l l a t i o n s .  As w il l  be seen ,  
fo r  p lane  w a v e s  they  a d m i t  of 12 so lu t io n s ,  w i th  6 m o d e s  p r o p a g a t in g  
in  e a c h  ( + ) d i r e c t i o n .  D epend ing  on the  o r i e n t a t i o n  of the  m a g n e t i c  
f i e ld  t h e r e  m a y  be a s m a l l e r  n u m b e r  of in d e p en d e n t  m o d e s .  T h r e e  
p r in c ip a l  c a s e s  w i l l  be c o n s i d e r e d ,  (1) no a p p l i e d  m a g n e t i c  f ie ld ,
(2) an a p p l i e d  m a g n e t i c  f ie ld  p a r a l l e l  to the  d i r e c t i o n  of p r o p a g a t io n  
of the  wave ,  and  (3) an ap p l i e d  m a g n e t i c  f ie ld  p e r p e n d i c u l a r  to  the  
d i r e c t i o n  of p r o p a g a t io n .  A fo u r th  p o s s ib l e  c a s e ,  t h a t  of the  a p p l ie d  
m a g n e t i c  f i e ld  a t  an  a r b i t r a r y  angle  to the  d i r e c t io n  of p r o p a g a t io n ,  
a l th o u g h  i m p o r t a n t ,  i s  e x c e e d in g ly  c o m p le x  and w i l l  not be d i s c u s s e d .
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A p a r t  f r o m  the  u s u a l  e l e c t r o m a g n e t i c  w a v es ,  o t h e r  t r a n s v e r s e  
w a v e s ,  a s s o c i a t e d  w i th  the  a n i s o t r o p ic  c o m p o n e n t s  of the  s t r e s s  t e n s o r ,  
a r e  p o s s ib l e .  F o r  obv ious  r e a s o n s  th e y  a r e  c a l l e d  s t r e s s  w a v e s ,  a l ­
though  it shou ld  be n o ted  th a t  s i m i l a r  w a v e s  a l s o  o c c u r  a s  long i tu d in a l  
m o d e s  ( these  be ing  e s s e n t i a l l y  the  n o r m a l  a c o u s t i c  m ode ,  and unl ike  
the t r a n s v e r s e  s t r e s s  w a v e s ,  a r e  c o m p r e s s i b l e ) .  F o r  t h i s  l a t t e r  c a s e ,  
" h e a t "  w a v e s  a r e  a l s o  p o s s i b l e .  The s t r e s s  w a v e s  a r e  c h a r a c t e r i s e d  
by a w ave  s p e e d  s \ j  f  - (JB*)*■ — ( Th ro u g h o u t  th i s  C h a p t e r ,  it  i s
c o n v en ie n t  to  d i s t i n g u i s h  b e tw e e n  the  s t r e s s  w a v e s ,  wi th  s p e e d  /-v^  4 , 
and  the  M a x w e l l ' s  e q u a t io n s  type  of wave  m o d e s  (which a l s o  p ro p a g a te  
in v a c u u m )  w i th  s p e e d  C . Since,  e x cep t  fo r  r e l a t i v i s t i c  t e m p e r a ­
t u r e s ,  t  <C Ca j the  M a x w e l l - ty p e  w a v e s  w i l l  be c a l l e d  f a s t
w a v e s .
5 - 2 . 1  No A pp l ied  M ag n e t ic  F i e l d
T h r o u g h o u t  the  r e s t  of t h i s  C h a p t e r ,  an  o r th o g o n a l  C a r t e s i a n  c o ­
o r d i n a t e  s y s t e m  ( OC  ^ Lj  ^ Z. ) i s  u sed .  C on t inuous  p lane  w a v e s  a r e  
a s s u m e d ,  wi th  the  d i r e c t i o n  of p ro p a g a t io n  be ing  the  x - a x i s .  As  is  
c u s t o m a r y ,  the  d i r e c t i o n  of the  o s c i l l a t i n g  e l e c t r i c  f ie ld  v e c t o r  
c o m p o n e n t  i s  u s e d  to d e s ig n a te  the  wave.
F o r  th i s  c a s e  the  e q u a t io n s  s e p a r a t e  in to  t h r e e  d i s t in c t  g ro u p s ,  
two c o r r e s p o n d i n g  to t r a n s v e r s e  o s c i l l a t i o n s  an d  one to lo n g i tud ina l  
o s c i l l a t i o n s ,  w i th  r e s p e c t  to the  d i r e c t io n  of p ro p a g a t io n .  The  g ro u p s  
of e q u a t i o n s  a r e :
(a) T r a n s v e r s e  ( E x  ) wave m o t io n
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(5 .26) -
b *■
S
h?01 1  b Ex 
c1 Tit
4- AJJ* =  o
<b* b t
b  J* 4  l§L  ^ Rxz - < L > E
b t m b m2-
-  i £  £o € V K x -
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b?*2 +  £  £.Rx , m Po i
bt 5- b2L
V Jx
+ yfi\> Px-z —
b_Rx 4  Po ^ Rxz _  1  ÜL p? © V J x  4  3 v R x  = 0
(b) T r a n s v e r s e  ( Ey ) wave  m o t io n
(5.27) ö_Bx
b z
- / 4 j - 1 bEu — o  c2- bt
- L i  y
b z
4  b___ Bjt
bt
=  o
LJy
bt 4 §: A-Rd21m “  ~ a /°°p!j +ma '
V Ty
5 e 
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(c) Long i tud ina l  ( ) w ave  m o t io n
(5.2 8) 4  1 <l£z = O
7 ^  ö t
bp  _l m bTz = o
bt e b z
^  — & b ( Pxx 4 Pmm) -4- 6 dJP _  Q1 A E z
at m bz m 6x 7?i*
4 v J z  »  1 e ( v  Rz -  o
*  m f>o
^  P _|_ 2: 4. £  11 i o ä J z  O
bt 5 ö z  3 e p0 b z
^Lp*x _ b R z  _ 2i H} Po b <J z , >9 V Rxx =. O
a t  15* b z  3 e /0o b z  '
IPuu -  4 li^z. -  2l je £> ZZ* 4 /sv Puu =• o
bt J iff ^  3 e /o0 Ö2  ' J
äjU + £ ? o  bP _ £ j£ _ i° b_( p*x 4 Put.)
a t  2- ^)0 a z. P° a  ^  /^o a  2
-  1 m £o e V 31 + 5v R z = o  .
2 e  p a
Since Pxx + P^y + P*z =  O , no eq ua t ion  fo r  P2X need  
be g iven,  while  the  r e m a i n i n g  equa t ion ,  invo lv ing  Pxu ( f r o m  e q u a t io n s  
(5. 22))Jcanno t  p r o d u c e  a p ro p a g a t in g  so lu t ion ,  and  so i s  ig n o red .
Since t h e s e  s e t s  of e q u a t io n s  r e p r e s e n t  p lane  w a v e s  in a h o m o ­
geneous  p l a s m a ,  the  F o u r i e r  wave r e p r e s e n t a t i o n  m a y  be t a k e n  a s  
C cot : K z )  fo r  the  o s c i l l a t o r y  p a r t  of the  d y n a m ic a l
v a r i a b l e s .  With  the  r e s t r i c t i o n  to con t in u o u s  w a v e s ,  a s  m e n t io n e d
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p r e v io u s ly ,  b _ an d  ^L. m a y b e  r e p l a c e d  by Leo and
b t ö z
in e a c h  equat ion .  The d i s p e r s i o n  equ a t io n  i s  the  cond i t ion  th a t  th e s e  
h o m o g e n eo u s  e q u a t io n s  a r e  c o n s i s t e n t ,  tha t  i s ,  it  i s  the  condi t ion  tha t  
the d e t e r m i n a n t  of the  c o e f f i c i e n t s  f o r  each  ind ep en d en t  s e t  of eq u a t io n s  
i s  z e r o .  Without g iv ing  the d e t a i l s  of the  d e t e r m i n a n t s  o r  t h e i r  
eva lu a t io n ,  the r e s p e c t i v e  d i s p e r s i o n  r e l a t i o n s  r e l a t i n g  co , X  , and 
the  p l a s m a  p a r a m e t e r s  a r e  a s  fo llows.
(a) T r a n s v e r s e  W av e s  invo lv ing  Ex 0 , Pxz and
(5.29) ( l l w  +  £. V + 3  V 4  3 e v  + 3 e v )
v 5 5 5 5
X 1 c 1 (  'S l  to3 _  fito*  V -  $  Co1 V .+ y6 'S V*
_  c o N  + ico^V1 + i 1  Geyflv\- I  16o € 0 V 2)
/  \0 7 10
4. a 1 11 ( - 2  Loo3 _ 1 6oN  -  oo^$ V _ 3 602 e v  _ 1  
+ V 5 3* 5" 5“
+  2. 100 60 p )
S’
+ LooySSV1 + i u /  + oo1 +  c o k i V  -  4 V3 f
_ ioo3/3VX_ Loo3^ s ^ + 9. 60^^ 9 L £ 0 1)2"
'  \0  10
4- l o o u y ^ $ v ' x _  6OX0 0 p _ fc/lOp 3V _ l6O3 0Op)
= o  .
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In th i s  equa t ion ,  C0p i s  the  e l e c t r o n  p l a s m a  f r eq u e n c y ,  g iven  by
(5 .3 0 )  (Op =  n ex 5
no
and
(5. 31) f  =  ( f °  ) a •>
K P o ‘
h a v in g  the  d i m e n s i o n s  of v e lo c i ty .  A m e a n  f r e e  path,  X p , m a y  be 
d e f ined  by \ p  =  f / V
(b) T r a n s v e r s e  w a v e s  invo lv ing  ^  ? Bx 7 a n d __R
The  d i s p e r s i o n  eq u a t io n  fo r  t h i s  c a s e  is  e x a c t ly  the  s a m e  a s  tha t  
fo r  the  p r e v i o u s  c a s e ,  eq u a t io n  (5 .29) .
(c) L o n g i tu d in a l  w a v e s  invo lv ing  _P x x , Pj;j > and
T h i s  d i s p e r s i o n  eq u a t io n  i s
( 5 .3 2 )  “  L l  -  5 / ö V  )
_p ii V -  I  l / gV2" + ^  L <o +  1 -  I  U  5  VX
_ II I (Op _  £ ^ 4  ^ 3 S V  4 . 9 ©V _ L0/6
J- 60 3 ~ 6o a 5  'co
+ !  t V  -  10 V \   ^
c J ~  '
4- ( y S 5 V 3 _  <ox V 4  icOyöV1’ +  1 0 ^ 5 V ^ *
_  LW3 _  co^A  V -  0 ) ^ V  „  I tO p ß  $ V^ 4  L60^0p
’ CO
+ + UpSv _ I l o © t V 2 _ i  £ ©/SV3 ) - o .
I 10 10 '  '
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5 . 2 . 2  A p p lied  M ag n e tic  F ie ld  P a r a l l e l  to  the D ire c t io n  of 
P r o p a g a t io n :  BP -  ( 0 , 0 , B0)
T h is  c a s e  is  c o n s id e r a b ly  m o r e  c o m p l ic a te d  th an  the  p re v io u s  one, 
s in c e  the  in d e p en d e n t  t r a n s v e r s e  m o d e s  of the  p r e v io u s  s e c t io n  a r e  
co u p led  by th e  a p p l ie d  m a g n e t ic  f ie ld ,  s im u l ta n e o u s ly  invo lv ing  t x?
JjC} 5 Bx.z.? R x  and Rvj . The lo n g i ­
tu d in a l  o s c i l l a t i o n s  a r e  a f fe c te d  by the  f ie ld  in th a t  th e y  invo lve  the  
s t r e s s  c o m p o n en t  Pa y , in  ad d i t io n  to E x ? ? jO . Pax  ^ -
and  Rz . H o w ev e r  the  lo n g i tu d in a l  d i s p e r s io n  e q u a tio n  r e m a i n s  
in d e p en d e n t  of the  m a g n e t ic  f ie ld ,  and  t h e r e f o r e  fo r  th is  c a s e  a lso ,  
the  lo n g i tu d in a l  d i s p e r s io n  eq u a tio n  i s  (5. 32).
T he e q u a t io n s  in v o lv ing  the  t r a n s v e r s e  c o m p o n e n ts  b e co m e :
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By t a k in g  the  s a m e  f o r m  of p lane  wave r e p r e s e n t a t i o n  a s  in the  
n o n - m a g n e t i c  c a s e ,  a g a in  w i th  con t inuous  w a v es ,  t h e s e  eq u a t io n s  m a y  
be c o m b in e d  to y ie ld  an  e igh th  o r d e r  a l g e b r a i c  eq ua t ion  fo r  ^
T h i s  i s  the  cond i t ion  th a t  the  10 x 10 d e t e r m i n a n t  of the  c o e f f i c i en t s ,  
a f t e r  r e p l a c e m e n t  of the  d e r i v a t i v e s ,  i s  z e r o .  H ow ever ,  and  m o r e  
c o n v e n ie n t ly  f o r  s u b s e q u e n t  u s e ,  t h i s  d i s p e r s i o n  equ a t io n  m a y  be 
f a c t o r i s e d .  The  two f a c t o r s  a r e ,  w hen  s e t  e q u a l  to z e r o ,  the  d i s p e r s i o n  
e q u a t io n s  fo r  the  o r d i n a r y  and  e x t r a o r d i n a r y  wave m o d e s .  T h i s  i s  the  
f o r m  in w h ic h  th e y  a r e  given.
In add i t io n  to p a r a m e t e r s  a l r e a d y  defined, t h e s e  eq u a t io n s  involve  
the  t e r m  . Since the  a p p l ie d  f ie ld  v e c t o r  Bo has  c o m p o n en t s
C °  5 O 5 B0) , d H  i s  de f ined  by
( 5 . 34) <k)b =. e Bo •
m
As the e l e c t r o n  c h a r g e  6  i s  n e g a t iv e ,  w i l l  be p o s i t iv e  o r  nega t ive  
a c c o r d i n g  to w h e t h e r  B o  i s  n e g a t iv e  o r  p o s i t iv e .  In dea l ing  wi th  the  
o r d i n a r y  an d  e x t r a o r d i n a r y  m o d e s ,  th ro u g h o u t  th i s  C h a p t e r  the d i s c u s s i c n  
and  c o n c lu s io n s  a r e  g iven  a s  they app ly  to the  c a s e  d H  7> O . H ow ever ,  
the  o th e r  c a s e  i s  a l s o  c o m p l e t e l y  c o v e r e d ,  the  d e s ig n a t e d  o r d i n a r y  and 
e x t r a o r d i n a r y  m o d e s  b e c o m i n g  the  e x t r a o r d i n a r y  and  o r d i n a r y  m o d e s  
r e s p e c t i v e l y  fo r  d-H < O .
With the  u p p e r  s ig n  r e p r e s e n t i n g  the  o r d i n a r y  wave,  the  d i s p e r s i o n  
e q u a t io n s  a r e :
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As with  the  p r e v i o u s  c a s e s ,  the  d e ta i l ed  so lu t ion  of t h i s  eq ua t ion  
is  c o n s i d e r e d  l a t e r  in the  C h a p t e r .  The coup l ing  of the  f a s t  t r a n s v e r s e  
w av es  by the  p a r a l l e l  m a g n e t i c  f i e ld  and the  r e s u l t a n t  " sp l i t t i n g "  in to  
the o r d i n a r y  and  e x t r a o r d i n a r y  m o d e s  i s  w e l l  known. It i s  ev id en t  f r o m  
th is  d i s p e r s i o n  r e l a t i o n  tha t  the  s t r e s s  w a v e s  a l s o  f o r m  o r d i n a r y  and 
e x t r a o r d i n a r y  m o d e s .  T h e i r  p ro p a g a t io n  co n d i t io n s  of c o u r s e  r e m a i n  
d i f fe ren t  f r o m  th o s e  of the  f a s t  w a v es .
5 . 2 . 3  A pp l ied  M ag n e t ic  F i e l d  P e r p e n d i c u l a r  to  the  D i r e c t io n  of 
P ro p a g a t io n :  Bo r  [ B o ,  o ,  o )
T h i s  d i f f e r s  f r o m  th e  p r e v i o u s  c a s e  in th a t  the  m o d e  u n a f f e c t e d  by 
the m a g n e t i c  f i e ld  i s  a t r a n s v e r s e  m o d e ,  be ing  the m ode  with  e l e c t r i c  
v e c t o r  p a r a l l e l  to the  m a g n e t i c  f ie ld .  D esp i te  the  fac t  th a t  c e r t a i n  
t e r m s  in the  r e l e v a n t  e q u a t io n s  c o n ta in  <2>b , the  d i s p e r s i o n
equa t ion  fo r  t h i s  m o d e  i s  i d e n t i c a l  to (5. 2 9), the  eq ua t ion  fo r  the  z e r o  
f ie ld  s i tua t ion .  Since the  t r a n s v e r s e  e q u a t i o n s  w i th  e l e c t r i c  v e c t o r  
p e r p e n d i c u l a r  to  the  d i r e c t i o n  of the  ap p l i e d  m a g n e t i c  f ie ld  and  the  
long i tud ina l  c o m p o n e n t  e q u a t io n s  a r e  c o u p led  by the m a g n e t i c  f ie ld ,  
p ro p a g a t io n  of a r b i t r a r i l y  p o l a r i s e d  w a v e s  i s  r e l a t i v e l y  c o m p l i c a t e d .
As the  p r o p a g a t i n g  lo n g i tu d in a l  m o d e s  a r e  e s s e n t i a l l y  s t r e s s  w a v e s  
(a lthough in t h i s  c a s e  a s s o c i a t e d  w i th  the  d iagonal  c o m p o n e n t s  of the 
s t r e s s  t e n s o r ) ,  the  co u p led  eq u a t io n s  have  a d i s p e r s i o n  r e l a t i o n  of 
e igh th  o r d e r  in the  w ave  n u m b e r  X , w i th  t h r e e  s t r e s s  m o d e s  and one 
f a s t  m o d e  a s  so lu t io n s .
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T ak in g  the ap p l ie d  m a g n e t ic  f ie ld  d i r e c t io n  a s  the X - a x i s ,  the  
c o u p led  l o n g i t u d i n a l - t r a n s v e r s e  e q u a t io n s  a r e :
(5.36) b
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On a s s u m in g  c o n t in u o u s  p lane  w a v e s  of the  fo r m  6 
the  d i s p e r s io n  e q u a t io n  is  o b ta in e d  by tak in g  the  12 x 12 d e te r m in a n t  of 
the  c o e f f ic ie n ts  ( a f te r  r e p l a c e m e n t  of the  d e r iv a t iv e s )  eq u a l  to z e r o .  
H ow ever, the  e v a lu a t io n  of th i s  d e te r m in a n t  i s  e x c e e d in g ly  c o m p lic a te d ,  
and th e r e f o r e  to  s im p l i f y  the  p ro b le m ,  c o l l i s io n s  a r e  ig n o re d ,  the 
d e te r m in a n t  only  b e in g  e v a lu a te d  fo r  the  p a r t i c u l a r  c a s e  S) =  O . It 
i s  in t e r e s t i n g  to  no te  th a t  the  lo n g i tu d in a l - t r a n s v e r s e  f a s t  m o d e  i s  a 
c o m p r e s s ib le  w ave.
T he d i s p e r s io n  r e l a t i o n s h ip  is :
( 5 . 3 7 )  * 8 ( - U  t V )
+ *‘(- i-
T 5  J-
-  11 f  " T  )
- 'ill 00b + xjj wSV
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5. 3 Solu t ions  of the  Wave D i s p e r s i o n  E q u a t io n s
All  but one of the  d i s p e r s i o n  r e l a t i o n s h i p s  g iven  in the  p r e c e d i n g
2,
s e c t io n  a r e  q u a d r a t i c  e q u a t io n s  in "X , and  fo r  t h e s e ,  e x a c t  so lu t io n s  
a r e  p o s s ib le .  H o w ev e r ,  due to  the  g e n e r a l  c o m p le x i ty  of the  so lu t io n s ,  
v a r i o u s  m e th o d s  of s u c c e s s i v e  a p p r o x i m a t i o n  a r e  a d o p ted  in o r d e r  to 
e m p h a s i s e  dom inan t  t e r m s  and  e f f e c t s .  F o r  in s t a n c e ,  when  c o l l i s i o n s
169
a r e  " d o m in a n t "  the  w ave  n u m b e r  % c an  be e x p r e s s e d  a s  a r a p i d l y  
c o n v e r g e n t  s e r i e s  expans ion :
(5. 38) *  = Q« + a, / »  4 a 2 /  4 . . . .
In g e n e r a l ,  the  f i r s t  few t e r m s  of t h i s  e x p a n s io n  p ro v id e  a good 
a p p r o x i m a t i o n  fo r  w hen  CL, / d 0V 4. \ . On the  o t h e r  hand,  
w hen  c o l l i s i o n s  a r e  " s m a l l " ,  the ex p an s io n
(5 .3 9 )  -  a 0 4 a,v 4  a 2 ^  4 . . .
a p p l i e s ,  and  "X i s  a d e q u a te ly  a p p r o x i m a t e d  by  the  f i r s t  few t e r m s  
p r o v i d e d  CL{v / ( X 0 <<!.  When a m a g n e t i c  f ie ld  i s  p r e s e n t ,  s i m i l a r  
e x p a n s i o n s  u s e d  a r e  in t e r m s  of the  e l e c t r o n  c y c lo t r o n  f r e q u e n c y ,  .
In the  c a s e  of the  d i s p e r s i o n  e q u a t io n s  a s s o c i a t e d  w i th  p u r e l y  
t r a n s v e r s e  wave  m o t io n ,  (5 .2 9 )  and (5. 35), t h e s e  q u a d r a t i c  eq u a t io n s  
in tK c a n  be w r i t t e n  in the  f o r m
(5 .4 0 )  ^  4  (/3-f 4- 4- ^ =
w h e r e  the  c o e f f i c i e n t s  c* i ß  3 and  o a r e  o b ta ined  d i r e c t l y  on
c o m p a r i n g  the  r e l e v a n t  e q u a t io n s  w i th  (5 .40) .  Since - f2- — k T  /lY\ , 
e v en  f o r  T 10 °K , -f '■'->10 C and  t h e r e f o r e  a s s u m i n g
an  u p p e r  l i m i t  on T of t h i s  o r d e r  (i. e. n o n - r e l a t i v i s t i c  p l a s m a ) ,  the  
fo l lowing  r e l a t i o n s h i p  ho lds :
?  < <c2 \(5. 41)
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Apply ing the q u a d r a t i c  f o r m u l a  to equa t ion  (5 .40) ,  and n e g le c t in g  t e r m s  
of o r d e r  f X/ O’ c o m p a r e d  w i th  unity ,  g iv e s
(5 .42 )  d<2 -  -
and
(5 .43 )  y.% — -  s
The  f i r s t  so lu t io n ,  (5. 42),  i s  a f a s t  wave  m o d e ,  whi le  the  s ec o n d
so lu t ion ,  (5. 43) i s  a s t r e s s  m o d e .  P h y s i c a l l y  t h i s  m e a n s  th a t  w a v e s  of 
k ine t ic  o r ig i n  and  of e l e c t r o m a g n e t i c  o r i g i n  a r e  e s s e n t i a l l y  d i s t in c t .  
H ow ever ,  when f / C 1 I t h e r e  i s  o b v io u s ly  no c l e a r - c u t  d i s t i n c t ­
ion be tw een  th e s e  two b a s i c  w ave  ty p es .
5. 3. 1 T r a n s v e r s e  M o d es  w ith  No Applied  M agne t ic  F i e l d
The  d i s p e r s i o n  e q u a t io n  (5 .29 )  a p p l i e s  to both of the  u n co u p led  
independen t  E x  and  E ^  t r a n s v e r s e  m o d e s .
(a) C o l l i s i o n s  " s m a l l "
On expand ing  tX a s  in (5. 39), i.  e.
(5 .44 )  -X = a 0 -+ a,v -v + . . .
and u s in g  the  a p p r o x i m a t i o n  (5 .41) ,  the  z e r o  o r d e r  ( c o l l i s i o n l e s s )  
so lu t io n s  of the  d i s p e r s i o n  eq ua t ion  (5 .29)  a r e
— co p(5 .45)  Cla
and
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(5 .46 )  CLo 5  GO1 
7 p
The  f a s t  w ave  so lu t ion ,  (5 .45) ,  i s  the wel l  known c o l l i s i o n l e s s  
r e s u l t  fo r  m i c r o w a v e  p ro p a g a t io n  in a h o m o g e n eo u s  p l a s m a .  With a 
c u t - o f f  a t  oo =. u) p , t h i s  wave does  not p ro p a g a te  fo r  oo <. O p
The s e c o n d  r e s u l t J (5. 46), i s  the so lu t ion  fo r  a c o l l i s i o n l e s s  s t r e s s  
wave  (as m e n t i o n e d  p r e v i o u s l y ,  th i s  so lu t ion  o c c u r s  b e c a u s e  of the  
a n i s o t r o p i c  s t r e s s  c o m p o n e n t s  in c lu d e d  in the  1 3 - m o m e n t  eq ua t ions ) .
O bv ious ly  i t  i s  a m u c h  s l o w e r  m o d e  than  the f a s t  wave .
It i s  e v id en t  f r o m  (5 .4 6 )  tha t  the  s t r e s s  wave  i s  in d ep en d en t  of the  
p l a s m a  f r e q u e n c y ,  u) p . T h i s  s u g g e s t s  th a t  a f a s t  wave with  f r e q u e n c y  
a p p r o a c h in g  c u t - o f f  a t  the  p l a s m a  f r e q u e n c y  m a y ,  w i th  a p p r o p r i a t e  
b o u n d a ry  co n d i t io n s ,  e x c i t e  s t r e s s  w a v e s  at t h i s  f r e q u e n c y ,  and s in ce  
the  l a t t e r  a r e  m o r e  s t r o n g l y  d a m p e d  by c o l l i s i o n s  (as w i l l  be shown),  
the  f a s t  wave  w ould  a p p e a r  to be a n o m a l o u s l y  dam p ed .  Some e x p e r t  -
5
m e n t a l  r e s u l t s  f a v o u r  t h i s  c o n c lu s io n  (Sharp  and  H o o k e r  ).
C o n t inu ing  the  s o lu t io n s  of (5 .2 9 )  to h i g h e r  o r d e r  t e r m s  in  (5 .44) ,  
the f a s t  w ave  so lu t io n  to f i r s t  o r d e r  in "V i s
The  p h a se  v e l o c i t y  i s  c l e a r l y
Since &0 i s  a lw a y s  p o s i t iv e  f o r  th i s  wave ,  t h e r e  i s  no cu t -o f f ,  
the  wave  a l w a y s  p r o p a g a t i n g  w i th  p h a se  and  g ro u p  v e l o c i t i e s  ( 7 / S')  ^H
(5 .47 )  GK
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T h i s  so lu tion ,  v a l id  f o r
(5 .48 )  V < <  2 ( Qox -  UVp)
COp
shows tha t  the  e ffec t  of the  c o l l i s i o n s  (to th i s  o r d e r )  i s  p u r e l y  damping .  
As CO —^  cOp the  d a m p in g  b e c o m e s  s e v e r e .
F o r  the s t r e s s  w ave ,  the  so lu t ion  to f i r s t  o r d e r  i s
(5 .49 )  *
As be fo re ,  the e f fec t  of the  c o l l i s i o n s  i s  s i m p l y  to dam p  the wave.  
T h i s  so lu t ion  fo r  the  s t r e s s  wave  is  v a l id  when
(5. 50) M <  <  CO.
Again,  r e t e n t io n  of th e  c o e f f i c i e n t s  /J ^  q  and  £ i n d i c a t e s  the
/  j  j
r e l a t i v e  e f fe c t s  of the  v a r i o u s  c o l l i s io n  t e r m s  in  the  m o m e n t  e q u a t io n s  
on the  damping.
R ep lac in g  the Q.,V t e r m  (i. e. the  s e c o n d  t e r m s  in e q u a t io n s  
(5. 47) and  (5. 49)) by — 1°^ , the  dam ping  t e r m  i s  e v id en t ly
-  0 { V Z
(5.5D e
fo r  the  f o r w a r d - g o i n g  w a v e s .  The d a m p in g  leng th ,  ZL  ^ , i s  c o n v e n ie n t ly  
de f ined  a s  the  d i s t a n c e  in  w h ich  the wave  a m p l i tu d e  i s  r e d u c e d ,  owing to 
c o l l i s i o n s ,  by  a f a c t o r  6  . That i s ,
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(5 .52)  Z d  -  . 1 _
CK V
F o r  the  f a s t  wave  m o d e ,
2 I
(5 .53)  Z d  =• 2 CO C ( ) *
V UJ$
and fo r  the  s t r e s s  m o d e ,
(5 .54)  Z d f___________ _
5/ ( / ^  4 4 t - c ( e u ) - t i  o)
Since the m e a n  f r e e  p a th  i s  Ap -  "f /  V , fo r  the  s t r e s s  wave 
Z d Ap and  t h e r e f o r e  t h i s  m o d e  i s  d a m p ed  out in a few m e a n  f r e e  
pa th  l e n g th s .  E x c e p t  fo r  w ave  f r e q u e n c i e s  co n e a r  to , the  r a t i o
of the f a s t  to  s t r e s s  w ave  d a m p in g  le n g th s  is
(5. 55) > >
v e r i fy in g  t h a t  the  s t r e s s  wave is  m u c h  m o r e  s t r o n g l y  d a m p e d  by 
c o l l i s i o n s .  By c o m p a r i s o n ,  i t  i s  c l e a r  th a t  w hen  the  in e q u a l i ty  (5. 48) 
i s  s a t i s f i e d ,  the  e f fe c t  of c o l l i s i o n s  on the  f a s t  wave  i s  s l igh t  ex cep t  fo r  
f r e q u e n c i e s  n e a r  to the  c u t - o f f  a t  Co — co^ .
(b) C o l l i s i o n s  " d o m in a n t "  
E x p an d in g  a s  in (5. 38),
~  ( X q(5 .56) (X, /  V -f Cl  ^ /  \) 4  * . .
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Subs t i tu t ing  th is  into the d i s p e r s i o n  equa t ion  (5 .29 )  and g ro u p in g  t e r m s  
of the  s a m e  o r d e r  in V ' 1 p r o v i d e s  so lu t io n s  a s  in the  p r e v i o u s  c a s e ,  
a l though  of a d i f f e r e n t  n a t u r e .  As  m a y  be i n f e r r e d  f r o m  the f o r m  of the  
c o l l i s io n  dam ping  in  the " s m a l l "  c o l l i s i o n s  c a s e ,  t h e r e  i s  only one z e r o  
o r d e r  so lu tion,
C'2,
c o r r e s p o n d i n g  to the  f a s t  wave  m o d e .  T h e r e  is  no c u t - o f f  while  
a s s u m p t i o n  (b) a p p l i e s .  C o m p a r i n g  (5 .57 )  w i th  (5 .45) ,  the  z e r o  o r d e r  
so lu t io n s  b eco m e  id e n t i c a l  w h e n  ^  .
. - 1
The so lu t ion  to f i r s t  o r d e r  in V i s
(5 .58 )  & = + ( W __ i 'S_______  \
v c vc U S  -  fee) / '
The effec t  of the  c o l l i s i o n s  to t h i s  o r d e r ,  fo r  the  f a s t  wave,  i s  again 
p u re  damping,  and the  co nd i t ion  fo r  v a l id i t y  of t h i s  so lu t ion  i s
(5. 59) M >  >  Wp /  W •
The dam p in g  len g th  i s
_  VC ( 2. 'S -  ^/sr £  Ö )( 5 . 6 0 )  z: d
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5 . 3 . 2  L ong i tud ina l  W av e s  w i th  No Appl ied  M agne t ic  F i e l d
The  d i s p e r s i o n  eq u a t io n  i s  (5 .32) .  As in d i c a t e d  p r e v io u s ly ,  t h e s e  
w a v es  a r e  a l so  c a l l e d  s t r e s s  w a v e s ,  p a r t l y  f o r  c o n v en ie n c e .  V a r io u s  
f o r m s  of the  two m o d e s  th a t  a r i s e  a r e  w e l l  known; a c c o r d i n g  to  the 
l e v e l  of the  t r e a t m e n t ,  the  p a r t i c u l a r  f r e q u e n c y  r a n g e ,  an d  the  i n c l i n a ­
tion of v a r i o u s  a u t h o r s ,  t h e y  m a y  be c a l l e d  e l e c t r o n  w a v es ,  e l e c t r o ­
s t a t i c  w a v es ,  p s e u d o s o n ic  w a v e s ,  and  p o s s i b l y  o t h e r  t e r m s  a s  wel l .
2
Although a q u a d r a t i c  eq u a t io n  in  ;X , (3. 32) do es  not take  the  
f o r m  (5 .40)  and  so  the  s o lu t io n s  (5 .42 )  and  (5 .43 )  a r e  not a p p l i c ab le .  
H o w ev e r ,  r e l a t i v e l y  s im p le  so lu t io n s  a r e  o b ta ined  fo r  two c a s e s ,
CO >  COf and CO <  <  c d p
(a) C o l l i s i o n s  " s m a l l "
m a y  be e x p an d e d  a s  the p o w e r  s e r i e s  in h) :
(5 .61 )  x  =. a e +  Q.,v +  cljV2 +  . . .
Subs t i tu t ing  th i s  e x p a n s io n  fo r  X  in  (5. 32) and  g r o u p in g  t e r m s  of the  
s a m e  o r d e r  in V , the  z e r o  o r d e r  so lu t io n s  a r e
(5 .62 )  Clo =  J_
30-f *
It i s  e a s i l y  v e r i f i e d  th a t  th e  two so lu t io n s  f o r  CL0 a r e  a lw ay s  
d i s t in c t .  It a l s o  fo l lows  th a t  the  so lu t ion
1 C  GO*_ n 60p ±  ( 376 00^ + 111
_  172
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(5 .6 3 )  do =  1
3 o | ^
26d>^~\lCOp .*.(37U o k 4- 111 
_  2  7 2 ooxO ^  ) *•
is  a lw a y s  pos i t ive  and  h e n c e  r e p r e s e n t s  a p r o p a g a t in g  wave w i th  no 
c u t -o f f .  T h i s  i s  the  s l o w e r  of the  two w a v es .  The r e m a i n i n g  so lu t ion ,
( 5 .6 4 )  a t  _  _ L _
3 0 P
1C  lo1" _  It cop _  ( 3 7 3  a>4- +  l i l t o p
_  111  U )’- 3 0 p ) ' i
h a s  a c u t -o f f  a t  CO =  cOp and  r e p r e s e n t s  a p r o p a g a t in g  wave  fo r  
CO >  CO p . D i r e c t  e x p r e s s i o n s  f o r  d 0 a r e  ob ta in ed  fo r  the  
e x t r e m e  c a s e s :
(j) cü >  >
x
In th i s  c a s e ,  the  so lu t io n s  f o r  Q-o a r e  
(5 .6 5 )  CU — I- 5 13 30 z -  • 301 0>p
D
and
(5. 66) a t  =  ‘ 7 1 0  cOa -  • 133 a>f _
T
As a l r e a d y  m e n t io n e d ,  both  so lu t io n s  a r e  p ro p a g a t in g  m o d e s .  Again  
u s in g  the s e r i e s  e x p a n s io n  (5. 61), to f i r s t  o r d e r  in \) the  a p p r o x im a te  
so lu t io n s  fo r  tK a r e
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(5 .67)  X — ± ( \ ' l 50 & -  U ) p / u >
f
-  - o i ^ y S + ' 3 7 1 3 - t - ' l W l e t * ) ) J
( 5 . 6 8 )  X  -  t( - 4 £  9QO -  • 1 ^ 7  <o‘p / ^
— L y ( - o ? i ^ t ' ' ^ 2 T • o93i - -io<?(e 4 0 ) ) .
In add ition  to  con d it io n  (i), th e s e  so lu t io n s  a r e  v a l id  p ro v id e d  th a t
(5. 69) V <  <  cO
The f i r s t  o r d e r  p a r t  of th e s e  so lu t io n s  g iv e s  p u re  c o l l i s io n a l  
dam ping . A lthough the  p r e c i s e  d am p in g  le n g th  i s  on ly  o b ta in ed  on 
e v a lu a t in g  ^ 0  an d  £  , i t  i s  obv ious th a t  fo r  both  so lu t io n s  the
d am ping  len g th  is  of o r d e r
(5. 70) I  -  X
th a t  i s ,  the  m e a n  f r e e  pa th . T h is  i s  of the  s a m e  o r d e r  a s  fo r  the 
t r a n s v e r s e  s t r e s s  w a v e s .  A lso  of i n t e r e s t  i s  the  fa c t  tha t ,  s in ce  the  
r e s p e c t iv e  lo n g i tu d in a l  s o lu t io n s  (5. 66) and  (5 .6 7 )  g ive s p e e d s  r s j  •SO S 'f 
and  2 ’ 13 2  'f , one of th e s e  w a v es  is  f a s t e r  and  the  o th e r  s lo w e r  
th an  the  t r a n s v e r s e  s t r e s s  w a v e s ,  w h ich  have  s p e e d  "f
(ii) GO <  <  CO
W hen th i s  cond ition  o c c u r s ,  on ly  one w ave p ro p a g a te s ,  f o r  w h ich
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(5 .71)  ÖL^  =. - 4 5 - 4
The p ro p a g a t in g  so lu t io n  fo r  X  to f i r s t  o r d e r  in V is
(5 .72 )  X  =  ± ( • 0 4  <*> -  *- V ( 4  -III
-f f
The e x p an s io n  (5. 61) is  v a l id  fo r  th is  so lu t io n  w hen
(5. 73) V <  <  CO ,
the s a m e  as  (5. 69). A gain , the  so lu t io n  (5 .7 2 )  show s th a t  the  e ffec t  of 
c o l l i s io n s ,  to th is  o r d e r ,  i s  p u re  dam ping . T he p r o p e r t i e s  of th is  w ave 
do not d if fe r  g r e a t ly  f r o m  th o se  of the  s a m e  w ave  (i. e. (5. 67)) in the  
e x t r e m e  c a s e  (i), a l th o u g h  the  w ave sp eed  h a s  b e co m e  1* 55 7 f  and 
the  dam ping  len g th  /  V ( * 3 S’4  $  + * .
(b) C o l l i s io n s  "d o m in a n t"
An in s p e c t io n  of the  t e r m s  of h ig h e s t  o r d e r  in V in  the  d i s p e r s io n  
eq u a t io n  (5. 32) s u g g e s ts  th a t  the  r e le v a n t  e x p an s io n  fo r  i s
With the  u su a l  m e th o d  of s e e k in g  a so lu t io n  of (5. 32) in  th i s  fo r m  f ro m
c o n s id e ra t io n  of th e  d o m in an t  t e r m s  in  V , th e  so lu t io n s  fo r  &0 a r e
given  by
T
(5. 75)
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w h e re
( I + ■$ + l  (e + o )  + ( I
V 5 ' K X5 Z5
(
4 i e  .  + £©3 + £«.+. £65 + B  fe ©T
f  5 5 f  5 as - ■
These do no t t r u ly  re p re s e n t  p ro p a g a tin g  s o lu tio n s , f o r  the e ffe c tiv e  
phase ang le  is  JT / ,  i .  e.
(5. 77) a o =  t  x  ( I -  i )  >1-if
the wave a m p litu d e  b e in g  re d u c e d  by  a fa c to r  0  fo r  each w a ve le n g th  
t ra v e lle d .  F o r  th is  re a s o n  th e re  is  no p o in t in  d e r iv in g  the te rm s  o f
_ I
the nex t o rd e r  in  V  * .
5. 3. 3 T ra n s v e rs e  W aves w ith  an A p p lie d  M a g n e tic  F ie ld  P a ra l le l  to  
the D ire c t io n  o f P ro p a g a tio n
Since a m a g n e tic  f ie ld  p a r a l le l  to  the d ire c t io n  o f p ro p a g a tio n  does 
no t a l te r  the d is p e rs io n  e q u a tio n  fo r  the  lo n g itu d in a l w a ves , the re s u lts  
o f su b s e c tio n  5. 3. 2 a p p ly  e q u a lly  w e ll in  the p re s e n t case f o r  these  
w a ves . T h e re fo re  o n ly  the  t ra n s v e rs e  w aves  need to  be re c o n s id e re d  
fo r  the p a r a l le l  m a g n e tic  f ie ld ,  as in d ic a te d  b y  the t i t le  o f th is  
s u b se c tio n .
The c o u p le d  t ra n s v e rs e  w ave d is p e rs io n  e q u a tio n  w as o b ta in e d  in  
the s u b s e c tio n  5 . 2 . 2 ,  w h e re  i t  w as w r i t te n  e s s e n t ia l ly  as tw o  fa c to rs  
(equa tion  (5. 34)). I t  is  a p p a re n t f r o m  these  fa c to rs  th a t the w aves a re  
coup led  and " s p l i t "  in to  tw o  m odes  w h ic h  a re  u s u a lly  c a lle d  the o r d in a r y  
and e x t ra o rd in a ry  m o d e s . In  the c o l l is io n le s s  case , these  m odes 
re p re s e n t c i r c u la r ly  p o la r is e d  w a ves , th a t is ,  the e le c t r ic  v e c to r
(5. 76) CO
X
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r o t a t e s  w i th  c o n s t a n t  a m p l i t u d e  a s  the  wave  p r o g r e s s e s .  In p a r t i c u l a r ,  
the  m ode  w i th  e l e c t r i c  v e c t o r  r o t a t i n g  in the  s a m e  s e n s e  as  the  p o s i t iv e  
c h a r g e  g y r o m a g n e t i c  m o t io n  i s  the  o r d i n a r y  o r  le f t  hand w ave ,  whi le  
th a t  wi th  e l e c t r i c  v e c t o r  r o t a t i n g  in the e l e c t r o n  g y r o m a g n e t i c  s e n s e  is  
the e x t r a o r d i n a r y  o r  r i g h t  h an d  w ave .  F o r  th e  o r d i n a r y  wave,  then ,
In the d e r i v a t i o n  of the  d i s p e r s i o n  equa t ion  (5. 34), the  e q u a t io n s  
(5. 33) w e r e  r e d u c e d  to the  f o r m
( 5 .78)  £ a
whi le  fo r  the  e x t r a o r d i n a r y  w ave ,
(5 .7  9) -  -  L
(5. 80) $  4- ^  ^  = °
^  Ex -  4* = O
fo r  which  the  d i s p e r s i o n  e q u a t io n  is
(5. 81) 4* + ~  °
o r
(5 .82 )  ( 4
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As m a y  be v e r i f i e d ,  the  u p p e r  sign,  c o r r e s p o n d i n g  to the u p p e r  s ign  in 
eq ua t ion  (5. 34), r e p r e s e n t s  the  o r d i n a r y  wave,  and the  l o w e r  s ign  the  
e x t r a o r d i n a r y  w ave .
5. 3. 3 (A). The O r d i n a r y  Wave  M odes
F r o m  the  above  d i s c u s s i o n  i t  fo l lows  tha t  the  o r d i n a r y  d i s p e r s i o n
equa t ion  is  (5. 34) w i th  the  u p p e r  (pos i t ive )  s ign  being  taken .  It i s  a
2
q u a d r a t i c  equa t ion  in X  w i th  the  f o r m  (5 .40 )  and  t h e r e f o r e  the  s o lu t io n s  
(5. 42) and  (5 .4 3 )  apply .  N e v e r t h e l e s s ,  i t  is  s t i l l  n e c e s s a r y  to use  e x ­
p a n s io n s  to ob ta in  the  d o m in a n t  t e r m s  and p r in c ip a l  p r o p e r t i e s  of the  
wave n u m b e r  s o lu t io n s  f o r  the  p a r t i c u l a r  c a s e s .
(a) C o l l i s i o n s  s m a l l
The  a p p r o p r i a t e  e x p a n s io n  f o r  % i s  the  p o w e r  s e r i e s  in V :
(5 .83 )  x  -  a 0 + ■* a ^ 1" +  . . .
The  e q u a t io n s  o b ta in e d  fo r  by g ro u p in g  t e r m s  of lo w e s t  o r d e r  in
V a r e  e a s i l y  so lv ed .  F o r  the  f a s t  wave  m ode ,
(5. 84) &o =  ( I -  )
Cx v c-o'1- + cou)b /  '
g
T h i s  i s  the  s a m e  so lu t ion  a s  g iven  by S p i t z e r  , f o r  e x am p le ,  fo r  
the o r d i n a r y  w ave ,  p r o v i d e d  tha t  the  ion c y c lo t r o n  f r e q u e n c y  i s  t ak en  to 
be s m a l l  (as in t h i s  C h a p t e r ) .  It fo l lows  tha t  the wave  p r o p a g a t e s  fo r
(5 .85 )  oox  -v cotOb >  COp ,
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w ith  a c u t -o f f  at
i_  l
(5. 86) 60 — -  (2>b + ( t
“2.
When 60b ' > 7 *  U) p , the  c u t - o f f  i s  at
(5. 87) U) ^  60p / ( O b  ;
■2- ”J_
while  fo r  60p t<Jb , the  c u t -o f f  i s  n e a r  the  p l a s m a  f r e q u e n c y ,
a t
(5. 88) O) ~  6 j p -  (Ob
2
The wave can  p r o p a g a te  at  a l l  f r e q u e n c i e s  above the  c u t -o f f  f r eq u e n c y ,  
which i s  a lw ay s  l e s s  th a n  60p , but i t  canno t  p r o p a g a te  fo r  a n y  f r e ­
quency  below the  cu t -o f f .  T h e r e  a r e  no r e s o n a n c e s  (i. e. when  ^  —> oo ) 
fo r  th i s  w ave .  The w ave  sp eed ,  C/ C I ~ a func t ion  of the
m a g n e t i c  f ie ld  s t r e n g t h ,  wh ich  " s l o w s  down" the  wave  as  (Ob i n c r e a s e s .
The z e r o  o r d e r  s o lu t io n  of the  o r d i n a r y  s t r e s s  wave is
(5. 89) a t  =  £( fCObP
7 ^
E v id en t ly  th i s  m o d e  a lw a y s  p r o p a g a t e s  w i th  no c u t - o f f s  o r  r e s o n a n c e s ,  
i. ^
The v e loc i ty ,  ^  -  ? i s  a func t ion  of the  m a g n e t i c  f ie ld
s t r e n g t h ,  which  " s l o w s  down" th i s  w ave  a l so .
The  f o r m a l  a p p l i c a t i o n  of p e r t u r b a t i o n  m e t h o d s  to o b ta in  s u c c e s s ­
iv e ly  the c o e f f i c i en t s  in the  e x p a n s io n  (5. 83) i s  s t r a i g h t f o r w a r d ,  a l though
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the  i n t e r m e d i a t e  r e s u l t s  a r e  s o m e w h a t  leng thy .  Aga in  w i th  the  n e g le c t  
of t e r m s  of o r d e r  ^ 2/cx c o m p a r e d  w i th  uni ty ,  the  f a s t  wave so lu t ion  to 
f i r s t  o r d e r  in  V is
(5. 90) *  =  -  l - i \ -  — -----  h  -
1C (o0 + (.Co1 4 i*>U>b- w p)y
As ^  O , t h i s  r e s u l t  b e c o m e s  id e n t i c a l  w i th  the  n o n - m a g n e t i c
t r a n s v e r s e  f a s t  w ave  so lu t io n  fo r  the  c o r r e s p o n d i n g  c a s e  of c o l l i s i o n s  
" s m a l l " ,  e q u a t io n  (5 .47) .  T h e r e  a r e  no r e s o n a n c e s  in the  p u r e  d a m p in g  
p a r t  of (5. 90), and  in  g e n e r a l ,  d a m p in g  i s  not l a r g e  e x ce p t  n e a r  the  c u t ­
off f r e q u e n c y ,  (5. 86). The fa s t  wave  d a m p in g  len g th  is
(5 .91)  2i — 2  C ( Co +- COb) ( -f cJ CO b — 00 p ) ■*-
— — ———  ■  ........... ..... . .........-     -  -------------- ----------- ")
CO ~i~ CO p \)
and  it i s  a p p a r e n t  th a t  the  m a g n e t i c  f ie ld  t e r m s  r e d u c e  the  c o l l i s io n a l  
da m p in g  a s  c o m p a r e d  w i th  the  c a s e  CO b —> O . When cob i s  l a r g e ,
(5. 92) 21^ 2  C cob /  p
and fo r  CJb s m a l l ,
2  C 00 C Co2- -  <Op ) 1 f  I _j_ lO b ( U0Qx - 1  U f )  \  
CO p V  2  Co ( 60 "^- tOp ) '
(5 .93 )  2 ^  ^
The so lu t ion  (5. 90) i s  an  a d eq u a te  a p p r o x i m a t i o n  fo r  p ro v id e d  tha t
(5. 94) V <  <  2  C U) +• <2>b)( Co1* -f co cob -  COp )
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F o r  the s t re s s  w ave  the  c o m p le te  s o lu tio n  to  f i r s t  o rd e r  in  V  is  
found  to  be
( 5 . 9 5 )  *  = f \ X6 0 + C 0 b  /
I ) 1 ([ £  + /3 -  1  ( e m j )U 7 /  ^  V 7 f 7 '1 14 2 7 14 V
E x p a n s io n  (5. 83) is  v a l id  f o r  th is  s o lu tio n  when 
(5. 96) V < <  CO 4- cob
The p u re  dam p in g  p a r t  o f th is  s o lu tio n  be ing  independen t o f CO  ^ , i t  
w o u ld  be e xpe c ted  th a t th is  te rm  is  the sam e as fo r  the  c o rre s p o n d in g  
n o n -m a g n e tic  case ; in s p e c t io n  o f e qu a tion  ( 5 .49 )  show s th a t th is  is  so.
R e tu rn in g  f o r  a m o m e n t to  the  fa s t wave case, w hen te rm s  o f o rd e r
(5. 83), i t  is  found  th a t
(5. 97) Co '2 (  I _  c ° p ________  \
C a  \  60  (  CO -+ COb) /
Co1- ( 7 CQ(co-htOb) - l o o p  y1 
I 4 0 ( c o  + c0b)^
W r it in g
( 5 .98 )  CL, — C L^0 +  CL,; | ;
w h e re  CLj 0 is  the  d a m p in g  te rm  in v o lv in g  V  in  equ a tion  (5. 90),
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(5. 99) a i)i -  -
L U) k ^
2-C3 (cjM-COb) 5A ■+ - ^ p  )- U S ) ' *  [ ( *
'$u>u?r
~ ( j  +  | G  -(- 1   ^) Cü COp j  U) ( bo ^  -h CüU>b- fc>p)
(GÜ +  COb)a
4- cq2- ( 7 t o Ca >4 - Cc ) b )  — 2 u j p )  (  \ ±  ß )
14-0 (_ <jO +• co b )x
7 0  ( co ^cob)2" ( go-  cob)
l .X
4 9  CO5"4- 4 9  co3 cob -  196 go6i)p
4 .  98 co^cOb 4 .  172 +  18  (OCJb 60p _  2.8 ( O p  1
The i n t e r e s t i n g  point i s  th a t  w i th in  t h e s e  t e r m s  a s s o c i a t e d  w i th  "f / C 
t h e r e  i s  a r e s o n a n c e  at  CO =. cOb , n a m e l y  in the  t e r m s  u n d e r l in e d .  
U n im p o r t a n t  fo r  a l l  o t h e r  f r e q u e n c i e s  b e c a u s e  f  /6. <C <  I , it 
fo l lows  f r o m  the  i n c l u s i o n  of t h e s e  t e r m s  tha t  t h e r e  i s  r e s o n a n t  d a m p in g  
of the  o r d i n a r y  f a s t  w ave  a t  CO b • Of c o u r s e  the  r e s o n a n t  d a m p in g  
t e r m  fo r  th i s  wave  i s  f 2" / of the  r e s o n a n t  d a m p in g  of the
e x t r a o r d i n a r y  f a s t  wave  n e a r  -  (Ob .
(b) C o l l i s i o n s  " d o m in a n t "
The  r e l e v a n t  e x p a n s io n  f o r  X  b e c o m e s
(5.100) X + a ,  / v  + a a / V 5-
a s  in the n o n - m a g n e t i c  c a s e .  T h e r e  i s  only  one h ig h e s t  o r d e r  so lu t ion  
in V (that i s ,  f o r  CL0 ), f r o m  e q u a t io n  (5 .34 )  (with u p p e r  s ign  taken) ,  
and th i s  c o r r e s p o n d s  to a f a s t  wave:
— cO_x 
C*
(5 .101)  a t
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It a p p e a r s ,  a t  l e a s t  to t h i s  o r d e r ,  t h a t  e f fe c t s  of the  m a g n e t i c  f ie ld  and 
the p l a s m a  f r e q u e n c y  a r e  " s w a m p e d  out" by the c o l l i s io n s .  The  o r d e r e d  
k ine t ic  m o t io n  invo lved  in the  p ro p a g a t io n  of s t r e s s  w a v e s  is  d e s t r o y e d  
by the r a n d o m i s i n g  e f fec t  of the  high f r e q u e n c y  of c o l l i s io n s .
The  c o m p le te  so lu t ion  to f i r s t  o r d e r  in ^  is
(5. 102) “X =  t  ( ~  -  1 ^  f \
V c 2VC ( 3  - 9 . 9 6 )  /
10
and th i s  i s  v a l id  fo r
(5. 103) V >  >  00p /  co
V >  >  00 b •
Again,  be ing  ind ep en d en t  of U l b ? (5. 102) i s  i d e n t i c a l  with  the  c o r r e s ­
ponding r e s u l t  fo r  the n o n - m a g n e t i c  t r a n s v e r s e  w av es .  P r o v id e d  
CS >  1  9 6  (which,  p h y s ica l ly  m u s t  be t r u e  when th is
10 , - ia p p r o x im a t io n  app l ie s ) ,  the s e c o n d  t e r m  in (5. 102), invo lv ing  V , 
r e p r e s e n t s  p u re  dam ping .  The  s eco n d  of the c ond i t ions  (5. 103) fo r  
v a l id i ty  of the  so lu t ion  (5. 102) is  not a deduc t ion  f r o m  th i s  equa t ion  o r  
s i m i l a r  so lu t ions ;  h o w e v e r  it i s  ev iden t  on g ro u p in g  the  t e r m s  with  
r e s p e c t  to p o w e r s  of V th a t  su ch  a cond i t ion  m u s t  apply.
(c) M agne t ic  f ie ld  " d o m in a n t"
In c o n s id e r in g  the  c a s e  of a ätrong a p p l ie d  m a g n e t i c  f ie ld ,  the 
a p p r o p r i a t e  ex p an s io n  fo r  :K ana lo g o u s  to (5. 100) is
(5. 104) X  ^ a 0 t a, /alb T Ct2 /  OOb +* * ‘ •
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S u c c e s s i v e  a p p r o x i m a t i o n s  a r e  o b ta in e d  by g ro u p in g  t e r m s  of the  s a m e  
o r d e r  in the  d i s p e r s i o n  e q u a t io n  (5. 34) a f t e r  u s in g  (5. 104) fo r  d<v
F o r  t h i s  s i t u a t io n  a l so ,  t h e r e  i s  only  a f a s t  wave so lu t ion ,  n a m e l y
(5. 105) X _____\ •
2 C  U)b /
T h i s  wave  h a s  v e l o c i t y  C to l o w e s t  o r d e r  in cOb* ; the f i r s t  o r d e r  
t e r m  a f f e c t s  on ly  the  wave  s p e e d  ( i n c r e a s i n g  it) and  the w av e len g th  
( i n c r e a s i n g  i t) , c o l l i s i o n s  be in g  " s w a m p e d  out"  by the field.  The d i s ­
a p p e a r a n c e  of the s t r e s s  w a v e s  i s  p r e s u m a b l y  b e c a u s e  the  p a r t i c l e  
m o t io n  i s  d o m in a t e d  by  the  m a g n e t i c  f ie ld ,  which  l a r g e l y  " b lo c k s"  
t h e r m a l  m o t io n .  The  s o lu t io n  (5. 105) i s  a p p l i c a b le  f o r
(5 .106)  c o b  > >  U ) p / 2 U > ,
>  >  V
(as in (b) above ,  the  l a s t  c o n d i t io n s  of (5. 106) i s  n e c e s s a r y  fo r  the 
a p p r o p r i a t e  o r d e r i n g  of the  t e r m s  in u s in g  (5. 104) to ob ta in  a so lu t ion  
of (5. 34)).
(d) M ag n e t i c  f i e ld  "w eak "
U sing  the  e x p a n s io n
(5 .107 )  - X  =. a 0 ■+ a, tob + a x cob + . . . ;
it  fo llows th a t  the  s o lu t io n s  fo r  <To a r e  the  c o m p le t e  s o lu t io n s  of the  
n o n - m a g n e t i c  t r a n s v e r s e  wave  d i s p e r s i o n  equa t ion ,  (5 .2  9). In
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c o n s id e r in g  the  s o lu tio n s  fo r  the  n o n -m a g n e tic  case, i t  is  n e c e s s a ry  to  
c o n s id e r  s e p a ra te ly  the tw o  a p p ro x im a tio n s , V  " la r g e " ,  and V 
" s m a l l " ,  and th is  a p p lie s  to  the  p re s e n t case a lso .
( i)  C o ll is io n s  " s m a l l "
T h e re  is  a fa s t w ave  and  a ls o  a s tre s s  w ave s o lu tio n  fo r  CL0 in  
th is  case . B e g in n in g  w ith  the fa s t w ave f o r  w h ic h
(5. 108) a 0 -  + x  i  v  p_ _ _ _ _ _ _  \
'  2 c o c ( c j a - < O p )  * /  >
on n e g le c tin g  te rm s  o f o r d e r  V*- ? 6 0 ^  y  cob and a ls o  f V c X 
the c o m p le te  fa s t w ave  s o lu t io n  o f the  d is p e rs io n  e q u a tio n  to  f i r s t  o rd e r  
in  V and 60b is
( 5 . 109) *  -  t  ( ( - - X ~  6 0 P Y __ i V  tip_ _ _ _ _ _ _ _ _ _
'  c X  2COC ( tO x - (O p )Vx
60 b 00 p_________ \
2  CoC Gox -  Cu p )  /:L /
T h is  is  a v a l id  s o lu t io n  p ro v id e d  th a t
(5 .1 1 0 ) V <  <  q c o  c ^ - c o p )
COb <  <  2. co c I )
60'p "
The e ffe c t o f c o l l is io n s  is  the sam e as in  the n o n -m a g n e tic  t ra n s v e rs e  
fa s t wave s o lu tio n  (5 .47 ) .  T h e re  a re  no re s o n a n c e s , w h ile  the c u t -o f f  
is  d e p re sse d  by the  m a g n e tic  f ie ld  to
— CO ß __ LO  b
4 -
(5. I l l )  CO
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The  so lu t ion  c o r r e s p o n d i n g  to (5 .49 )  is:
(5 .112)  a 0 ± - 1  (© •+ 0  
14-
With the  s a m e  a p p r o x i m a t i o n s  a s  fo r  (5. 10 9), to f i r s t  o r d e r  in 
and  V the s t r e s s  w ave  so lu t io n  is
T h i s  so lu t ion  i s  id e n t i c a l  to (5. 95), showing  th a t  the  r e s t r i c t i o n  to 
" s m a l l "  m a g n e t i c  f i e ld  i s  u n n e c e s s a r y ,  and  t h e r e f o r e  th i s  i s  a va l id  
so lu t ion  p ro v id e d  tha t
(5. 114) V <  <  U>
(T h is  i s  not the  c a s e ,  h o w e v e r ,  wi th  the  f a s t  wave so lu t ion ,  (5. 109)). 
(ii) C o l l i s i o n s  " l a r g e "
When V  is  " l a r g e "  t h e r e  is  no s t r e s s  wave,  while  the  f a s t  wave 
so lu t ion  fo llows f r o m  (5. 107), (5. 58), and  (5. 34), with
(5. 115) a 0 —  +  I __ j  CQp $ _____________  \
£  o  \ ) r  /  _  Q £5 i  \  /2 V c(3 - l e t )
10
- 1
The so lu t ion  to f i r s t  o r d e r  in \> and C0b i s
( 5 . 1 1 6 ) :x + ( co __ t  S_________________  U) b
i - v c C ' S - i e t )  a ^ c v
n _______\
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C o l l i s i o n a l  d a m p in g  in th i s  so lu t ion  c o r r e s p o n d s  to th a t  fo r  (5. 58), 
hav ing  a l r e a d y  b een  d i s c u s s e d .  The e f fec t  of the  m a g n e t i c  f ie ld  i s  to 
r e d u c e  the  wave  v e lo c i ty ,  but t h e r e  i s  no cu t -o f f ,  and the  p r e s e n c e  of 
a f a c t o r  V in the  m a g n e t i c  f ie ld  t e r m  in d ic a t e s  tha t  th i s  t e r m  wil l  
be s m a l l .  (5. 115) is  a v a l id  so lu t io n  when
Z  y
(5 .117)  V >  >  / C O
U b  <. <  W v V  Wp .
5. 3. 3 (B) The E x t r a o r d i n a r y  Wave M odes
The  d i s p e r s i o n  eq u a t io n  f o r  the e x t r a o r d i n a r y  m o d e s  i s  equa t ion  
(5. 34) w i th  the  l o w e r  (nega t ive)  s ign  be ing  taken .  S im i l a r ly  to the 
o r d i n a r y  wave  d i s p e r s i o n  equa t ion ,  th i s  c a n  be w r i t t e n  in the  fo r m  
(5 .40 )  and t h e r e f o r e  h a s  so lu t io n s  (5 .4 2 )  and (5 .43) ,  fo r  . The
cK j ß  and  S a r e  of c o u r s e  d i f f e r en t  f r o m  th o se  fo r  the
o r d i n a r y  w ave  equa t ions .  In g e n e r a l  the  m e t h o d s  of o b ta in ing  a p p r o x i ­
m a t e  so lu t io n s  fo r  th i s  c a s e  p a r a l l e l  t h o s e  u s e d  fo r  the  o r d i n a r y  w a v es .
(a) C o l l i s i o n s  " s m a l l "
U s ing
(5. 118)  X  -  c t o  a,v + + ... 5
the z e r o  o r d e r  so lu t ion  of the  e x t r a o r d i n a r y  wave  e q u a t io n  (5.34), fo r  
the f a s t  w ave ,  i s
*£ ( I _
£ 2 . \  CO C U>
2.
(5 .119 )  Cl0
191
w h e re  te rm s  o f o rd e r  "f1 / &  have been n e g le c te d . T h is  s o lu t io n  (5. 118) 
is  the w e l l  know n  e x t ra o rd in a ry  fa s t wave fo r  the  h ig h  fre q u e n c yg
c o l l is io n le s s  case ( fo r  e x a m p le , S p itz e r  ). A  fu n d a m e n ta l d if fe re n c e  
be tw een th is  s o lu tio n  and the  c o r re s p o n d in g  o r d in a ry  s o lu tio n  (5. 84) is  
a p p a re n t, n a m e ly  the re so n a n ce  a t oo = C0fc> . T h is  is  the  fre q u e n c y  at 
w h ic h  the e le c tro n  g y ro m a g n e tic  m o tio n  is  r o ta t io n  in  phase w ith  the 
ro ta t in g  e le c t r ic  v e c to r .  F u r th e rm o re ,  th e re  is  a c u t - o f f  o f the w ave at
(5. 120) CO —  ^  b +  ( ^ b  t 4 ^ p )  ?
0.
be low  w h ic h  the  w ave can a g a in  p ro p a g a te . F o r  60b la rg e ,  th is  c u t ­
o f f  is  at
(5 .1 2 1 ) CO COb -h 2- ,
COb
w h ile  fo r  COb s m a ll,  the  c u t -o f f  is  e le v a te d  above the p la s m a  f r e ­
que ncy  to
(5. 122) CO ~  <0? +  Cob
W hene ve r
(5. 123) I — ---------------- >  O
60 LO -  60 b)
the  wave can p ro p a g a te , and th e re fo re  fo r  ^->/>>cO^this p ro p a g a tio n  
c o n d it io n  beco m e s
60 p
I oJ -  CO b I
(5, 124) CO >
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w hile  fo r  co cO b th e  p ro p a g a t io n  cond i t ion  is
(5. 125) co <  00 P ^
I <^ >b- 001
sh o w in g  th a t  the  w ave  p r o p a g a t e s  at  f r e q u e n c i e s  down to z e r o .  At any  
g iven  f r e q u e n c y  above  the  e x t r a o r d i n a r y  wave  cu t -o f f ,  the  e x t r a o r d i n a r y  
f a s t  wave  p h a s e  v e l o c i t y  i s  g r e a t e r  than  tha t  of the o r d i n a r y  wave.
On r e a c h i n g  a c u t - o f f  (the p h a se  v e lo c i ty  i s  " in f in i t e " )  the  wave  is
n o r m a l l y  r e f l e c t e d ,  a l th o u g h  s t r o n g  c o l l i s io n a l  d a m p in g  a l so  o c c u r s
(equa t ion  (5 .4 7 )  f o r  e x a m p le ) .  At a r e s o n a n c e  (w here  the  wave s p e e d
i s  " z e r o " ) ,  e i t h e r  r e f l e c t i o n  o r  a b s o r p t i o n  m a y  o c c u r .  F o r  w a v e s  in a
r e g i o n  of in h o m o g e n e o u s  m a g n e t i c  f ie ld  t end ing  to the r e s o n a n c e  c o n -  
7
di t ion ,  Stix h a s  b r i e f l y  d i s c u s s e d  c e r t a i n  p a r t i c u l a r  c a s e s .
C o m p le t in g  the  s o lu t io n  fo r  3c to f i r s t  o r d e r  in V g ives:
(5. 126) IK -  +  / -  ( |  -
C CO (  UJ -  b) '
_ l  V  O  CO P
1 C ( C U  -  C O b ) 3 / x  ( COX-  GO U> b -  CO p )'/x
E v id e n t ly  the  c o l l i s i o n  t e r m  a l s o  r e s o n a t e s  at  co =  cJfc, . As a l r e a d y  
m e n t io n e d ,  t h i s  r e s o n a n c e  i s  w hen  the e l e c t r o n s  r o t a t e  a t  the  s a m e  
a n g u l a r  s p e e d  a s  the e l e c t r i c  v e c t o r ,  and  t h e r e f o r e  th ey  e x p e r i e n c e  a 
" c o n s t a n t "  e l e c t r i c  f i e ld  f r o m  which  th e y  a b s o r b  c o n s i d e r a b l e  e n e r g y ,  
s u b s e q u e n t l y  l o s i n g  it in c o l l i s i o n s .  (It m a y  be m e n t io n e d  tha t  a s i m i l a r  
type  of m e c h a n i s m  i s  thought to p ro d u c e  Landau  damping) .
A c o l l i s i o n a l  r e s o n a n c e  e f fec t  w a s  a l s o  found fo r  the  o r d i n a r y  wave 
m o d e  by r e t a i n i n g  t e r m s  of o r d e r  f  / 1 ~ ; t h i s  gave a r e s o n a n c e
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d a m p in g  t e r m  ^  f  / c x th a t  of the c o l l i s i o n  t e r m  in (5. 126). F o r  
t h i s  c a s e ,  th e  d a m p in g  len g th  i s
(5 .127 )  21 a =  2. C ( -  CO b)^/2~ (  -  co QJb -  6Pp) /2~
V COp co'/x
Away f r o m  the r e s o n a n c e ,  and  aw ay  f r o m  the c u t -o f f  (which a l s o  p r o ­
d u c es  s t r o n g  dam ping ) ,  the  c o l l i s i o n  d a m p in g  of the  e x t r a o r d i n a r y  f a s t  
w a v e s  i s  s l igh t .
The  z e r o  o r d e r  t e r m  in (5. 118) fo r  the  e x t r a o r d i n a r y  s t r e s s  wave 
i s  g iven  by
(5. 12 8) Cil = L (<«■> -  t O b ) L
7 F
In c o n t r a s t  to the  o r d i n a r y  s t r e s s  wave fo r  the  c o r r e s p o n d i n g  c a s e ,  th i s  
m o d e  h a s  a c u t - o f f  a t  U) =■ cob * co inc id ing  wi th  the r e s o n a n c e  f r e ­
q u e n cy  of the  f a s t  w ave .  The  s t r e s s  m o d e ,  h o w e v e r ,  h a s  no r e s o n a n c e s  
and p r o p a g a t e s  on both  s i d e s  of the  cu t-o f f .
With the  f i r s t  o r d e r  t e r m s  in  V  inc luded ,  the  s t r e s s  wave  so lu t ion  
for X  is
mi - (£)* — (4
The  p u r e  d a m p in g  p a r t  of t h i s  so lu t ion ,  be in g  in d e p en d e n t  of COb i s  
the s a m e  a s  tha t  f o r  the  o r d i n a r y  s t r e s s  wave.  Also,  a s  with  the  f a s t  
w a v e s ,  the  e x t r a o r d i n a r y  s t r e s s  w a v e s  have a p h a se  v e lo c i ty  g r e a t e r  
than  the  c o r r e s p o n d i n g  o r d i n a r y  m o d e s ,  in th i s  c a s e  by a f a c to r  
( co -4- o)b) /  ( u> -  c*J>b) . The so lu t ion  (5. 12 9) i s  v a l id  when
(5. 129) *  *  t
7 '
| c o - + 3. + £  _ L (e+f)))
7 Ujf- 14- / *
(5. 130) V <  <  I CO -  CObl •
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(b) C o l l i s i o n s  " l a r g e "
The  e x p a n s io n  f o r  % and  the r e s u l t s  fo r  t h i s  c a s e  a r e  id e n t i c a l
w i th  t h o s e  f o r  the  s a m e  a s s u m p t i o n  w i th  the  o r d i n a r y  wave  m o d e s ,  
e q u a t i o n s  (5. 100) to  (5. 103). Only the  f a s t  w a v e s  ex i s t ,  f o r  which  the 
so lu t io n  i s
(5. 131) tK =  ±  ( _  L 3  tOP \
\  c a v c  ^  _ i ^0^)  ]
(c) M a g n e t i c  f i e ld  " l a r g e "
U s in g  the  e x p a n s io n
(5 .132 )  I K  =  CL0 4 / c J b  -t CLi/cOb + . . .  
in e q u a t io n  (5. 34)(with l o w e r  sign)^ CL0 i s  g iv en  by 
(5. 133) O il -  ^
T h i s  z e r o  o r d e r  s o lu t io n  i s  i d e n t i c a l  to  the  c o r r e s p o n d i n g  o r d i n a r y  
wave  so lu t io n  in  (5. 105), w h i le  a g a in  t h e r e  i s  no s t r e s s  wave.  On the  
o t h e r  hand,  the  f i r s t  o r d e r  t e r m  d i f f e r s  in  s ign  f r o m  th a t  in (5. 105); 
to th i s  o r d e r ,  the  e x t r a o r d i n a r y  so lu t io n  is
By de f in i t io n  of th i s  c a s e  (c), (5. 134) is  a wave p r o p a g a t io n  below 
(the e x t r a o r d i n a r y )  cu t -o f f ,  whi le  s o lu t io n  (5. 105) of c o u r s e  r e p r e s e n t s  
an  o r d i n a r y  w ave  above i t s  cu t -o f f .  T h e r e f o r e ,  un like  the  s i tu a t io n
(5 .134 )  X
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w h e re  bo th  w aves a re  above re s p e c t iv e  c u t -o f fs ,  the o r d in a r y  w ave is  
fa s te r  than  the e x t r a o r d in a r y  w ave , by  a fa c to r  (°^p +2<OU)b)/( 2 COCOb"60p).
(d) M a g n e tic  f ie ld  " s m a l l "
T h is  is  the f in a l case to  be c o n s id e re d  in  th is  su b se c tio n . The 
a p p ro p r ia te  e xp a n s io n  f o r  *K is
(5 .1 3 5 ) X  =  Gl 0 +  CL.GOb +  a 2 COb 4 . . • -
As w ith  the  o r d in a r y  w ave , the z e ro  o rd e r  s o lu tio n  is  the c o m p le te  
n o n -m a g n e tic  t ra n s v e rs e  w ave s o lu tio n . T h is  ta ke s  in to  accoun t 
c o l l is io n s .
( i)  C o ll is io n s  " s m a l l "
The z e ro  o r d e r  fa s t  w ave s o lu tio n  is  c le a r ly  e q u a tio n  (5 .4 7 ), w h ic h  
m a y  be r e w r it te n  as
(5. 136) 0Lo + l CO2- — cop \ 2- 
'  CT '
L V 00 p
2  coc
U s in g  the e xp a n s io n  (5. 135) in  e q u a tio n  (5. 34) (w ith  the  lo w e r  s ig n ) and
x 1_ r X  I  x
n e g le c t in g  te rm s  in v o lv in g  60b 0 £Ob V and \  /  C g iv e s  the
fa s t wave s o lu tio n :
(5. 137) K - f  f  / C 0 2m— 60 PÜ  bV 60 p
V ' 2 COC V*
(O f (Ob
ojp)‘A
T h is  e x p re s s io n  d i f fe r s  f r o m  the o rd in a ry  wave s o lu tio n  fo r  the 
c o rre s p o n d in g  s itu a t io n  o n ly  in  the s ig n  o f the te r m  in v o lv in g  co b 
I t  is  v a l id  p ro v id e d
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(5. 138) V  <  <  2  60 ( CO1 ~ C£e )
cob < <  a 6 0  ( w 1 -  ^p )
-----------Z3$ -----------  '
the sam e c o n d it io n  as fo r  the  v a l id i t y  o f the o r d in a ry  w ave s o lu t io n  
(5. 109). A p a r t  f r o m  m e n tio n in g  th a t th is  m ode p ro p a g a te s  w ith  a h ig h e r  
speed th a n  the  c o r re s p o n d in g  o r d in a ry  w ave , the  d is c u s s io n  fo r  (5. 109) 
a p p lie s .
S im i la r ly ,  the s t re s s  w ave s o lu tio n  to  the sam e o rd e r  is
(5. 139) -y, -  ± ( f r  w  _  (5\1 lv ( 3  $  +  £  _ 3 ( e  + fc))
v a l id  fo r
(5. 140) V <  <  60
60b < <  60 .
A g a in , th is  e x p re s s io n  d i f fe r s  f ro m  the o r d in a r y  s o lu tio n  (5. 113) o n ly  
in  the s ig n  o f the  te rm  c o n ta in in g  60 b . The d is c u s s io n  fo llo w in g  
e q u a tio n  (5. 113) a p p lie s  a ls o  to  (5. 139) ( in c lu d in g  the fa c t th a t th is  
s o lu t io n  is  v a l id  f o r  the re la x e d  r e s t r ic t io n ,  as c o m p a re d  w ith  (5. 140),
V < < CO ).
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(ii) C o l l i s i o n s  " l a r g e "
T h e r e  i s  no s t r e s s  w ave  fo r  t h i s  c a s e ,  and  in fac t  the  s o lu t io n  f o r  
the  f a s t  w ave  i s  the  s a m e  as the  c o r r e s p o n d i n g  o r d i n a r y  f a s t  m o d e ,
(5. 116), e x c e p t  in the  s ign  of the  t e r m  invo lv ing  COb • T h i s  s o l u t i o n i s
(5. 141) tK ■=. j:  ( dJ _  j^>P 3 ________  _  60p <k)b 'S________\
2.v CCS - 1 © 0  1  e t )  / ’
r e p r e s e n t i n g  a f a s t e r  wave  than  the  so lu t ion  (5. 116). The  c r i t e r i o n  fo r  
the  v a l id i t y  of (5. 141) a r e  id e n t i c a l  to  (5. 117):
(5. 142) V >  >  60p /  60
COb  ^ ^  CO V 1 j  COp •
5. 3 .4  L o n g i t u d i n a l - T r a n s v e r s e  W aves  wi th  Appl ied  M agne t ic  F i e l d  
P e r p e n d i c u l a r  to the  D i r e c t i o n  of P r o p a g a t i o n
The  n a t u r e  of the  d i s p e r s i o n  equa t ion  fo r  t h e s e  w a v e s  h a s  b e en
d i s c u s s e d  in  s u b s e c t i o n  5. 2. 3, and  the equa t ion ,  of fo u r th  o r d e r  in
, d e r i v e d  fo r  the  p a r t i c u l a r  c a s e  of c o l l i s i o n s  neg l ig ib le ,  i s
(5. 36). T h i s  e q u a t io n  i s  e s s e n t i a l l y  a coup l ing  be tw een  m o d e s  of
d i f f e r en t  ty p e s ,  an d  i t  d o e s  not r e p r e s e n t  p h e n o m e n a  s i m i l a r  to t h o s e
a s s o c i a t e d  w i th  a p a r a l l e l  m a g n e t i c  f ield.  In g e n e r a l ,  s o lu t io n s  f o r
e x t r e m e  c a s e s  of w e ak  o r  s t r o n g  m a g n e t i c  f i e ld s  c a n  be o b ta in ed  by
s u c c e s s i v e  a p p r o x i m a t i o n s ,  d e sp i t e  the  n o n - q u a d r a t i c  n a tu r e  of the
equat ion ,  by m a k i n g  u se  of the  c o r r e s p o n d i n g  so lu t io n s  o b ta in ed  f o r
the  u n co u p led  (n o n - m a g n e t i c )  m o d e s .
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(a) M a g n e t i c  f i e ld  "w eak "
The  r e l e v a n t  e x p a n s io n  fo r  % in th i s  c a s e  is  
(5 .143 )  x  = a G -+ a, c o f  ^ . . .
On s u b s t i t u t i n g  th i s  in to  the  d i s p e r s i o n  equa t ion  (5. 36) and  g ro u p in g  
t e r m s  of the  s a m e  o r d e r  in  u)b  * s u c c e s s i v e  a p p r o x i m a t i o n s  fo r  
GL o , CL, . . .  a r e  ob ta ined .  P h y s i c a l l y  i t  i s  ev iden t  th a t  fo r  the 
z e r o  o r d e r  t e r m ,  CL0 , the  d i s p e r s i o n  eq ua t ion  is  e f f e c t iv e ly  the 
p ro d u c t  of the  n o n - m a g n e t i c  t r a n s v e r s e  and  long i tud ina l  d i s p e r s i o n  
e q u a t io n s .  The  fo u r  so lu t io n s  fo r  <X0 a r e  t h e r e f o r e  those  of e q u a t io n s  
(5. 45), (5. 46), (5. 63), and (5. 64), and  m a y  be r e w r i t t e n  a s  '
(5. 144) 2.O i o  — 6 0  x  —  CO p
(5. 145) 2 -d  q  ~
c *
sr co2-
7
(5. 146)
2.
O i o  = [2.6 - ( 3 7 6  + - ••J-I w p  - V U W f Y 3- ]
3 0 - f  L to"1 C O * c o * - -•
(5 .147 ) G l 0  - ^ . 1 -  j~2 6  -  H  - ( 3 7 4  + d l  C O p  _  2  72 COp
B o f ^ L  cox co* co2- J J
T h e s e  e q u a t i o n s  give the b a s i c  p r o p a g a t io n  p r o p e r t i e s  fo r  the  m o d e s ;  
o b v io u s ly  in the  p r e s e n t  c a s e  the  p r o p e r t i e s  a r e  m u c h  the s a m e  a s  fo r  
the  r e s p e c t i v e  n o n - m a g n e t i c  c o l l i s i o n l e s s  m o d e s  d i s c u s s e d  p re v io u s ly .  
(5. 144) i s  a f a s t  w ave ,  whi le  (5. 145) to  (5. 147) a r e  s t r e s s  m o d e s .
(i) The  f a s t  m o d e
A f te r  a l e n g th y  c a l c u l a t i o n  u s in g  (5. 143) in (5. 36), w i th  the  n e g le c t  
of t e r m s  in  f X /  C* , the  f a s t  wave so lu t ion  c o r r e s p o n d i n g  to (5. 144)
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a s  z e r o  o r d e r  so lu t io n  i s  found to be
(5 .1 4 8 )  y  — t f (u)x- u*p)* _ tot cob____
\  c v a c  ( .c o ^ - to ^ V i
It fo l lows  f r o m  th i s  r e s u l t  t h a t  the  e f fec t  of the  m a g n e t i c  f ie ld  i s  to 
" s p e e d  up"  the  wave .  The  so lu t io n  (5. 148) i s  v a l id  when
(5. 149) 60b 4  <  Q . ( u ) x - a ) p f  .
60 p
In v iew of t h i s  r e s t r i c t i o n ,  the r e s o n a n c e  which  o c c u r s  in the  l a s t  
t e r m  of (5. 148), a t  the  s a m e  f r e q u e n c y  a s  the  c u t - o f f  in the f i r s t  t e r m ,  
i s  p ro b a b ly  of no s ig n i f i c a n c e .  H o w ev e r ,  the  e f fec t  of the  m a g n e t i c  
f ie ld ,  th ro u g h  the l a s t  t e r m  in (5. 148), i s  to sh i f t  the  c u t -o f f  of the  
w ave  f r o m  co •=. cop to
(5. 150) COx -  60 p +  cOpOOb
T h i s  c u t -o f f  o c c u r s  f o r  e a c h  of the  s ig n s  in (5. 150), and  while  the  wave 
obv io u s ly  c anno t  p r o p a g a te  below oo x — oOp — 6jptob / l A  
the b e h a v io u r  of the  wave  in the  r e g io n  b e tw ee n  the  c u t -o f f s  i s  not 
e n t i r e l y  c l e a r .
(ii) The t r a n s v e r s e  s t r e s s  m o d e
With CL0 g iven  by (5. 145), the  so lu t io n  fo r  t h i s  s t r e s s  m o d e  i s  
( 5 . 1 5 1 ) 1 4  =  t  (£)* i£  a. t£ \*  <0b (8 « S  1 Wf h
T h i s  so lu t ion  i s  v a l id  when
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(5 .152)  Cüb co ( co~ f  I 3 ^ p )
% to^  -t- 7 ojp
T h e r e  a r e  no r e s o n a n c e s  o r  c u t - o f f s  of th i s  wave.  It i s  e a s i l y  s e e n  th a t  
the  e f fec t  of the  m a g n e t i c  f i e ld  i s  s p ee d  up t h i s  wave.  Also,  un l ike  the  
n o n - m a g n e t i c  t r a n s v e r s e  s t r e s s  w av es ,  t h i s  so lu t ion  i s  d i s p e r s i v e ,  wi1h 
the  g roup  v e lo c i ty  no lo n g e r  e q u a l  to the  p h a se  ve loc i ty .
(iii) The  lo n g i tu d in a l  s t r e s s  m o d e s
The  r e m a i n i n g  c a s e s ,  w i th  Ct0 given by (5. 146) and (5. 147) a r e  
g ro u p e d  to g e t h e r ,  s in ce  th ey  have  d i r e c t  z e r o  o r d e r  so lu t io n s  only  
w hen  co > >  (Op o r  co 4  <  cOp . T ak in g  the  f o r m e r  co n d i t io n s  f i r s t ,  
the  so lu t io n s  a r e  o b ta in e d  a f t e r  c o n s i d e r a b l e  a l g e b r a .  In p a r t i c u l a r ,  
w i th  Co >  y  CO p , to  f i r s t  o r d e r  in cob , the  two s o lu t io n s  a r e
(5. 153) :K =  + / 1-13 CO ' 1 ^  (Op  ^ cOb 2 2  77  cox -  6-13 dOp
\ + UJ -j- Co -f _ \ l dl Co1" T H ' S  1 cOp
f 1*13 cO _
f
•2.4* .  «Of1 I-
60 i
7 36 Wbl  \
)
and
(5. 154) K  ^  ± (  - 4 6 ?  co \I+2 CO 1-11+7 CObZ V
v -f UJ + CO f  1
T h e s e  so lu t io n s  a r e v a l id  f o r
(5 .155 )  CO b <  < CO
Co p <  <  CO .
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While l i t t l e  m o r e  can  be s a id  about t h e s e  so lu t io n s ,  it  m a y  be no ted  
tha t  (5. 153), the  s l o w e r  of the two w a v e s ,  h a s  i t s  s p e e d  f u r t h e r  d e ­
c r e a s e d  by the m a g n e t i c  f ie ld ,  whi le  the  f a s t e r  wave,  (5. 154) i s  
" sp e e d e d  up" by the  fie ld .
The  s ec o n d  a p p r o x i m a t i o n ,  to <  <  U)p } g ives  only  one p r o p a ­
ga t ing  so lu tion ,  and  a g a in  to f i r s t  o r d e r  in u)b , t h i s  is  found to be
(5. 156) "X =  1  ( • £ 7 4  60
4
T h i s  so lu t ion  i s  v a l id  fo r  
(5. 157) 0 ) b  <  4  to
Cu 4. 60p .
It h a s  a l r e a d y  b e en  m e n t i o n e d  th a t  th i s  so lu t ion  i s  e s s e n t i a l l y  the 
c o u n t e r p a r t  of (5. 154), and  l ike  the  l a t t e r  wave,  i s  " sp e e d e d  up"  by 
the m a g n e t i c  f ie ld .
To a c e r t a i n  e x ten t ,  it  is  p o s s ib le  to  take  a cc o u n t  of c o l l i s i o n s  
i n d i r e c t l y  fo r  t h e s e  c a s e s ,  p ro v id e d  the  a s s u m p t i o n  ' c o l l i s i o n s  " s m a l l " '  
a p p l i e s .  T h i s  i s  by  u s in g  the  f i r s t  o r d e r  ' c o l l i s i o n s  " s m a l l " '  so lu t io n s  
fo r  the  r e s p e c t i v e  n o n - m a g n e t i c  wave  s o lu t io n s  fo r  the CL0 i n s t e a d  of 
the  z e r o  o r d e r  (in V ) so lu t io n s  u sed .  Tha t  i s ,  i n s t e a d  of u s in g  
(5. 45),  (5. 46), (5. 63) an d  (5. 64) in  e q u a t io n s  (5. 144) to (5. 147), use  
(5 .47 ) ,  (5 .49) ,  and  (5. 6 7 ) ; (5. 68), o r  (5. 72). The c o l l i s io n  e f fe c t s  in 
th i s  c a s e  a r e  of c o u r s e  i d e n t i c a l  with  the  c o r r e s p o n d i n g  n o n - m a g n e t i c  
so lu t io n s .
848 >b Ar > •
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(b) M agne t ic  f ie ld  " l a r g e "
T h i s  i s  the  f ina l  c a s e  to be c o n s i d e r e d  in t h i s  C h a p te r .  The
r e l e v a n t  ex p an s io n  f o r  d< i s
(5 .158)  3< =  a ö -t a ,  / c o f  -I- +• . . .
U s ing  th i s  ex p an s io n  w i th  (5. 36), the h ig h e s t  o r d e r  t e r m s  give only  
one so lu tion ,
(5. 159) do -  ^
c x
Since th i s  f a s t  w ave  so lu t io n  i s  the  only  z e r o  o r d e r  so lu t ion  of (5. 36) 
c o n s i s t e n t  with  (5. 158), it i s  a p p a r e n t  tha t  a s t r o n g  m a g n e t i c  f ie ld  
" s w a m p s  out" lo n g i tu d in a l  a s  w e l l  a s  t r a n s v e r s e  s t r e s s  w a v e s  in c o n ­
fin ing the m o t io n  of the  p a r t i c l e s .  N e g lec t in g  t e r m s  in f  / ,  to
-2
f i r s t  o r d e r  in cOb the  so lu t io n  i s
(5. 160) TK =  1  (  +  COp ( 6Q2- -  dJp) \  .
C 2  U )  CObX C '
T h i s  so lu t ion  i s  v a l id  u n d e r  the  cond i t ion
(5. 161) COb > >  COn ( I -  )  .
V CO1 '
T h e r e  a r e  of c o u r s e  no r e s o n a n c e s ,  and the  c u t - o f f  a t  u) = cOp h a s  
a l s o  b een  los t .  The  s p ee d  of t h i s  wave  a l s o  i s  d e c r e a s e d  by the  
m a g n e t i c  f ie lds ,  p r o v i d e d  tha t  CO >  cOp
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5 .4  D i s c u s s i o n
In conc lud ing  th i s  C h a p t e r ,  s e v e r a l  p o in t s  m a y  be noted .  The 
r e s u l t s  f o r  the u s u a l  e l e c t r o m a g n e t i c  w a v e s  a r e  s i m i l a r  to  th o s e  
ob ta in ed  in o t h e r  t r e a t m e n t s  (a l though  few a u t h o r s  give the  c o l l i s io n  
t e r m s  in the d i r e c t  f o r m  u s e d  in t h i s  C h a p t e r  fo r  the  p a r t i c u l a r  c a s e s ) .  
Of o t h e r  m e th o d s ,  the  m o s t  e x a c t  i s  to ob ta in  so lu t io n s  of the  l i n e a r i s e d  
B o l t z m an n  equa t ion ,  u s in g  t h e s e  to d e t e r m i n e  the  e q u iv a len t  d ie l e c t i c  
t e n s o r  in M a x w e l l ' s  e q u a t io n s .  H ow ever ,  a l though  such  an a p p r o a c h  is  
m a t h e m a t i c a l l y  c o r r e c t ,  it  i s  e x t r e m e l y  di f f icu l t  to accoun t  fo r  m o s t  
ty p e s  of c o l l i s i o n s .  Of a l l  p o s s ib le  types  of e l a s t i c  and i n e l a s t i c  
c o l l i s i o n s ,  only  i n v e r s e  fi f th  p o w e r  law i n t e r a c t i o n s  a r e  e a s i l y  inc luded. 
On the  o th e r  hand,  the  p r e s e n t  a p p r o a c h  i s  su ch  tha t  the c o l l i s i o n  e f f e c t s  
fo r  a l l  p o s s ib le  b i n a r y  e n c o u n t e r s  a r e  a u t o m a t i c a l l y  inc luded .  F u r t h e r ­
m o r e ,  the v a r i o u s  p h e n o m e n a  a s s o c i a t e d  w i th  t h e r m o - e l e c t r i c  e f fec t s ,  
v i s c o s i ty ,  t h e r m a l  c o nduc t ion ,  e tc .  a r e  e a s i l y  iden t i f ied .
Again,  a l though  a l l  s t r e s s - t y p e  w a v e s  a r e  p r o b a b ly  in c lu d e d  in a 
d i r e c t  B o l t z m an n  a p p r o a c h ,  th e y  a r e  not r e a d i l y  r e c o g n i s e d .  In p a r t i ­
c u l a r ,  the  t r a n s v e r s e  s t r e s s  w a v e s  which  a r e  a s s o c i a t e d  w i th  the 13- 
m o m e n t  e q u a t io n s  a r e  e s s e n t i a l l y  unique  to th i s  f o r m  of t r e a t m e n t  (the
3
c a s e  of low f r e q u e n c y  s t r e s s  w a v e s  h a s  b een  d i s c u s s e d  by L i l e y  ).
One of the m o s t  i m p o r t a n t  a s p e c t s  of the  a p p r o a c h  ad op ted  in th i s  
C h a p t e r ,  h o w e v e r ,  i s  the  coup l ing  b e tw ee n  the  e l e c t r o m a g n e t i c  and  
k in e t ic  p r o p e r t i e s  of a p l a s m a .  T h i s  i s  e a s i l y  a p p re h e n d e d ,  an d  the 
s t r e n g t h  of the  co u p l in g  i s  of o r d e r  \  /  C . I n  m o s t  p r a c t i c a l
c a s e s ,  such  coup l ing  i s  u n i m p o r t a n t ,  and  fo r  th i s  r e a s o n  it h a s  only
b een  c o n s i d e r e d  in  d e t a i l  f o r  one o r  two s p e c i a l  c a s e s  (e. g. r e s o n a n c e
9
damping) .  N e v e r t h e l e s s ,  a t  t e m p e r a t u r e s  of o r d e r  10 d e g r e e s  Kelvin ,  
w h ich  a r e  of i n t e r e s t  in C T R  w ork ,  the  coupl ing  f a c t o r  i s  f  / c  ^  \0
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and s ign i f ic an t  p e r t u r b a t i o n s  of the  " p u r e "  e l e c t r o m a g n e t i c  m o d e s  
should  be o b s e r v a b le .  A lthough s o lu t io n s  fo r  t h i s  n e a r - r e l a t i v i s t i c  
c a s e  have  not been  c o n s i d e r e d  ex p l ic i t ly ,  the d i s p e r s i o n  e q u a t io n s  
g iven  in the C h a p t e r  a r e  a p p l icab le .
F in a l ly ,  a s  an a p p l i c a t io n  of the  r e s u l t s  of th i s  C h a p t e r ,  F a r a d a y  
ro t a t i o n  of the  p o l a r i s a t i o n  of both  f a s t  and  s t r e s s  w a v e s  i s  d i s c u s s e d  
in Appendix D. Ex p l ic i t  c a l c u l a t i o n s  a r e  g iven  fo r  s e v e r a l  of the  wave 
so lu t io n s  ob ta ined  in the  C h a p t e r ,  both  w i th  m a g n e t i c  f i e ld s  p a r a l l e l  
and  p e r p e n d i c u l a r  to the d i r e c t i o n  of p ro p a g a t io n .
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C h a p t e r  6
Wave Motion  in In h o m o g en eo u s  P l a s m a  
6. 1 In t ro d u c t io n
As a l r e a d y  noted,  the  1 3 - m o m e n t  e q u a t io n s  a r e  a d eq u a te  to 
d e s c r i b e  the b e h a v io u r  of a p l a s m a  even  a t  m o d e r a t e  d e p a r t u r e s  f r o m  
e q u i l i b r iu m .  T h e r e f o r e  it i s  i n t e r e s t i n g  to c o n s i d e r  the a p p l i c a t i o n  of 
t h e s e  eq u a t io n s  to wave  m o t io n  in in h o m o g e n e o u s  p l a s m a .  In t h i s  
C h a p t e r ,  the  p r o p a g a t i o n  of s e v e r a l  ty p e s  of w a v e s  in a s t e a d y  s ta t e  
in h o m o g e n e o u s  p l a s m a  i s  e x am in e d .
In p a r t i c u la r ,  t h i s  C h a p t e r  m a y  in p a r t  be r e g a r d e d  a s  an i n v e s t i ­
ga t ion  of the e f f e c t s  of the  h i g h e r  m o m e n t  eq u a t io n s  on the  u s u a l  e l e c t r o ­
m a g n e t i c  wave r e s u l t s  f o r  an  i n h o m o g e n e o u s  p l a s m a ,  while  a n a lo g o u s  
so lu t io n s  fo r  the  s t r e s s  w a v e s  a r e  a l s o  d e r iv e d .  To the  d e g r e e  of 
a p p r o x im a t io n  u sed ,  r e f l e c t i o n s  o r  coup l ing  be tw een  in d e p en d e n t  m o d e s  
a r e  not n e c e s s a r i l y  ex p ec te d ,  a l though  th i s  p r o b l e m  i s  b r i e f l y  d i s c u s s e d  
in the  f ina l  s ec t io n .  Again ,  a s  found in the  p r e c e d i n g  C h a p t e r ,  i t  i s  to 
be e x p e c te d  tha t  the  " k in e t i c "  t e r m s  due to the  h ig h e r  o r d e r  m o m e n t  
eq u a t io n s  in f luence  the  M a x w e l l - t y p e  w a v e s  to  o r d e r  t  c , and  a r e ,  
t h e r e f o r e ,  aga in  only  l i k e ly  to be of i m p o r t a n c e  in high t e m p e r a t u r e  
p l a s m a .
Solu t ions  a r e  o b ta in e d  to the a p p r o x im a t io n  of g e o m e t r i c a l  o p t i c s .
A r e l a t i v e l y  s im p le  f o r m  of in h o m o g e n e i ty ,  w h e r e  the d e n s i t y  and  
p r e s s u r e  g r a d i e n t s  a r e  n o n - z e r o ,  i s  c o n s i d e r e d ,  while  c o l l i s i o n  t e r m s  
a r e  n eg lec ted .  In the  c a s e  of an a p p l i e d  m a g n e t i c  f ie ld ,  so lu t io n s  a r e  
only  ob ta ined  f o r  the  f i e ld  p a r a l l e l  to  the  d i r e c t i o n  of p ro p a g a t io n .
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6 .2  The  Steady State In h o m o g en eo u s  P l a s m a
Any p o s s ib l e  s t a t e  of the  p l a s m a  i s  a so lu t ion  of the m o m e n t - 
M axw el l  equa t ion  s y s t e m  to the  ex ten t  tha t  t h e s e  e q u a t io n s  a r e  valid .
F o r  the  p r e s e n t  C h a p t e r ,  s in ce  c o l l i s i o n s  a r e  n e g lec te d ,  the  r e l e v a n t  
f o r m  of the  13 - m o m e n t  eq u a t io n s  ( s i m i l a r  to C h a p t e r  5), is:
(6 . 1) 4. DO V ■ T -  O
Ft e
m1 H  , m y • p , n Q V j p _ m J x B  _/) E -  o
e* St e ~  ^ e r e ~ 1 '
2) IP , V-P. . 5 rr> P v- T _i_ 1  m J-Vlp
St - 4 i e ^  + 2 e >^"
_ i r r . P T - y p _ T - E  = O
2 e '
|_P . + iH ] * ^  i l ’P}
ö B 7 P P-7/> + 5 P v p - i  f v
s t  2 y -~ ~ r
, P ^ 7-P . f  r n ? l h l i S f
f> ~  2 e P  2 e -at
_ § p . E _ e R x B =, o  .
m ~  “* m  "
The  n o ta t ion  u s e d  in t h e s e  eq u a t io n s ,  and  in  th i s  C h a p t e r ,  i s  i d e n t i c a l  
to th a t  of C h a p t e r  5, inc lu d in g  the  n e g le c t  of s u b s c r i p t s  fo r  the  e l e c t r o n  
p l a s m a  co m ponen t .
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The  s i m p l e s t  so lu t ion  of t h e s e  eq u a t io n s  and the  a s s o c i a t e d  
M a x w e l l ' s  e q u a t io n s  i s  an e q u i l i b r i u m  h o m o g e n eo u s  p l a s m a ,  with
( 6 . 2 )  J = o ; P -  o  ■ R =  o ;
= Const» * p> -  Const.
C o n s i d e r  i n s t e a d  an in h o m o g e n e o u s  p l a s m a  with  a d e n s i ty  g r a d ie n t  
m a i n t a i n e d  (for e x am p le )  by an  ap p l ied  e l e c t r i c  f ield.  A so lu t ion  of 
(6. 1) i s  e a s i l y  ob ta ined .  L e t  the d e n s i ty  g r a d i e n t  have  c h a r a c t e r i s t i c  
leng th  L , i. e.  ,
( 6 . 3 )  |V £ > |  =  i
Then, in t e r m s  of L , the  d y n a m ic a l  p a r a m e t e r s  of the  s t e a d y  s ta te  
in h o m o g e n e o u s  p l a s m a  a r e :
E0 » Bib f
Li­lli
e/3o l
VA, ;  A t
L
» e  Po F 
m Po ’
VPo = P o T =  §  Pc F
L m ’
Ta = o Po— j = °  >
208
w h e re  T  is  a u n it  v e c to r  in  th e  d ir e c t io n  o f the  a p p lie d  e le c t r ic  
f ie ld .  T he  s u b s c r ip t  o is  u s e d  to  s ig n i f y  s te a d y  s ta te  p a r a m e te rs ,  
and  th e  v e c to r  F d e n o te s  the  s te a d y  s ta te  e le c t r ic  f ie ld .  A lth o u g h  
the  te m p e ra tu r e  is  n o t u s e d  e x p l i c i t l y  in  th e s e  e q u a tio n s , i t  s h o u ld  be 
n o te d  th a t
( 6 . 5 )  V T o  =  m  v ( £ A  =  m  ( 1  y b o _  h  7 « , )  =  o  ,
k V ° ; fe p?
the  la s t  r e la t io n  in  (6. 5) f o l lo w in g  o f c o u rs e  f r o m  (6. 4). A s  u s u a l,  
is  B o ltz m a n n 's  c o n s ta n t.
6. 3 T h e  W ave  E q u a t io n s  f o r  In h o m o g e n e o u s  P la s m a
A s  w ith  the  e q u a tio n s  f o r  w a ve  m o t io n  in  h o m o g e n e o u s  p la s m a , the  
m o m e n t e q u a tio n s  f o r  th e  w a v e  v a r ia b le s  a re  l in e a r is e d .  A g a in , u n -  
s u b s c r ip te d  s y m b o ls  a re  u s e d  f o r  th e  v a r ia b le s  w h ic h  re p re s e n t  
d e p a r tu re s  f r o m  th e  s te a d y  s ta te  (6. 4 ). In  p a r t i c u la r ,  l in e a r is in g  
e q u a tio n s  (6. 1) and  s u b t r a c t in g  th e  s te a d y  s ta te  (z e ro  o r d e r )  e q u a tio n s  
g iv e s  th e  w ave  d y n a m ic a l e q u a tio n s :
(6. 6) b_/O +  m 7 . J
b t e
-  O
c)J 1 5Q V- P + ru Vp -  ÜD Tx Bo -  A, E _/0 F 
T» IT  e ~  r  p -  -  1 -  < -e 1 b t
3 bp + V-R + £  m Po 7-J  _ F • J = o  
*  2 e f>02 b t
£t £  + I  { ’ 8 ) + f
e f t
_ oe jP x Bo] = o
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 ^R 4 Po ^ ‘ P
— —  " T  ' 7 *  r-J
M  p°
-  £  £o 7/0 
2 '
e P • F _ e R x B o  -+■ £ P ° 7 P  
rr> ~ " m - -  2 /°o
s .  O  ,
M a x w e l l ' s  e q u a t io n s  a r e  a l s o  to be inc luded:
1 ^ 1  =i O
= O
T h e s e  eq u a t io n s  a r e  s i m i l a r  to the  h o m o g e n e o u s  p l a s m a  wave 
d y n a m ic a l  e q u a t io n s  of C h a p t e r  5, in g e n e r a l  g iv ing  v a r i o u s  independen t  
wave d i s p e r s i o n  e q u a t i o n s  (a lthough in t h i s  c a s e  d i f f e r e n t i a l  i n s t e a d  of 
a lg e b r a i c ) .  The m a i n  c o m p l i c a t i o n s  a r i s e  f r o m  the fac t  tha t  not only  an  
app l ied  m a g n e t i c  f i e ld  bu t  a l s o  p l a s m a  g r a d i e n t s  c an  couple  m o d e s  which 
a r e  in dependen t  in  a s i m p l e  n o n - m a g n e t i c  h o m o g e n e o u s  p l a s m a .  Also,  
of c o u r s e ,  the  l i n e a r i s e d  e q u a t io n s  a r e  q u a s i l i n e a r ,  the  c o e f f ic ien t s  
be ing  func t ions  of p l a s m a  p a r a m e t e r s .  C o n s e q u e n t ly  the d i f f e r e n t i a l  
o p e r a t o r s  and c o e f f i c i e n t s  do not c o m m u te ;  the  wave  eq u a t io n s  have  to 
be d e r iv e d  by c a r e f u l  s e q u e n t i a l  e l im in a t io n  of the v a r i a b l e s .
The  s i m p l i f i c a t i o n s  of th e s e  e q u a t io n s  to ob ta in  m e an in g fu l  s o lu t io n s  
a r e  twofold.  F i r s t l y ,  on ly  con t inuous  p lane  w a v e s  a r e  c o n s i d e r e d ,  
p ro p a g a t in g  in the  z. d i r e c t i o n ,  at  a g iven  f r e q u e n c y  , independen t  
of the p l a s m a  p a r a m e t e r s .  Secondly ,  i t  i s  a s s u m e d  th a t  the  c h a r a c t e r ­
i s t i c  l e n g th s  of the  g r a d i e n t s  a r e  m u c h  g r e a t e r  th an  the  w a v e le n g th s
(6. 7) V  X 6  _  _
V X E + b j  
'bt
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( X ) of the  p ro p a g a t in g  w a v e s .  T h i s  m e a n s  tha t  t e r m s  of o r d e r  
a r e  to be n e g le c te d  c o m p a r e d  w i th  unity ,  and  is  known ( G i n z b u r g S  a s  
the  a p p r o x im a t io n  of g e o m e t r i c  op t ic s .  F in a l ly ,  t h i s  C h a p t e r  i s  r e ­
s t r i c t e d  to the  p a r t i c u l a r  c a s e s  of F p a r a l l e l  and p e r p e n d i c u l a r  to 
the d i r e c t io n  of p ro p a g a t io n ,  the f o r m e r  c a s e  be ing  a l s o  c o n s i d e r e d  in 
the p r e s e n c e  of an a p p l i e d  m a g n e t i c  f ield.
6 . 3 . 1  D e n s i ty  G r a d ie n t  P e r p e n d i c u l a r  to the D i r e c t io n  of P r o p a g a t io n  
T h i s  c a s e  is  c h o s e n  f i r s t  a s  i t  m a y  r e l a t i v e l y  e a s i l y  be d i s m i s s e d .
It i s  c l e a r  tha t  in the  p r e s e n c e  of a t r a n s v e r s e  d e n s i t y  g ra d i e n t ,  when 
the wave v e lo c i ty  i s  a func t ion  of dens i ty ,  f o r  e x a m p l e ,  d i f f e r en t  po in ts  
on the " p la n e"  wave  f r o n t  a t  a p a r t i c u l a r  z. c o o r d in a t e  have  d i f f e r en t  
s p e e d s .  T h i s  i s  i n c o n s i s t e n t  w i th  the  a s s u m p t i o n  of p lane  wave p r o p a ­
gation.  Ign o r in g  th i s  c o n s i d e r a t i o n  fo r  the p r e s e n t ,  a s s u m e  a t r a n s v e r s e
g r a d ie n t  such  tha t  F — ( F . O )  J in  a r e c t a n g u l a r  c a r t e s i a n  c o -
lobt
o rd in a t e  s y s t e m .  L e t  the  t i m e  d ependence  be of the  f o r m  6  , and
c o n s i d e r  the  c a s e  of no a p p l i e d  m a g n e t i c  f ie ld .  F r o m  e q u a t io n s  ( 6 . 6)  
it  m a y  be shown tha t  t h e r e  i s  a p u r e  t r a n s v e r s e  m ode ,  and  a l s o  a 
coup led  l o n g i t u d i n a l - t r a n s v e r s e  m o d e ,  the coup l ing  be ing  due to the  
t r a n s v e r s e  g r a d i e n t s .  S ubs t i tu t ing  fo r  the  t im e  d e r iv a t iv e ,  the a s s o c ia t e d  
s e t  of eq u a t io n s  fo r  the  t r a n s v e r s e  m ode ,  invo lv ing  E x ? j 
Px<j j Pxz. and R x  , i s :
( 6 . 8 )   ^ Bz — ^_By — M0X* _  i to Ex — o
ä Ex + i<o Bvj — o
b*Z.
_ g)E* 4  i w B z  -  o
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L 60 J x 4 m ö Px,j + 10. i l  Px* -  Ex
/Qoe1 e /°« ay e P o 'd z
i  CO Pxij -1- 2 i _ R x 4 oo H i  j x _  F J *s e  * y
L CO Pxx -b X i .  Rx. 4 m - r  ä Tx -  os b** e  "bz.
L 60 Rx 4- -f1 1_ Pxa 4 f ^ P x z  _ g F Px3
* y
m
Si O
-  o
=  o  .
F o r  th is  p a r t i c u l a r  c a s e ,  the  con tin u o u s  "p la n e "  w ave a s s u m p t io n  
a m o u n ts  to the  w ave v a r i a b l e s  be ing  of the  fo r m
, l ( U t  -
( 6 . 9 )  =  <p(y)  e
w ith  3C in d ep en d e n t  of U and z  , and d)(vj) a s  ye t  u n d e te r m in e d .  
, w ith  t e r m s  of h ig h e r  th an  
n e g le c te d ,  e q u a t io n s  ( 6 . 8)  m a y  be r e d u c e d  to  the 
fo llow ing  wave eq uation .
H ence , r e p la c in g  iL by —
cf i r s t  o r d e r  in  r
( 6 . 10 )
i  2 r2 2  m x T 60  p _ nna 6oxco^
u e 2- c.2- e^-c2-
x nrfa/x^-f1 _|_ ma « V ) E:5 e2- C- 0 '1 c1 /
4-
2 f2 xm *  t d)P |4 m P * 4
25 e c2- cox r 2 5 e 6o2
4
-V ( - 4 m5” e c1
2 r Z
m x 1 \jf m :K2-f
2-? e c
-  m  cox 
e ca
) F öEx + ( - 1 m i £  «4 -  1 cD lJsh '/ \ 5- e z ca s qP-
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+ in 2- ^  — ül1 f 4
ea 5- "ea co1
+• h igh o r d e r  t e r m s  in
H o w ev e r ,  s in ce  the  wave m o t io n  i s  a long  the  z . - a x i s ,  s p a t i a l  
d e r i v a t i v e s  of the  w ave  v a r i a b l e s ,  in c lu d in g  E.x , in the  Lj d i r e c t io n  
w il l  be of the  s a m e  o r d e r  in c h a r a c t e r i s t i c  l e n g th  a s  the  dens i ty  
g ra d ie n t ,  i. e. ,
(6 .11 )  1 -  ^  - L  .
b y  L
T h e r e f o r e  it  i s  c o n s i s t e n t  to n e g lec t ,  in e q u a t io n  (6. 10), a long wi th
p  "2-
t e r m s  in r , a l l  h i g h e r  than  f i r s t  d e r i v a t i v e s  wi th  r e s p e c t  to ^ 
and  a l l  f i r s t  d e r i v a t i v e s  w i th  r e s p e c t  to ^  w hen  m u l t i p l i e d  by f  
With t h e s e  c o n s i d e r a t i o n s ,  it  i s  a p p a r e n t  tha t  to f i r s t  o r d e r  in f- 
the  only  t e r m  r e t a i n e d  in (6. 10) i s  the  t e r m  invo lv ing  without
d e r i v a t i v e s  wi th  r e s p e c t  to cj . Since t h i s  c o e f f i c i en t  of Ex  i s  in 
fac t  the  c o l l i s i o n l e s s  t r a n s v e r s e  wave  h o m o g e n e o u s  p l a s m a  d i s p e r s i o n  
r e l a t i o n s h ip ,  it  fo l lows  th a t  the  e f fec t  of t r a n s v e r s e  g r a d i e n t s  i s  n e g l i ­
gib le  to f i r s t  o r d e r  in F fo r  th i s  c a s e .
S im i la r ly ,  the  e q u a t i o n s  fo r  the  g r a d i e n t  cou p led  long i tud ina l  - 
t r a n s v e r s e  eq u a t io n s  c a n  be w r i t t e n  out by ta k in g  th e  a p p r o p r i a t e  
co m p o n en t  e q u a t io n s  in  (6. 6). T h e s e  l o n g i t u d i n a l - t r a n s v e r s e  co m p o n en t  
e q u a t io n s  involve  Bx , Ey } E z. ,  J y  , T z  , P ,  /O , P i*  , Pyy 3 
Pyi  , Ru and  P\ t  . R ed u c t io n  of the  a s s o c i a t e d  s e t  of e q u a t io n s
+ a m2 t  ~ to* , 1  TYi1 P T  \  y  tx 
s  e2- c1 J e 1 c1 )  ^ i
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i s  e x c e s s i v e l y  c o m p l i c a t e d ,  but by s y s t e m a t i c  e l im in a t io n  of v a r i a b l e s ,  
and n e g lec t  of h ig h e r  th a n  f i r s t  d e r i v a t i v e s  with  r e s p e c t  to ^  , it is
p o s s ib l e  to r e d u c e  t h e s e  e q u a t io n s  to  two e q u a t io n s  of the  fo r m :
(6 .12) L ov Ey + = o
l e E *  + (<f<L + i|>F) Fy = o
w h e r e  °< 5 3  ^ Q   ^ (p> and  a r e  c o m p l i c a t e d
a l g e b r a i c  func t ions  th a t  n e ed  not be given.
C o m b in in g  e q u a t io n s  (6. 12) to e l im in a t e  ,
(6. i3) e  Ez + ( d><L + ü U ) ( £ < L + i l F ) E z = o .
oy ' o< by
Since
(6 .14)  ä_ ( / ? / * ) _L ( ^  / & )
^ ( & /  <x)
* y
JL ( f r/°0 o
put
(6. 15) (
=  0 F
( t f / c * )
*>y
”  yuF
2 14
T h e r e fo r e  e q u a tio n  (6. 13 ) b e c o m e s
(6 .1 6 )  ( 6  +  d> n F d_ , d) *X F 2 . 1>J_ i £  4. F ä
b y  ^  b y ^  *  a y
+  ' j ' A  FJL +  U; £  F 1 ^ E *  -  o .
o< a y  <x
A g a in  to  f i r s t  o r d e r  in  p  o r  L  , t h is  e q u a tio n  is  s im p ly  
(6. 17) 0  p 2 =  O ,
w h e re  Ö  — O  is  th e  h o m o g e n e o u s  p la s m a  d is p e r s io n  e q u a tio n  
g iv e n  b y  the  p ro d u c t  o f  the  n o n -m a g n e t ic  t r a n s v e r s e  and  lo n g itu d in a l 
d is p e r s io n  e q u a tio n s  o b ta in e d  in  C h a p te r  5 (w ith  V  Put  e q u a l to  z e ro ) ,
I t  m a y  be c o n c lu d e d  th a t  th e  e f fe c t  o f  a t r a n s v e r s e  d e n s ity  g ra d ie n t  
on th e  p ro p a g a t io n  o f w a v e s  is  n e g l ig ib le  to  th e  p re s e n t  o r d e r  o f 
a p p ro x im a t io n ,  w h e n  th e re  is  no m a g n e t ic  f ie ld .  I t  does n o t n e c e s s a r i ly  
fo l lo w  th a t  the  sa m e  s i tu a t io n  w i l l  a p p ly  w h e n  a m a g n e t ic  f ie ld  is  
p re s e n t .  H o w e v e r ,  in  v ie w  o f  the  r e s u l t s  o b ta in e d  a bo ve , f o r  the  r e ­
m a in d e r  o f  th is  C h a p te r  o n ly  the  ca se  o f a d e n s ity  g ra d ie n t  p a r a l le l  to  
the  d ir e c t io n  o f  the  w a ve  p ro p a g a t io n  w i l l  be c o n s id e re d .
6 . 3 . 2  D e n s ity  G ra d ie n t  P a r a l le l  to  th e  D ir e c t io n  o f  P ro p a g a t io n
T h e  c o m p o n e n ts  o f the  a p p lie d  e le c t r ic  f ie ld  v e c to r  F f o r  lo n g i ­
tu d in a l g ra d ie n ts  a re  F  — p )  . In  th is  s u b s e c t io n  tw o
p r in c ip a l  c a s e s  a re  c o n s id e re d ,  (1) w h e n  th e re  is  no m a g n e t ic  f ie ld ,  and
(2) an a p p lie d  m a g n e t ic  f ie ld  p a r a l le l  to  th e  d i r e c t io n  o f  p ro p a g a t io n .  
B e c a u s e  the  re d u c t io n  o f  th e  m a g n e t ic a l ly  c o u p le d  e q u a tio n s  f o r  w a ve  
m o t io n  in  the  in h o m o g e n e o u s  p la s m a  is  e x t r e m e ly  c o m p le x ,  th e  ca se  o f 
a t r a n s v e r s e  a p p lie d  m a g n e t ic  f ie ld  has  been  e x c lu d e d .
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(a) No ap p l ied  m a g n e t i c  f ie ld
In a n o n - m a g n e t i c  p l a s m a ,  even  in the p r e s e n c e  of long i tu d in a l  
d e n s i t y  g r a d i e n t s ,  the  equat ions  for t r a n s v e r s e  wave m o t io n  a r e  
d e g e n e r a t e ,  t h e r e  be ing  two e s s e n t i a l l y  id e n t i c a l  and  independen t  s e t s  
of e q u a t io n s  fo r  t r a n s v e r s e  w a v e s  invo lv ing  E x   ^ v Tx . Px-z. , P\* ;
and  E ^ , Bx Ty  ^ Pyx  ^ Rvj , r e s p e c t i v e l y .  C o n ­
s i d e r i n g  only  one of t h e s e  s e t s  of eq u a t io n s ,  w i th  the  o p e r a t o r  D being
u s e d  f o r  , f r o m  e q u a t io n s  (6. 6) it m a y  be shown th a t  the r e l e v a n t
ö z
eq u a t io n s  a r e
( 6 . 1 8 )  - D B u  _  /JL0J X _  LOO E *  -  O 
D E x + IcoB'j -  o
' t M 1 J x  +  DO D P*z. _  p 0 E x  -  o
e 1 e ’
L c o p x z  4  2z D R x  4- GQ t  b'Tjc _  F X x =. O 
5 e
ICo Rx -+ { DPxz — § F Pxz =■ O y
m
w h e r e  { = Ro /p0 a s  b e fo re .
C o m b in in g  th e s e  e q u a t io n s ,  and  d i s c a r d i n g  t e r m s  of h i g h e r  than  
f i r s t  o r d e r  in F , the  t r a n s v e r s e  wave equa t ion  ob ta in ed  is
(6 . 19)  D4 E x _  §__  FD^Ex _l ( I  ^  _ I  4  .
m-f1 ^ b  f  7 c3- C2- '
P - e i J i  V D E ,  +  ( -  ^  ^ « 4
m p c '1- 7 m p c 1, '  7 - p c 1
Solut ions  of th i s  e q u a t io n  a r e  d i s c u s s e d  in  a su b se q u e n t  s ec t io n .
The  long i tud ina l  w ave  c o m p o n e n t s  invo lve  E 2  } P 5
PXx  ^ P40J 5 K 2 . Again  u s in g  (6. 6), the  c o m p o n en t  e q u a t io n s  fo r  
lo n g i tud ina l  wave  m o t io n  a r e
(6. 2 0) /ULoJ z 4- ico Ez -  O
L cD^o + rn DJz e
-  0
loom1
e a
Jz _  rn E) ( PX x  -v Py u)
e 1  DP ~ / ° F — ^ 0  £
3 Icob a 1 4 DRz + i  m 4  d j z2- e -  F J z  = O
ICO P a x — i t. DRz15
_ a rn -f DT-* 
3 e + 1 F T Z3
— O
Lu Faa — it D R*15"
a rn P dJz 
3 e + i  F J z 3
= O
Lw Rz 4 £ 4  DPa -  f  ^ D/° -  * D ( Px*. 4 Py<j)
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W ith  th e  n e g le c t  o f  te r m s  in  F o f h ig h e r  th a n  f i r s t  o r d e r ,  
e q u a tio n s  (6. 20) y ie ld  th e  lo n g itu d in a l w a ve  e q u a tio n
( 6 . 21 )  { V e *  _  e P f d T *  . 4 1 (  c o \_  n  o O p ) D h 2
nn |5 is* 7
+ e 1 - i 2 u>l )  FDE2 + ( ) E* = O.
rn 4 .5*  ^ 3 3
T h is  e q u a tio n  and  (6. 19) a re  id e n t ic a l  to  th e  a lg e b ra ic  d is p e rs io n  
e q u a tio n s  f o r  th e  c o r re s p o n d in g  c a s e s  w h e n  o n ly  " z e r o  o r d e r "  te r m s  
a re  c o n s id e re d ,  c o l l is io n s  a re  n e g le c te d , and  th e  a p p ro p r ia te  w a ve  
r e p re s e n ta t io n  in  te r m s  o f a w a ve  v e c to r  is  u sed .
(b ) A p p lie d  m a g n e t ic  f ie ld  p a r a l le l  to  th e  d i r e c t io n  o f  p ro p a g a t io n  
A s  in  th e  ca se  o f  a h o m o g e n e o u s  p la s m a  w ith  a m a g n e t ic  f ie ld  
p a r a l le l  to  th e  d i r e c t io n  o f p ro p a g a t io n ,  th e  p r e v io u s ly  in d e p e n d e n t 
s e ts  o f  t r a n s v e r s e  w a ve  v a r ia b le s  a re  c o u p le d  b y  th e  m a g n e tic  f ie ld .
In  a d d it io n  th e re  is  an  in d e p e n d e n t s e t o f  e q u a tio n s  r e p r e s e n t in g  lo n g i ­
tu d in a l w a ve  m o t io n ,  so m e  te r m s  o f  w h ic h  in v o lv e  th e  m a g n e t ic  f ie ld .
I t  is  fo u n d , h o w e v e r ,  th a t  the  lo n g itu d in a l w a ve  e q u a tio n  is  u n a ffe c te d  
b y  the  a p p lie d  f ie ld ,  a nd  is  id e n t ic a l  to  (6 .2 1 ) .  T h e  m a in  d i f fe re n c e  is  
th a t  th e  se t o f  lo n g itu d in a l w a ve  v a r ia b le s  is  e x te n d e d  to  in c lu d e  an 
a n is o t r o p ic  s t r e s s  c o m p o n e n t, Pxcj
W r i t in g  B0 — ( O ^ O ^ B q)  , 00b is  d e f in e d , as in  C h a p te r  5, by
-  e Bo 
m
( 6 . 2 2 )  COb
Since fo r  e l e c t r o n s ,  6  i s  neg a t iv e ,  i t  i s  ev iden t  tha t  COb i s  n e g a t iv e  
fo r  B o  p o s i t iv e ,  t h a t  i s ,  fo r  the  d i r e c t i o n  of B o a long  the p o s i t iv e  
z -  ax i s .  In the  fo llowing e q u a t io n s  and r e s u l t s ,  fo r  co n v en ie n c e ,  cob 
i s  r e g a r d e d  a s  p o s i t iv e .  As w i th  the h o m o g e n e o u s  p l a s m a  of the  
p r e v i o u s  C h a p t e r ,  when cob <  O , the  r e s u l t s  fo r  the  o r d i n a r y  
and  e x t r a o r d i n a r y  m o d e s  a r e  s i m p l y  in te r c h a n g e d .
L . . ■.
In t e r m s  of COb , and  wi th  the t im e  dependence  6  , ^  =p L°L'*‘j ,
f r o m  (6. 6) it  m a y  be s e e n  th a t  the  co up led  t r a n s v e r s e  com p o n en t  
eq u a t io n s  a re :
D B i j  -j- y U 03"x + l  oo E x  =  o
c a
- D B a  4 - 4 i  üü E y  — o
D  E x  +  L c g -  o
-  D E y  4. t co B * -  0
ic o m i1 7 *  -p  
e x
m
e
B  ^X7L —  ^ > o  E x  — c J b  h l  X  — 0  
e x
i w m 1 T,, 
e *
DO.
e
D  B j z  — / ° o  E y  - h
'L —
CO b h i  «Joe “  O
e x
L CO Rc z -f 3: D R x +  m f 1 D T x _  F X c  _  00 b P>JZ  — o
S' e
L CO P Ljz.
5 e  J
_  F X j  4 -  cob R x z  — O
L 00  R * ■+ " P D P r z — F P x z
m
_ COb RLj — o
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LOO Ru 4_ -f * D PMx  _  §  ? Puz + CC>b Ra — O 
j J na
While i t  is  d if f icul t  to c o m b in e  t h e s e  eq u a t io n s  to y ie ld  a s ing le  
e igh th  o r d e r  d i f f e r en t i a l  equa t ion ,  s y s t e m a t i c  e l im in a t io n  of v a r i a b l e s  
to r e d u c e  (6. 23) to a s e t  of two f o u r th  o r d e r  e q u a t io n s  is  both  l e s s  
a r d u o u s  and  m o r e  r e w a r d in g .  With th i s  r e d u c t io n  the eq u a t io n s  b e c o m e
(6 . 2 4 ) - f ( D)  E ,  +  g ( D )  E y  =  O
g (D) Ex + 1(0) Eij — o
with  the  o p e r a t o r s  f (D )  5 g ( D) g iven  by
to _ 7 U?b\ t  Ft)3 
?  to '  m
(6 .25)  P ( 0 )  = l ( 1 cob -f _ 2 c o f  ) D4 _l ( ?
t o  *  5
+  ( -  CO3 +  2  f Z CO Cüp -f  COb* -  7. u > \ £
^ co £ C'3-
4- 1  ^  ^ b f M D 1 4- ( 1 _ 7 cocob  ^ 2 coco)\e FD
5 c1 5 C2- 5 c 2- 5- "  y m
l Co3 00% _  CjCOb COp _  CO  ^ COMb \
v c 2“ c 2- C1 + c 1
and
(6. 26) 3<°) ( -  2 t o 2 w b  +  7 w k  _  I  £ 5 U p  a ) b  )  D 1  4. ( _ i c o ‘
•f 2 001 00 b - f  Cob Cl)2 COp _  COb 00 p j  
c z ~
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Should 4(D) ; (D ) c o m m u te ,  the  wave  equ a t io n  would  be
s i m p l y
1 1
< 6 . 2 7 )  (  f ( p )  -  g C D )  ) E *  -  O  .
In g e n e r a l ,  h o w e v e r ,  {(D) 
on n e g le c t in g  t e r m s  of o r d e r  
found tha t
2. 2
(6 .28 )  (  t(D) ~ 3 CP) ) E *
( tCt>) -  3 CD))
w h e r e
(6 .29 )  cxFD =  g(D) R d) -  -f(D) g  C d)
— 2. cob co p ( c o — cob ) F D
F r o m  (6 .28) ,  w r i t i n g
X 2. _  )
(6 .30 )  =  ( -fCD) -  geo)) c K F D E x  ;
i t  fo l lows  tha t
(6 .31 )  (  f(D) -  3 CD)) Ex  =  E a 0 ( t c D )  -  g C W f 'c*  DEx •
and  g(D) do not c o m m u te .  N e v e r t h e l e s s ,  
/  C  when m u l t i p l i e d  by F , it  i s
=  cK F D Ej  
=  oc F D E *  ,
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To the a p p r o x i m a t i o n  of r e t a i n i n g  f i r s t  o r d e r  t e r m s  only  in F , the  
r i g h t  hand  s ide  can  be put equa l  to z e r o ,  and t h e r e f o r e  the  wave 
equa t ion  i s  (6 .27) .  The  m a g n i tu d e  of i s  a p p a r e n t  f r o m  (6 .29) ,
b e in g  of " z e r o  o r d e r " ,  and t h e r e f o r e  i t  a p p e a r s  tha t  the  above p r o ­
c e d u r e  i s  va lid .  It sh o u ld  be noted ,  h o w ev er ,  tha t  th i s  r e s u l t  i s  not 
e q u iv a l e n t  to be ing  ab le  to  w r i t e
(6 .32 )  (  - f ( D )  -  g ( D ) ) (  f ( D l  + 3 ( D ) )  Ex -  O .
In de ta i l ,  the w ave  e q u a t io n  (6 .27 )  b e c o m e s
m 1 ( CO2- -  CO b ^  ^ D 8 - 2  e F D *
+  ( -
4  CO1 COp
'  \ CO - m f ’ 7  C"1 C O ’1- -c O b 1)
4- 2 c o 2 10 (  CO2- 4 <*><5-) ) ^  + ( - 4 (O2- _ 10 ( ( o ’2 4 co b 1 )
c a 7  r c x 7  -(-1
8  cO 1 <0% ) e  F D 5 4 - ( ± c o 4 c O f _ _L
+
CO4-
7 C 2 (  CO2 “  COk?) ' m f 1
U 7 c 4 C ^ 2 C 4
+
2 S  ( CO1- — COb 4  CO4 COp 20 c o 1 cJ p  c o t
4 7 f * 7 C * (  0 2- - ( 0 b 2-) 4 7 C 4  (  Cox  - b 0 b J ) a
+
2 0 CO2- (  CO2- -V- CO fe ) _  lo
7 2l
CO2 60  p 4
 ^ Li
CO CO p CO b
7 7 j. 4 7 c 4  (  c o 1- -  O b 1 ) *
6  0 CO2- <Ob CO p 1 D 4 4 f  _  2 C 0 4 20  (O x  (  CO1-4  cob1 )
4 ? f  A C2 ( CO2- -  60 b)
C 4 7 - r C 2
■f
2 0 CO2- ( O p  C CO2-4  ( O b  ) 4  4 a ) 4  c O p 4 ( O 4  6 0 ^
4 ?
w 1 )
7 c 4  ( c O b * - w 1 )  V ? C 4 ( C 0 b - U ) X)
10 CO2- c o p  __ i _ o CO2- (O p (  COX 4 6 0 ( J ) \  § F D 3
7 ^ C 3- 4<? F V  ( CO1  - O b 2 ) )  m F 1
( o t d )
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— 99
49
_  5o 
49
2o
49
CO1 CObX (Op 1 00 o)4 cA 4 10 CO^Ob O p
f V 4-9 { “ c1 49 -p c 1* ( o r - O b x )
^ 2 2 
CO4 Ob o p 10 CO*
2
O p 4 19 O * 10 O ^ O b -
r ^ c c o 1-- O b ) 7 p c“ 7 r r  ^ f v
CO* <4 > 50 O 6 4- 50
2 v4  CO O b 20 o 4 O p
{ “ c1 49 f 4 c
1^ 49 - f “ c" 49  r c * * ( w “ -^
O 6 cop \ Dx - f 20  <Ox O b  O p
■ f V  (w -1- <Ob) ^ '  49 ■fXC4 ( O x-COb )
6 ü *O p  ( O x4 C0bz) 20 o 4 o t
f ZC4 ( (Ob’L-u J l ) 49 ■fxc4 ( o ^ -  w1)
+ 19
7
CO* ( Op — op1 — O b )
+ v ”
■+
10 O4 O^ p________
f Y *  ( CO1- -  U)bZ)
10 O 4 g j \
7 r e * *
So op“  GJp ( eo1 -» cob) + \oo cOpPb_c<j|;\e FD 
49 ^ C X  ~  49 f 4 t i
+ I* .
49 { V
o.
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6 .4  Solu t ions  of the  Wave D i s p e r s i o n  E q u a t io n s
T h e  wave d i s p e r s i o n  e q u a t i o n s  d e r i v e d  in s ec t io n  6, 3 fo r  p lane  wave 
p ro p a g a t io n  in i n h o m o g e n e o u s  p l a s m a  a r e  fo u r th  o r  e igh th  o r d e r  q u a s i - 
l i n e a r  o r d i n a r y  d i f f e r e n t i a l  eq u a t io n s .  The q u a s i l i n e a r i t y  a r i s e s  f r o m  
the t e r m s  invo lv ing  =■ /°o£ /nn6o and F in the c o e f f i c i e n t s .
Q u a s i l i n e a r  e q u a t io n s ,  l ike  n o n - l i n e a r  eq u a t io n s ,  in m o s t  c a s e s  do not 
have  e x a c t  so lu t io n s ,  and a p p r o x i m a t i o n  m e th o d s  m u s t  be u sed .  S e v e ra l  
g e n e r a l  m e th o d s  a r e  a v a i l a b l e ,  but a l l  ( inc lud ing  the  WKBJ and Van  d e r  
Po l  m e th o d s )  a r e  e s s e n t i a l l y  r e l a t e d  to an e x p an s io n  in p o w e r s  of a 
p a r a m e t e r  tha t  is  s m a l l .  While  fo r  c e r t a i n  sp e c ia l  f o r m s  of e q u a t io n s  
t h e s e  m e th o d s  a r e  v e r y  c o n c i s e  (e. g. f o r  R icc i  eq ua t ions ) ,  t h e i r  p a r ­
t i c u l a r  f o r m s  have no s p e c i a l  a d v a n ta g e s  fo r  the above  f o u r th  o r  e ighth  
o r d e r  eq u a t io n s .  F o r  the  l a t t e r  e q u a t io n s ,  an  a p p r o p r i a t e  m e t h o d  of 
so lu t ion  i s  s u c c e s s i v e  a p p r o x i m a t i o n  by m e a n s  of an ex p an s io n  in 
i n v e r s e  p o w e r s  of L .
As only  f i r s t  o r d e r  so lu t io n s  in L ' a r e  sought ,  i t  is  co nven ien t  
to e x p r e s s  the  w a v es  in t e r m s  of a p r o p a g a t io n  v e c t o r .  F o r  t h i s  r e a s o n  
the p r o p a g a t in g  v a r i a b l e s  a r e  c o n s i d e r e d  in the  fo rm :
r  / \ a i-cot -
( 6 . 3 4 ) E (z.) =. A e
On su b s t i t u t in g  (6. 34) in to  the  q u a s i l i n e a r  d i s p e r s i o n  e q u a t io n s ,  n o n ­
l i n e a r  eq u a t io n s  f o r  a r e  ob ta ined .  Since F i s  r e l a t e d  to  1_
by (6. 4), the  g e n e r a l  f o r m  of the  e q u a t io n s  d e r i v e d  in the  p r e v i o u s  
s e c t io n  is
(6. 35) (  D8 +  SI D7 +
+ 2 D +
L
& 0° , *  i f  +  S D 1* +  £  Dä +  S D l
L L
e ) E = o .
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I t  is  a ssu m e d  th a t L  in c lu d e s  a s ig n  a c c o rd in g  to  the  d ire c t io n  o f 
F . A s  0 (p ^  (j) / L 5 D*(j> ' v  /  Lx e tc . , u s in g  (6. 34) in
(6. 35), the e q u a tion  fo r  c|) is
(6. 36) ( <j>% 4 <j>C + 8 (j)'* + 3  ^  4 © )
4 ( _ Z3 D 4> -  2 4)1* D<j) _ y § S
_ 6 & <f>* D (j) _ £<J)3 _ S D cj> -  04>)
** L
4 ( 3"6 cj)r Dl <|» f  100 c|)4 (D(J))1 f  2|oC(^)5 Dc)>
+  /3 [  + i 0  D14 ]  +  IOÖ (J)3 D<j>
4 ^ [ 4  t > D x 4  +  3 C D ^ ) 1 3  4  3 i  D<t>) 4 o ( l ) =  o
C o n s id e r  the  fo llo w in g  exp a n s io n  fo r
( 6 .37 )  <t> =  <j>0 +  <t, / L  +  < h  / r  +  . . .
S u b s titu tin g  th is  in  e q u a tio n  (6. 36) and g ro u p in g  te rm s  o f the sam e 
o rd e r  in  L p ro v id e s  s u c c e s s iv e  a p p ro x im a tio n s  fo r  (b . The 
e q u a tio n  fo r  <j)0 is  o b v io u s ly
(6. 38) <t>! 4  ß 4>° +  & +  3  §1 -  O .4  e
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T e r m s  of f i r s t  o r d e r  in L give
(6 .39 )  <j>, =  (  Z 8 < t > 0  D < t o  +  4  L S> ( £ D < | > o
+ 'S 0 ())0) L + ( *  4>o 4 * <t>o +  € +  9 4o)
8 t>o 4 + 4 H ’ 4 ^^ 4*0
Subsequen t  s u c c e s s i v e  a p p r o x i m a t i o n s  a r e  s i m i l a r l y  obta ined .
6 .4 .  1 Solu t ions  wi th  No Appl ied  M agne t ic  F i e ld
T h i s  c a t e g o r y  in c lu d e s  the  long i tud ina l  wave  e q u a t io n  (6 .2 1 )  and 
the (d e g e n e r a t e )  t r a n s v e r s e  wave  equa t ion  (6. 19). The so lu t io n s  fo r  
(J)0 a r e  of c o u r s e  th o s e  c o r r e s p o n d i n g  to a h o m o g e n e o u s  c o l l i s i o n l e s s  
p l a s m a .
In the c a s e  of the  lo n g i tu d in a l  wave  equa t ion  (6.2  1), fo r  which
(6. 40) +
v 15*■f:■ -  i s ^  y
the s o lu t io n s  fo r a r e  d i r e c t  in the  e x t r e m e  f r e q u e n c y  r e g i o n s
dO > > oOp and co < <  cOp . In p a r t i c u l a r ,  w i th  CO cOp ,
the so lu t io n s  fo r a r e
(6. 41) 4 o  = ‘ 2 2 0  co2“ -p  • 133 6d\
and
(6 .42 ) < ß  =
— 1 * 513 co2- -t • 6 0 |  cOp
f 1
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When co <  <  cOp t h e r e  is  only  one p r o p a g a t in g  so lu t ion  fo r
> i . e . j
(6. 43) <j»o =  _  • CO>
T
1
N e g lec t in g  the d e r i v a t i v e s  of COp in (6. 41) and  (6. 42) ( s ince  
COp <  < co fo r  t h e s e  r e s u l t s ) ,  d i r e c t  s u b s t i t u t io n  of e q u a t io n s  
(6. 41) to (6. 43) in (6. 39) g iv e s  the  f i r s t  o r d e r  so lu t io n s  of the  e x p an s io n  
(6. 37). The z e r o  o r d e r  so lu t ion  (6 .41 )  in (6. 39) y ie ld s
(6 .4 4 )  d) =  -  - 4 0 3  .
S im i l a r ly ,  (6 .42 )  h a s  f i r s t  o r d e r  t e r m
(6 .45)  <$ =  4  - ? 0 3
and fina lly ,  in  the o t h e r  e x t r e m e  f r e q u e n c y  r e g io n ,  (6. 43) y i e ld s
(6 .46 )  (b -  + )• 116
S u m m a r i s i n g ,  the  c o m p l e t e  p ro p a g a t in g  so lu t io n s  fo r  the  l o n g i ­
tu d in a l  wave equa t ion  (6 .2 1 ) ,  to f i r s t  o r d e r  in L 1 , and  s u b jec t  to the 
above  a p p r o x i m a t i o n s  c o n c e r n i n g  the  r e l a t i v e  m a g n i t u d e s  of 60 and  
COp , a r e :
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(a) CO >  >  COp
(6. 47) E x  =  A z  6
L w t  i  if -^ 9 ^ 0  - , Joa  W  X5
and
. l u t  + i f
(6 .48 )  Ez = A* e J -f
(b) 60 <  <  CO P
(6 .49)  E z a * i. u l t  t -  Le i *674 to d z?
T h e s e  so lu t io n s  a r e  d i s c u s s e d  in s e c t io n  6. 5.
The  t r a n s v e r s e  wave  eq u a t io n  (6. 19) m a y  be so lv e d  in a s i m i l a r
way. The equa t ion  f o r  ( )^0 i s
(6 .5 0 )  ( j £  + U  ¥  - 1  + & £ ) F
7  c x  c x
( s S' COx  CO p \  o
7 7
F o r  a s l ig h t ly  m o r e  g e n e r a l  c a s e ,  t h i s  equa t ion  ha s  b e en  d i s c u s s e d  in 
C h a p t e r  5. To the l o w e s t  o r d e r  in f  , the  s o lu t io n s  a r e  a f a s t
wave,
(6 .5 1 )  Cj>l =  -  -  cop
O '
and a s t r e s s  wave,
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(6. 52) £  ü f1 
7 f  *■
The d e r iv a t iv e  of the  f a s t  wave so lu t ion ,  (6. 51), i s
(6 .53 )  D<J)0 -
1C 1 (to1"
T h e r e f o r e ,  u s in g  (6. 51) and  (6. 53) in equ a t io n  (6. 39), the c o e f f i c i e n t s  
be in g  a p p a r e n t  f r o m  (6. 19), the  f i r s t  o r d e r  so lu t ion ,  (j), , is  ob ta ined .
With t e r m s  in "P/c1 a g a in  n e g le c t e d  c o m p a r e d  wi th  unity,  the  r e s u l t  i s
(6. 54) (b -  _  ________
1 4  ( c o ^ -  )
The  s t r e s s  so lu t ion ,  (6. 52), h a s  no d e r iv a t iv e ,  and  in the  s a m e  m a n n e r  
a s  fo r  the  f a s t  wave,  the  f i r s t  o r d e r  t e r m  m a y  be d e r iv ed :
(6 .55 )  <j) =  -  -L
1 2
In s u m m a r y ,  the  n o n - m a g n e t i c  t r a n s v e r s e  wave s o lu t io n s  a r e ,  to
- 1f i r s t  o r d e r  in  L~
(a) F a s t  wave
(6. 56) Ex =  A x €
l U>t . +  (  top  d z4- LJ V C> ' ■> 4L (.co^-to^
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(b) S t r e s s  wave
A d i s c u s s i o n  of th e s e  s o lu t io n s  i s  g iven  in s ec t io n  6 . 5.
6 . 4 . 2  Solu t ions  wi th  the  Appl ied  M agne t ic  F i e l d  P a r a l l e l  to the  
D i r e c t i o n  of P r o p a g a t i o n
The  e f fec t  of a p a r a l l e l  m a g n e t i c  f ie ld  on the  wave  v a r i a b l e s  h a s  
a l r e a d y  b e en  no ted ,  and  the  r e s u l t i n g  t r a n s v e r s e  wave  equ a t io n  d e r iv e d .  
T h i s  equa t ion ,  (6 . 33), i s  an  e ig h th  o r d e r  q u a s i l i n e a r  d i f f e r en t i a l  
equa t ion .  The lo n g i tu d in a l  wave equa t ion ,  be in g  u n a f fe c ted  by the field, 
n e ed  not be r e c o n s i d e r e d .
The  h o m o g e n e o u s  p l a s m a  t r a n s v e r s e  wave  e q u a t io n  fo r  the  p a r a l l e l  
m a g n e t i c  f ie ld  c a s e  c o r r e s p o n d s  to
(6 . 58)
but w i th  -fCD) ) c o m m u t in g  (see  e q u a t io n s  (6 .25) ,  (6 .26) ,
and (6 .27)).  H ence  the  e q u a t i o n s  fo r  <J>0 a r e
(6 .59 )  ( j£  ( 1 U b f . 7  w f “ ) 4. <|£ ( -  + h
2
+ 00b -  2 -f 1  i 1 )  ±  (  2 cob -  2  u>a <Ob
Gü 5 c “5* S  Cx
The u p p e r  (pos i t ive )  s ign  g iv e s  the  o r d i n a r y  wave  m o d e s .  Again,  a 
s l ig h t ly  m o r e  g e n e r a l  e q u a t io n  of th i s  f o r m  h a s  been  d i s c u s s e d  in 
C h a p t e r  5.
T he  f a s t  wave  so lu t io n s  fo r  a r e
(6 .60 )  I ^  1
'  CO +  00 b }
w h e r e  t e r m s  of o r d e r  f  X /  C1 have b een  n e g lec te d .  In th e s e  
e q u a t io n s  a l so ,  and  f o r  the  fo l lowing  r e s u l t s ,  the  u p p e r  s ign  d eno tes  
the  o r d i n a r y  wave .  To the  s a m e  a p p ro x im a t io n ,  the  s t r e s s  wave s o l u ­
t io n s  fo r  (j)0 a r e
(6 .61)  =  _  £  ( tO t  O b T
7 . p
The  a p p r o p r i a t e  c o e f f i c i e n t s  fo r  u s e  in e q u a t io n  (6. 39) a r e  o b ta ined  
f r o m  (6. 33), and  a f t e r  s o m e  e l e m e n t a r y  a l g e b r a  the  s o lu t io n s  
a p p r o p r i a t e  to (6. 60) and  (6 .6 1 )  can  be ob ta ined .  The  f a s t  wave 
g iven  by (6. 60), have  d e r i v a t i v e s
X.
(6 .62 )  DCf)0 — k* __________
l C \ w  ±  L <t0
U sing  th i s  r e s u l t ,  it i s  found tha t
(6 .63 )  (j)l =  C 2. COx ±  2.<Q<Ob -  3 cO*p)
4 ( 1 co cob — 00 p )
T ak ing  the  s t r e s s  s o lu t io n  (6. 61), t h e r e  a r e  no d e r i v a t i v e s  to be c o n ­
s id e r e d ,  and  the  f i r s t  o r d e r  t e r m  is
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(6. 64)
In ob ta in ing  (6. 63) and (6. 64), t e r m s  of o r d e r  f  have  aga in  b een  
n e g lec te d .  It shou ld  a l so  be m e n t io n e d  tha t  the  f a s t  wave  r e s u l t  does  
not t e n d  to the  c o r r e s p o n d i n g  n o n - m a g n e t i c  r e s u l t  a s  ^  b O 
T h i s  i s  b e c a u s e  the  o r d e r i n g  in t e r m s  of f u s e d  in  d e r i v i n g  the
f i r s t  o r d e r  so lu t io n  (6 .62 )  b e c o m e s  in v a l id  f o r  ^Ob = O (th is  s i tu a t io n  
r e p r e s e n t i n g  d iv i s io n  of n u m e r a t o r  and  d e n o m in a to r  by z e r o ) .  M o re  
ex ac t  r e s u l t s  fo r  th i s  c a s e  invo lve  r e t a i n i n g  t e r m s  of o r d e r  /  C1 
and a r e  v e r y  c o m p l i c a t e d .
S u m m a r i s i n g ,  the  so lu t io n s  to f i r s t  o r d e r  in LT* fo r  a p a r a l l e l  
m a g n e t i c  f ie ld  a r e :
(a) F a s t  w a v e s
The  o r d i n a r y  w ave  so lu t ion  is
(6 .65 )  E *
f /o o (co1- + oobuj dz -  f (ia>* + 2uj(0b-3dp)dz.
l  c M c o  + oOb) '  J 4L(oo*--MAj<ob-44jg)
S im i l a r ly ,  the  e x t r a o r d i n a r y  wave  so lu t ion  i s
(6. 66) Ex
f / ooico^-oooOb-^p))1 dz -  f (l^-au>cO b-3ü>^j »  
'  C1  ( c o - a ) b )  4 X ( T j x -  oju)b -
(b) S t r e s s  w a v es
The  o r d i n a r y  w ave  so lu t ion  i s
(6 .67)  E* A x  e
toot -  L + d
and the  e x t r a o r d i n a r y  so lu t ion  is
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The r e s u l t s  a r e  d i s c u s s e d  in the fo llowing sec t ion .
6 . 5 D i s c u s s i o n
A p a r t  f r o m  the  s t r e s s  w a v e s  and e f fe c t s  of the  o r d e r  of the  k ine t ic
d e r i v e d  in the  p r e v i o u s  s ec t io n ,  c o r r e s p o n d i n g  to the a p p r o x i m a t i o n  of 
g e o m e t r i c a l  o p t ic s ,  a r e  i d e n t i c a l  w i th  th o se  g iven  by o t h e r  a u t h o r s ,  
e . g .  G inzbu rg* .  The s t r e s s  w a v e s  a l s o  have an a n a lo g o u s  f o r m .
The  n o n - m a g n e t i c  t r a n s v e r s e  f a s t  wave  so lu t ion  i s  g iven  in 
e q u a t io n  (6. 56). With  the  t i m e  dependen t  t e r m s  in the  wave  so lu t io n s  
i g n o r e d  th ro u g h o u t  t h i s  s ec t io n ,  c o n s i d e r  the  n o n - o s c i l l a t o r y  p a r t  of 
(6. 56), i. e.
T h e r e f o r e  the  f a s t  wave  so lu t ion  (6. 56) m a y  a l t e r n a t i v e l y  be w r i t t e n
coup l ing  t e r m ,  f Z/  , it m a y  be d e m o n s t r a t e d  tha t  the  r e s u l t s
(6 .69 )  Aoc e
f  uJp dz
Using  equa t ion  (6. 53), the  exponen t  b e c o m e s :
(6 .70 )
i  <^0 .
(6 .71 )  E 1
( w 2-- «p)i
?
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and th i s  i s  e s s e n t i a l l y  the  fo r m  u sed  by  G in z b u rg  . The c o n s ta n t  Bx , 
r e l a t e d  to  the  c o n s ta n t  A x  in  (6. 56), depends  on b o u n d a ry  co n d i t io n s .
T h is  r e s u l t  h a s  of c o u r s e  b e en  o b ta in ed  by a d i f f e r e n t  and  p o s s ib ly  
m o r e  g e n e r a l  m e th o d  th a n  th a t  of the  e q u iv a le n t  d i e l e c t r i c  t e n s o r ,  in 
th a t  the  k in e t ic  coup ling  t e r m s ,  "t1 /  C 1 , a r e  r e a d i ly  inc luded . F o r  
e x a m p le ,  a p a r t  f r o m  a lg e b r a ic  c o m p le x i ty ,  the  so lu t io n s  fo r  a n e a r -  
r e l a t i v i s t i c  p l a s m a  a r e  o b ta in e d  in  a s t r a ig h t f o r w a r d  m a n n e r  by r e ­
ta in in g  t e r m s  of th is  o r d e r .
The r e m a in in g  f i r s t  o r d e r  so lu t io n s  o b ta in ed  in  the  p r e v io u s  s e c t io n  
m a y  a ls o  be g iven  in a  fo rm  s i m i l a r  to (6. 71), a s  fo llow s . The t r a n s ­
v e r s e  s t r e s s  w ave so lu tio n  (6. 5 7) g iv e s
S im i la r ly  the  lo n g i tu d in a l  s t r e s s  s o lu t io n s  m a y  be r e w r i t t e n .  Solution 
(6. 47) b e c o m e s
_ -4 0i - 'i 1*4^ 9
( 6 . 7 3 )  t 2 ~  e f
Solu tion  (6. 48) g iv e s
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(6 .7 4 ) Az  p -  « f o i
271? dj dz
f
and  (6. 49) i s  eq u iv a l en t  to
(6 .75 )  £ z
— l I ' 674- to  dz.
e+ J f
Again,  in  the  c a s e  of a m a g n e t i c  f ie ld  p a r a l l e l  to the  d i r e c t io n  of 
p ro p a g a t io n ,  the  o r d i n a r y  and e x t r a o r d i n a r y  f a s t  w ave  so lu t io n s  a r e  
( c o n s id e r in g  only  f o r w a r d - g o i n g  w a v e s  to avo id  confus ion  wi th  + s igns) :
(6 .^ 6 )  E x '  4 L ( Co"1-^OUCO^  -  LOp )
U s in g  equa t ion  (6. 62) fo r  the  d e r iv a t iv e  of the  (J)0 fo r  th e se  w a v e s  
(equa t ion  (6. 60)), the  n o n - o s c i l l a t i n g  p a r t  of (6. 76) i s
f _ go p djZ. f  2  ( gox 1 cocOb -  Gap ) A j
(6 . 7 7 ) A x  e ~  j  L ~ J 4  ( go^  l c o c o b - < o £ )  L
f D^o dz
A* e" J
-  i  M  <t>° -  'S i o 9 P°
= Ax e
T h e r e f o r e  a so lu t ion  fo r  the  o r d i n a r y  and  e x t r a o r d i n a r y  f a s t  w a v e s  i s  
(6 .78 )  Ex = Bx / CO 1 (Ob XT» e" ^  ^  1 LOW
/°o x V go ( Go'4“ t  co gob - cop y
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T h is  r e s u l t  i s ,  in e s s e n c e ,  s i m i l a r  to  r e s u l t s  g iven  in  r e f e r e n c e  1. 
F in a l ly ,  the  o r d in a r y  and  e x t r a o r d i n a r y  s t r e s s  w a v es  in th i s  f o r m  give
(6 .7 9 )  E *  -  A A 4 e
_ j. J(|)i
T
C o m p a r in g  th e se  r e s u l t s  w ith  th o se  of G in z b u rg  , i t  t h e r e f o r e  
fo llow s th a t  to z e r o  o r d e r  in f  , the  h ig h e r  m o m e n t  e q u a t io n s
in c lu d e d  in the  p r e s e n t  t r e a t m e n t  do not a f fe c t  the  f a s t  w av es .  (The 
s t r e s s  w a v es ,  of c o u r s e ,  a r e  found a s  a r e s u l t  of inc lu d in g  the h ig h e r
v - l
m o m e n t  t e r m s ) .  In ad d itio n ,  to  f i r s t  o r d e r  in L , d i f f e re n t  w ave 
so lu t io n s  r e m a in  in d e p en d en t.  F o r  e x a m p le ,  w a v e s  of a p a r t i c u l a r  
type  p ro p a g a t in g  in  o p p o s i te  d i r e c t io n s  o b v io u s ly  c o r r e s p o n d  to  d is t in c t  
u n co u p led  e q u a t io n s .
The s e c o n d  po in t to be c o n s id e r e d  c o n c e r n s  coup ling  and re f le c t io n s .  
The fo rm  in w hich  the  w ave  s o lu t io n s  w e r e  e x p r e s s e d  in s e c t io n  6. 4 
c o n s i s t s  of an  o s c i l l a t o r y  p ro p a g a t in g  fu n c tio n  and  an e x p o n e n t ia l ly  
g ro w in g  o r  d ecay in g  t e r m ,  w ith  r e s p e c t  to  d is ta n c e .  At f i r s t  s ig h t  i t  
m a y  a p p e a r  th a t  th is  i s  due to r e f le c t io n  of the  w ave  by  the  in h o m o ­
g en eo u s  m e d ia  (for d e c a y in g  so lu t io n s )  o r  a u g m e n ta t io n  by r e f l e c t io n  
f r o m  a n o th e r  w ave (g ro w in g  so lu t io n s ) ,  o r  t h i r d l y ,  due to  co u p lin g  w ith  
o th e r  w ave m o d e s .  H o w ev e r ,  the  on ly  r e a l l y  s a t i s f a c t o r y  w ay to d e ­
t e r m i n e  w h e th e r  r e f l e c t io n  o r  coup ling  be tw een  d i f f e re n t  m o d e s  is
o c c u r r in g  is  to c o n s id e r  the  w ave e n e r g y  a t  v a r io u s  p o in ts  a lo n g  the
2
p ro p a g a t io n  path . B re k h o v sk ik h  h a s  c a lc u la te d  the  t im e  a v e r a g e  of the 
P oyn ting  v e c to r  in the  c a s e  of the  u s u a l  (fas t)  e le c t r o m a g n e t i c  w a v es  
(e. g. so lu t io n s  (6. 71)), an d  h a s  shown to f i r s t  o r d e r  in LT* (the a p p r o x i ­
m a t io n  of g e o m e t r ic  o p t ic s )  th a t  i t  i s  c o n s ta n t  a lo n g  the  p ro p a g a t io n  a x is .
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It fo l lows  fo r  t h i s  c a s e ,  then,  tha t  t h e r e  i s  no r e f l e c t i o n ,  and  so lu t io n s
.
to o r d e r  L m u s t  t h e r e f o r e  be sought.
As i n d i c a t e d  above ,  the  c o r r e c t  a p p r o a c h  to  the  p r o b l e m  of r e f l e c t ­
ion and coup l ing  of t h i s  n a t u r e  is  to c o n s i d e r  the  t i m e  a v e r a g e  of the 
c o m p le te  e n e r g y  e q u a t io n  f o r  the  wave v a r i a b l e s .  T h i s  eq u a t io n  m a y  be 
w r i t t e n  (cf. the e n e r g y  equ a t io n  in (6. 1)):
K.m i t  ( i p  » i i . ! 1 ,  i p
+ V  ( R * £ ™ P. T + E x B I = o,
yUo
c o l l i s i o n s  be ing  n e g le c te d .  T h i s  equa t ion  r e f e r s  to the  c o m p le te  ( r a t h e r  
than  p e r t u r b a t i o n )  d y n a m ic a l  v a r i a b l e s .
Defin ing
(6. 8) S  =  R  +
with  t i m e  a v e r a g e  S  
the  wave i s  p ro p a g a t in g ,
£  [n J? J
1 e p - 4  §  * §fX a
f o r  a given r e g io n  of p l a s m a  th ro u g h  which
(6. 82) J  V * $  d r  — O
Volum e
o r
(6. 83) f  S o d ?  ~  O .
Surface
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w h e r e  d"T i s  the s u r f a c e  e l e m e n t ,  and  Sr\  i s  the  c om ponen t  of S 
n o r m a l  to the  s u r f a c e .  In p a r t i c u l a r ,  f o r  p lane  w a v e s  in the  ~Z~ 
d i r e c t io n ,  the  e n e r g y  lo s s ,  A S  , in  the  r e c t a n g u l a r  r e g i o n  bounded  
by the p l a n e s  2= 2, , 'Z. — zl a t ) i s  obv io u s ly
(6 .84 )  A S - Sz (2.,) ~
fo r  f o r w a r d  p ro p a g a t io n .  Since c o l l i s i o n s  a r e  ig n o re d ,  if and  only  if 
A S  ^  O , the  e n e r g y  t r a n s p o r t e d  to the  r e g i o n  by the wave u n d e r  
c o n s i d e r a t i o n  i s  r e m o v e d  f r o m  the  r e g io n  by a n o t h e r  w ave ,  e i t h e r  by 
r e f l e c t i o n  o r  by coup l ing  w i th  a n o t h e r  m o d e  (e. g. a f a s t  wave coup l ing  
w i th  a s t r e s s  m ode) .  F r o m  (6„ 81),
(6 .85 )  S i  =  R z  +  5m Po j z  ( E X B ) ,
a e  p  —— —r° /xo
and  t h e r e f o r e  f o r  p u r e l y  t r a n s v e r s e  w a v es ,
( 6 . 8 6 )  S  2 =  ( g X B ) a  ,
/X .Q
while  fo r  p u r e l y  long i tu d in a l  w a v es ,
(6 .87 )  S *  =  R  z. +  £  m  po J
1 6  Po
It fo l lows  f r o m  t h e s e  e q u a t io n s  tha t  the  e n e r g y  in both the  f a s t  and  the  
s t r e s s  t r a n s v e r s e  w a v e s  i s  c a r r i e d  by the e l e c t r o m a g n e t i c  f i e ld s ,  and  
not by the  m o t io n  of the  p a r t i c l e s .  F o r  lo n g i tu d in a l  w a v e s  i t  i s  of course  
obv ious  th a t  the  e n e r g y  i s  t r a n s f e r r e d  by the p a r t i c l e  m o t ion .
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C o n s i d e r  the  t r a n s v e r s e  s t r e s s  wave so lu t ion ,  (6 . 72). M a x w e l l ' s  
e q u a t io n s  give
( 6 . 88 ) i_ b. Ex
CO ^  ^
CO
Ax /£ ■  ( -L
'  K Pa b *
T h e r e f o r e  the  ( t im e  a v e r a g e d )  Poyn t ing  v e c t o r  g iv e s
(6 .89 )  S i  =  A 3  / h 1  —
2/Ao ^  f
T h i s  d e p en d en ce  of S z  on /°o i n d i c a t e s  tha t  e n e r g y  is  t r a n s f e r r e d  
f r o m  the w ave  by r e f l e c t i o n  (it i s  ev iden t  f r o m  the fac t  tha t  S z  is  
c o n s t a n t  fo r  f a s t  w a v e s  tha t  e n e r g y  canno t  be t r a n s f e r r e d  to t h e s e  by 
coupling).  The m e c h a n i s m  of the  r e f l e c t i o n  i s  not fu l ly  u n d e r s t o o d  and 
w il l  no t be f u r t h e r  d i s c u s s e d .
The  c a s e  of lo n g i tu d in a l  w a v e s  i s  m o r e  c o m p l i c a t e d ,  r e q u i r i n g  3 * . 
and Rvat to be e x p r e s s e d  in t e r m s  of E i  • T h i s  p r o c e s s  is  s i m i l a r
to tha t  invo lved  in d e r iv in g  the d i s p e r s i o n  eq u a t io n s .  B rek h o v sk ik h ^
, -1
h a s  shown tha t  to f i r s t  o r d e r  in L , the  e n e r g y  flux v e c t o r  f o r  sound  
w a v e s  is  c o n s ta n t .  Since,  h o w e v e r ,  the  h e a t  f lux t e r m  w as  exc luded ,  
t h i s  r e s u l t  i s  p o s s i b l y  not r e l e v a n t  to the  long i tud ina l  w a v e s  c o n s i d e r e d  
above .
The  q u e s t io n  of b o u n d a r y  c o n d i t io n s  fo r  the w a v e s  h a s  not b een  
d i s c u s s e d  in t h i s  C h a p t e r .  H o w ev e r ,  it  i s  obv ious  tha t  r e f l e c t i o n  and 
c oup l ing  b e tw een  m o d e s  a r e  c l o s e l y  a s s o c i a t e d  w i th  b o u n d a r y  c ond i t ions .  
And whi le  the  f a s t  wave  g e o m e t r i c a l  o p t ic s  so lu t io n s  do not c o r r e s p o n d
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to r e f l e c t i o n  in the p l a s m a ,  r e f l e c t i o n  at. a s h a r p  b o u n d a r y  is  e a s i l y  
a cc o u n te d  fo r .  T h i s  i s  a p r o p e r t y  of the  b o u nda ry ,  and  a p p l i e s  a l s o  
fo r  w a v e s  in a bounded  h o m o g e n e o u s  m e d iu m .  Since th i s  i s  d i s c u s s e d  
in m a n y  tex t  books ,  it i s  a d eq u a te  to m e n t io n  tha t  in m o s t  c a s e s  the 
r e f l e c t i o n  of w a v e s  a t  a c u t - o f f  i s  s a t i s f a c t o r i l y  d e s c r i b e d  by a " s h a r p  
b o u n d a ry "  a p p r o x im a t io n .
F in a l ly ,  the  u s e f u l n e s s  of the  so lu t io n s  o b ta in ed  in th i s  C h a p t e r  
m a y  be m e n t io n e d .  The  a p p r o x im a t io n  of g e o m e t r i c a l  o p t i c s  h a s ,  in 
fac t ,  a wide  r a n g e  of a p p l i c a b i l i ty .  In m a n y  l a b o r a t o r y  p l a s m a s ,  in 
the  io n o s p h e r e ,  and  in s p a c e , f o r  e x a m p le ,  p r o v id e d  the  wave  f r e q u e n c y  
is  not c lo se  to c u t -o f f ,  t h i s  a p p r o x im a t io n  is  u s u a l l y  ad eq u a te .  F u r t h e r ­
m o r e ,  the  e f fec t  of ( " s m a l l " )  c o l l i s i o n s ,  a l though  s p e c i f i c a l l y  exc luded  
f r o m  th i s  C h a p t e r ,  m a y  be a p p r o x i m a t e l y  a c c o u n te d  f o r  in t h e s e  r e s u l t s  
by inc lud ing  the  c o l l i s i o n a l  dam ping  t e r m s  ob ta in ed  in C h a p t e r  5.
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A ppendix  A
The D if fe re n t ia l  C r o s s  S ec tio n s 
A l . 1 The B o rn  A p p ro x im a t io n
In th i s  A ppendix , q u an tu m  -m e c h a n ic a l  e x p r e s s io n s  a r e  o b ta in ed  
fo r  the  d i f f e r e n t ia l  c r o s s  s e c t io n s  fo r  c e r t a i n  p r o c e s s e s  invo lv ing  
e lec tro n s ,  h y d ro g e n  a to m s  and  p ro to n s ,  w hich a r e  r e q u i r e d  to  c a lc u la te  
the  ^  S and  - 0 .  s . A B o rn  ty p e  of a p p ro x im a t io n  h a s  b e en  c h o se n  to 
give a n a ly t ic a l  e x p r e s s io n s  fo r  th e  d i f f e r e n t ia l  c r o s s  s e c t io n ,  and  a 
n u m e r i c a l  a d ju s tm e n t  f a c to r  i s  in c lu d e d  w h ich  i s  s e l e c t e d  to  o b ta in  a 
" r e a s o n a b le "  a p p ro x im a t io n  to  the  known to ta l  c r o s s  s e c t io n s  in  the  
e n e r g y  r a n g e  0 - 1 0 0  ev. The no ta tio n  i s  the  s a m e  a s  u s e d  in C h a p te r  3.
P r o c e e d in g  f o r m a l ly ,  c o n s id e r  a  c o l l i s io n  invo lv ing  a to m ic  p a r t i c le s  
and  r e f e r r e d  to  a f r a m e  m o v in g  w ith  the c e n t r e  of m a s s .
Suppose th a t  J j   ^ r e p r e s e n t  the  e l e c t r o n  p o s i t io n  v e c t o r s  of the
p a r t i c l e s  r e l a t iv e  to  t h e i r  r e s p e c t iv e  n u c le i  ( th e se  be ing  z e r o  of c o u r s e  
if  th e  p a r t i c l e s  a r e  e l e c t r o n s ) ,  an d  T  the  i n t e r - n u c l e a r  d i s ta n c e ,  w ith  
\ /  ( r r j  the  in te r a c t io n  p o te n t ia l .  " H j ( r j )   ^ a r e  the
in te r n a l  (u n p e r tu rb e d )  H a m il to n ia n s  of the  two p a r t i c l e s ,  r e f e r r e d  to  
t h e i r  r e s p e c t iv e  n u c le i ,  is  the  in i t ia l  a s y m p to t ic  r e l a t i v e  velocity ,
and  ( r  , k'j i s  the  c o m p le te  w ave fu n c tio n  fo r  both  p a r t i c l e s .
The the  S c h rö d in g e r  e q u a t io n  fo r  the  s y s t e m  is
(A l)
"J "fc 1 ä " 'r 'Jjk $h ;  -  h i  + 1 + t D _ V
w h e re  Thr — mj m ^ i s  the  r e d u c e d  m a s s ,  and  E 0 the 
u n p e r tu r b e d  g ro u n d  s t a t e  e n e r g y  of the  s y s te m  a s s o c i a t e d  wnth and  
. The t e r m  i s  the a sy m p to t ic  k in e t ic  e n e r g y  of the
s y s te m .
N e g le c t in g  the  p o s s ib i l i ty  of e le c t r o n  ex ch an g e , c an  be
ex p an d ed  a s
<A2) *£ (r,rj, rfe) = ( h  +j ) ^(r^Ck) Fgr)
%
w h e re  ^  ( JTj j i s  th e  s e t  of a l l  p o s s ib le  cj)^ ( r \ )
w h ich  a r e  e ig en fu n c t io n s  f o r  th e  p a r t i c l e s  j  and  ) *s
e s s e n t i a l l y  a s c a t t e r i n g  fun c tio n ,  to be d e te r m in e d  by so lv in g  the  
S c h rö d in g e r  eq u a tio n .  E q , =  j  ^  ^ » i s  the  s u m  of the
e ig e n v a lu e s  of the  two p a r t i c l e s  c o r r e s p o n d in g  to  the  e ig e n fu n c t io n s  
(j)^ ( £ j)  and  (j)^  ( r f ) . T he  s u m m a t io n  i s  o v e r  d i s c r e t e  s t a t e s
and  the in te g r a t io n  o v e r  con tin u u m  s t a t e s .  S u b s t i tu t in g  th is  e x p an s io n  
in  the  S c h rö d in g e r  e q u a tio n  (A l) g iv e s
(A3) 2 .  *
V <1
= v (-rJrJJrfl) <f(t„qgd .
M ultip ly in g  (A l) by ( Tj P p c l r j d r ^  and  in te g ra t in g ,  th is
b e c o m e s
(A4) —  4- -L ror q1 I E _  E a
rm rT r l 2 Jjk +
<Mrk.
F0 Cr) r e p r e s e n t s  th e  s u m  of an  in c id e n t  and  a s c a t t e r e d  w av e , w h ile  
F ^ ( r  ) (  ^  O j  m u s t  r e p r e s e n t  s c a t t e r e d  w a v e s  only.
H ence  the  r e s p e c t iv e  a s y m p to t ic  f o r m s  can  be show n to  be (M ott and  
M a s s e y  ):
a -3
r l Ho t  , - T  r
(A&) r 0 ~  e - - + -L e * +0r
\  ~  ~ eL- r ',! " ^  er, O
( y - A )
(A6) !'
w h e re  k 0 is  the  (re d u c e d ) in c id e n t w ave v e c to r  such th a t the re d u c e d  
m o m e n tu m , p , is  g ive n  by f)  ho . S im i la r ly  (< (c jjis  the re d u c e d  
wave v e c to r  o f the  s c a tte re d  p a r t ic le  f o r  the  s ta te  n  . Then  the
«6» L.
s c a tte re d  c u r re n t  d e n s ity  f o r  the s ta te  o f e x c ita t io n  is
a
(A 7) U f (<j,) I 1  
m r
1
The d i f fe r e n t ia l  c ro s s  s e c t io n  f o r  the d e f le c t io n  o f the  f in a l w ave 
v e c to r ,  k j; ( c p  * in to  a s o l id  ang le  ( - A  ,T V  + d / ' t  ) w ith  e x c ita t io n  
s ta te  is  the  r a t io  o f the  s c a tte re d  c u r re n t  p e r  u n it  s o lid  ang le  
about j T l  to  the in c id e n t c u r re n t  d e n s ity , g iv in g
(A8)
Ro
S ub ject to  th e  p lane  w ave  B o rn  a p p ro x im a tio n  5
(A9) =  e . " - 1’ 1 ^  ( f j  , r h) .
S u b s titu tin g  th is  e x p re s s io n  f o r  ^  in  the  r ig h t  hand s ide  o f (A 4 ), 
th is  e q u a tio n  becom es
(A10) £  £
2 m r b r x
tfjäfit)
2 m r
Fi(r)
r
V(r,tpiV)e
i
d r  d r k
w ith  a sy m p to t ic  so lu t io n
r fr] _  \ «fftUr „
( A i l )  l y t )  -  -  c  w r
2  IT f\
i.K*r . , * I ,e 4^ 0 Lpcp djj drfe
(A12)
In th e s e  e q u a t io n s ,
r
— JUx—
2 tt
V  e tK r dfj dr^dr.
K -  -  E4H) and 3jk+ - ^ r t<i).
fc2.
In the  c a s e  of e x c i ta t io n  to  the  co n tin u u m  le v e l ,  0 i s  the  w ave 
fu n c tio n  w hose  m a t r i x  e le m e n t ,  ta k en  w ith  the  g ro u n d  s ta te  w ave 
fu n c tio n  and  in t e r a c t i o n  p o te n t ia l ,  g iv e s  the  p ro b a b i l i ty  of a  p a r t i c u l a r  
d i r e c t io n  and  e n e r g y  of the  a to m ic  e l e c t r o n  (a s  w e ll  a s  th e  d i r e c t io n  
and  e n e r g y  of the  s c a t t e r e d  p a r t i c l e ) .  W ith the  H a m il to n ia n s
° f  the e l e c t r o n s ‘of th e  p a r t i c l e s  j  and k r e f e r r e d  to t h e i r  
r e s p e c t iv e  c e n t r e s  of m a s s ,  the  e ig e n fu n c t io n s
g ro u p ed  u n d e r  the  t e r m  tjv ^  , t h e r e f o r e  r e l a t e  the  con tin u u m  s ta te
e le c t r o n  p a r a m e t e r s  to  the  c e n t r e  of m a s s  of the p a r t i c l e ,  s a y  k j 
f r o m  w hich  i t  w as  d is p la c e d .  C o n se q u e n t ly  the  ang le  and  e n e r g y  of 
the  e je c te d  e l e c t r o n  i s  not r e f e r r e d  to  the  c e n t r e  of m a s s  of the  s y s te m  
and k , bu t to  p a r t i c l e  k . In o r d e r  to  u se  th e  d i f f e r e n t ia l  
c r o s s  s e c t io n s  in  the  c e n t r e  of m a s s  s y s te m ,  it  b e c o m e s  n e c e s s a r y  to 
c o n v e r t  th e s e  p a r a m e t e r s  to  th i s  s y s te m .  B e a r in g  th i s  in  m in d , the 
above r e s u l t s  g ive , f o r m a l ly ,  fo r  io n is a t io n  (with the  a to m ic
e l e c t r o n  w ave  v e c t o r ) '
a -5
( Ai 3)  ö~ I n ,  d XI ^  d i  { ■ ( ■
I > n
) I d XI, dflidjc
w h e re  the s u b s c r ip t s  I ,  ri -  r e f e r  to  the  s c a t t e r e d  ( inc iden t)  p a r t i c l e  
and  the  a to m ic  (e je c te d )  e l e c t r o n ,  r e s p e c t iv e ly .
R e g a rd in g  the  f r a m e s  of r e f e r e n c e ,  th e  d i f f e r e n t ia l  c r o s s  s e c t io n  
a s  o b ta in e d  above h a s  to  be t r a n s f o r m e d  to th e  f r a m e  m o v in g  w ith  the 
c e n t r e  of m a s s  of the  c o l l id in g  p a r t i c l e s  (which w ill  be c a l l e d  the  "c . m  
f r a m e " ) .  It is  a l s o  n e c e s s a r y  to o b ta in  an  e x p r e s s io n  fo r  the  i n te r n a l  
e n e r g y  of the  " c o m p o s i te "  p a r t i c l e  p ro d u c e d  in  the c o l l i s io n ,  a s  d i s ­
c u s s e d  in C h a p te r  2. T he  ty p e s  of c o l l i s io n s  be ing  c o n s id e r e d  a r e  
th o s e  in  w h ich  one of the  c o l l id in g  p a r t i c l e s ,  s a y  j , i s  s c a t t e r e d ,  
w h ile  the  o th e r  p a r t i c l e ,  s a y  k , on  c o l l i s io n  b r e a k s  up in to  two 
" s u b - p a r t i c l e s " ,  t  and  s  • The fo r m  (A13) of the  d i f f e r e n t ia l  
c r o s s  s e c t io n  r e f e r s  the  ang le  and v e lo c i ty  of j  to  the  c. m . f r a m e ,  
but (owing to  the  r e f e r e n c e  f r a m e  of the  H a m il to n ia n s )  i t  r e f e r s  the  
v e lo c i t i e s  an d  so l id  a n g le s  of T  and s to  a  f r a m e  m o v in g  w ith  t h e i r  
c e n t r e  of m a s s  (the " ^  " f r a m e ) .  U sing  v  , ~ ) £  and  _0- to  deno te  
v e lo c i t i e s ,  a n g le s  and  so l id  a n g le s  in  th e  c . m .  f r a m e ,  an d  u. , © 
and  CO v e lo c i t i e s ,  a n g le s ,  and  so lid  a n g le s  in  the  " ^  " f r a m e ,  the  
p ro b le m  i s  to  e x p r e s s  U r Us and  C0S in t e r m s  of _0-
and  v . C le a r ly ,
(A14) nrij Vj +  — ö  o r  V ^ =  — Wj Vj
mk
T hen
(A15) V r U.r -+* Y  fe
Y$ = Y$ -  ITi Yj
a  -6
T he a z im u th a l  ang le , th a t  i s  the  an g le  w ith  the  p lane  of the  c o l l i s io n ,  
i s  the  s a m e  fo r  both f r a m e s .  H ence  the  e l e m e n t s  of so l id  an g le  in the  
two f r a m e s  a r e  r e s p e c t iv e ly  r| 0  — d )^6 and
(Jed =  Sun 0  cI g  d e  • T ak ing  c o m p o n e n ts  of v e lo c i ty  of (A15) in  
a c a r t e s i a n  f r a m e  g ives
(A16) V r x  “  V r  ^ ) 6 r =. U r C ^ , 0 T — Ü>J V; Gts
J
V r u  =. Vr S i n ) 6 r =  Ur S w i G r — Ü1] V r S i / n X i  .
F r o m  th e s e  r e l a t i o n s  it fo l lo w s  th a t
(A17) Ur =  Vr 4  (™S f Vj +. 4 v. v r Cor. (> •  - / , . )
(A18) U5 -  v52 4. ) Vjx 4 2 vj Vs rnj C<n ( ' X f X s )
Vnnk/ mf? J
(A19) Sun G r — Vr S ün X. r -+ j / m h ) S b n Xj
( v rz + 2 vrVj (mj/mfe) C<^  (^j -Xr))*
(A20) Sun _  Vs 5'vnXs  -+ ( mj / mf c) Vj  SunXl ______ __________ _
( vsx + (.mj /mtfVj + 1 Vi vs ( mj/mfe) C« C -Xr))*
W hen j i s  an  e l e c t r o n  and  k an  a to m , on n e g le c t in g  2Le c o m p a r e d
J J ma.
w ith  un ity , the  c. m . and  " k " f r a m e s  b e co m e  id e n t ic a l ,  a s  w ould  be
e x p ec te d .
T he  t e r m  i s  d i s c u s s e d  in  C h a p te r  2. E s s e n t i a l l y  i t  i s  the
s u m  of th e  io n is a t io n  e n e r g y  and  the in te r n a l  k in e t ic  e n e r g y  of the  
c o m p o s i te  " p a r t i c l e " .  Suppose  of t h r e e  p a r t i c l e s ,  C{^  s   ^ and  S 
fo r m  a c o m p o s i te  " p a r t i c l e " ,  th e n  f o r  th is  c a s e
a -7
(A21) fcg -  J + I rnct ms (v^- vsf
T h is  i s  g iven  l a t e r  (in A ppendix  B) fo r  the  p a r t i c u l a r  c a s e  of e l e c t r o n - 
h y d ro g en  a to m  io n is in g  c o l l i s io n s .
A 1_. 2 The B o rn  Di f f e r e n t i a l  C r o s s  S ec tions
F o r  co n v en ie n c e  of w r i t in g  in  th i s  and  su b se q u e n t  s e c t io n s ,  a s  in 
C h a p te r  3, define  0 = /  (j^.ir 60) w h e re  i s  the  e l e m e n ta r y
un it of c h a r g e .  T he  n o ta t io n  in  th is  s e c t io n  i s  th e  s a m e  a s  th a t  of the 
p r e v io u s  s ec t io n ,  and  in  p a r t i c u l a r ,  of C h a p te r  3 w h e re  m a n y  of the  
s y m b o ls  a r e  defined .
A l .  2. 1 E l a s t i c  C o l l i s io n s
(a) E l e c t r o n - e l e c t r o n  c o l l i s io n s
W ith the n e g le c t  of the  e l e c t r o n  sp in , the  c l a s s i c a l  m e th o d , the  
B o rn  a p p ro x im a t io n ,  an d  th e  e x a c t  p a r t i a l  w ave c a lc u la t io n  a l l  y ie ld  
the  w e ll  known C ou lom b  c o l l i s io n  r e s u l t  f o r  the  d i f f e r e n t ia l  c r o s s  
s ec t io n :
(A22) (T d lT  =  nr»r Ccrsec4 X / l  d f l
TFT!
Since the n a tu re  of th e  c o l l i s io n  t e r m s  in  the  m o m e n t  e q u a t io n s  involves 
t r e a t i n g  the  c o l l id in g  p a r t i c l e s  a s  d is t in g u is h a b le  (when th e y  a r e  
id e n t ic a l ) ,  i t  i s  doubtfu l w h e th e r  it  w ould  be ad eq u a te  to  tak e  a c c o u n t  
of ex change  e f fe c t s  p u r e ly  in  the  d i f f e r e n t ia l  c r o s s  s ec t io n .  A lthough 
the e n e r g y  r a n g e  0 - 100 ev  i s  th a t  in  w h ich  exch an g e  e f fe c t s  m a k e  the ir  
g r e a t e s t  c o n tr ib u t io n  to the  c r o s s  s e c t io n s ,  they  a r e  not c o n s id e r e d  in 
th is  th e s i s .
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(b) E l e c t r o n - h y d r o g e n  a to m  c o l l i s io n s
U sin g  (A8), (A12) w ith  the  g ro u n d  s ta t e  w ave fu n c t io n s  fo r  h y d ro g e n ,  
s in c e  the  i n te r a c t io n  p o te n t ia l  is
(A23) V  =  e U  — -------!------  )
t tr-jni 1
w h e re  T, i s  the  a to m ic  e l e c t r o n  p o s i t io n  v e c to r  w ith  r e s p e c t  to  th e  
n u c le u s ,  the  B o rn  d i f f e r e n t ia l  c r o s s  s ec t io n  is
(A24) (S' d n  -  4- a t  mr e 4 ( & V K^q,,)"
In th is  eq ua tion , (as  d e f in ed  in  C h a p te r  3), X-  C ^ 0 -£ f )  = 2 k 0 (l~CösX)»
(c) E l e c t r o n - p r o to n  c o l l i s io n s
T he  C ou lom b r e s u l t  a p p l ie s  fo r  th i s  c a s e ,  the  d i f f e r e n t ia l  c r o s s  
s e c t io n  b e ing
(A25) <r d f l = rn? e 4 Cosec4  X /a dfl
4  h i
(d) H y d ro g en  a to m - h y d r o g e n  a to m  c o l l i s io n s
U sing  T| , f o r  the  p o s i t io n  v e c t o r s  of the  a to m ic  e l e c t r o n s  
r e f e r r e d  to  t h e i r  r e s p e c t i v e  n u c le i ,  an d  V fo r  the  i n t e r n u c l e a r  
d is ta n c e ,  the  in t e r a c t i o n  p o te n t ia l  i s
(A2 6) V = el ( - !  -+ _[---  .+ J __  _ _J____  'Nr ir-r<i I r + tv I ir+r»-r>i '  ■
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The c o l l id in g  a to m s  a r e  r e g a r d e d  a s  d is t in g u is h a b le ,  in  w h ich  c a s e ,  
u s in g  the  g ro u n d  s ta t e  w ave  fu n c t io n s ,  f r o m  (A8) and  (A12), the 
d i f f e r e n t ia l  c r o s s  s e c t io n  fo r  th e s e  c o l l i s io n s  i s
(A27) (T d h  — 4  m ? e* a % K" ( a l  K L  d f L  .
c<ie + 4)%
(e) H y d ro g e n  a to m - p r o to n  c o l l i s io n s
A p a r t  f r o m  th e  d i f f e r e n c e  in the  r e d u c e d  m a s s e s ,  th e s e  c o l l i s io n s  
a r e  id e n t ic a l  w ith  the  e le c t r o n - h y d r o g e n  a to m  c o l l i s io n s ,  of c a s e  (b). 
The d i f f e r e n t ia l  c r o s s  s e c t io n  is
(A28) a  dfl = A- mrV at (  at jC •> &)  ^ d(l .
*0 ( ao K1 + A) ^
(f) P r o to n - p r o to n  c o l l i s io n s
T h e s e  C o u lo m b  c o l l i s io n s  a r e  f o r m a l l y  the  s a m e  a s  c a s e  (a). The 
d i f f e r e n t ia l  c r o s s  s e c t io n  is  t h e r e f o r e
(A29) <r d l l  = ro r  e *  C osec*  y . /2  d f l  .
A1 2. 2 In e la s t i c  C o llis ion 's
It i s  r e a s o n a b le  to  su p p o se  th a t  in  an  i n e la s t i c  c o l l i s io n  w ith  an  
a to m , owing to the  s c r e e n in g  e ffec t  of the a to m ic  e l e c t r o n ,  a to m s  w ill  
have  a s m a l l e r  c r o s s  s e c t io n  th a n  p r o to n s .  A gain , u s in g  the  B o rn  
a p p ro x im a t io n ,  an e s t i m a te  of th e  r e l a t iv e  m a g n i tu d e s  of the  c r o s s  
s e c t io n s  of p ro to n s  an d  e l e c t r o n s  in in e la s t i c  c o l l i s io n s  w ith  a to m s  
c an  be o b ta in e d  a s  fo l lo w s  (B a te s  and  G rif f in g ^) .  L e t  Qe(ß\  Q p(^)
a -1 0
be to ta l  c r o s s  s e c t io n s  fo r  a  g iven  e l e c t r o n  o r  p ro to n  e n e r g y  £  
r e s p e c t iv e ly .  T h en  if  Z) e is  the  k in e t ic  e n e rg y  d e fe c t  in  the  
c o l l i s io n  the  B o rn  a p p ro x im a t io n  g iv es
(A30) Q e O E )  =  1  Q  ( E ) -  A j
k ^v W e
w h e re
(A3i) =  ( I + £ ) x r \ j  I + a ! / i e
and m p a r e  the  e l e c t r o n  and  p r o to n  m a s s e s .  V e ry  a p p r o x i ­
m a te ly ,  th i s  g iv e s
( A 3 2 ) Q p ( E )  =  K Q e ( » f ) .k m p 7
A c c o rd in g  to  (A32), th en , the  p r o to n - a to m  c r o s s  s e c t io n  fo r  a  g iven  
in c id e n t  e n e r g y  is  of the  s a m e  o r d e r  a s  the  e l e c t r o n - a t o m  c r o s s  
s e c t io n  fo r  an  in c id e n t  e n e r g y  TY\ef rr\p of the  p ro to n  e n e rg y .  Since fo r  
low e n e r g i e s  th e  e l e c t r o n  c r o s s  s e c t io n  i s  s m a l l ,  the  p r o to n - a to m  
c r o s s  s e c t io n  (and th e  a to m - a to m  c r o s s  s e c t io n  a lso )  w il l  be v e r y  
s m a l l  in  the  e n e r g y  r a n g e  0 - lOOev. It i s  r e a s o n a b le ,  t h e r e f o r e ,  to  
n e g le c t  p r o to n s  an d  a to m s  a s  in e la s t ic  c o l l i s io n  p r o j e c t i l e s  fo r  the  
c a lc u la t io n s  of C h a p te r  3.
(a) E l e c t r o n - h y d r o g e n  a to m  l s - 2 p  e x c i ta t io n  c o l l i s io n s  
T he  on ly  e x c i t a t io n  p r o c e s s  th a t  w il l  be c o n s id e r e d  i s  l s - 2 p  
e x c i ta t io n ,  th is  p r o c e s s  h av in g  a m u ch  l a r g e r  to ta l  c r o s s  s e c t io n  than  
th a t  to  any  o th e r  le v e l  f r o m  the  g ro u n d  s ta te .  The in te r a c t io n  p o te n t ia l
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is  g iven  in (A2 3). U s ing  the  g ro u n d  s ta t e  h y d ro g en  a to m  wave function  
and the 2.p ( m ^ o )  wave  func t ion  in ( A l l )  to c a l c u l a t e  "f ,
f r o m  (A8) the  d i f f e r en t i a l  c r o s s  s e c t io n  is
(A33) cr do. =. fef 3x a'5mrQ.o d n  .
ko ^  K"(9 + 4 K V 0)g
(b) E l e c t r o n - h y d r o g e n  a to m  io n i s in g  c o l l i s i o n s  
F o r  t h e s e  c o l l i s i o n s ,  u s in g  the  e x a c t  c on t inuum  wave  func t ion  
(Mott and  M a s s e y \  p. 2 33) in the  c a lc u l a t i o n  of the  B o rn  a p p ro x im a t io n  
fo r  the  d i f f e r e n t i a l  c r o s s  s e c t io n  l e a d s  to an e x c e e d in g ly  c o m p l i c a t e d  
e x p r e s s i o n .  L e t  d -Tl i be the  so l id  angle  in to  which  the  in co m in g  
e l e c t r o n  i s  s c a t t e r e d ;  d H  ^ the  so l id  angle  in to  which  the a to m ic  
e l e c t r o n  i s  e j e c t e d  w i th  w ave  v e c t o r  X  ; and K =  y } k-f
be ing  in i t i a l  and  fina l  wave  v e c t o r s  of the  in c id en t  e l e c t r o n ,  a s  be fo re .  
Then  the d i f f e r en t i a l  c r o s s  s e c t io n  fo r  th i s  c o l l i s io n  i s
2 . . ->/ 2 * 0*0 \
(A34) «r dn, dn1 =
(ao(K-3<c<js<t))2 +Ccrs^S) dH-i 6(1^ d x  
“ ------------ Ttt------ ------------------------- --------------  *
( I - e" *M (( |-* aa% + Kxao) +
In t h i s  equa t ion ,  S i s  the  ang le  b e tw ee n  K and X  . d H . 2 .
and X  a r e  in  fac t  r e f e r r e d  to a f r a m e  m ov ing  w i th  the c e n t r e  of 
m a s s  of the  a to m  a f t e r  the  c o l l i s io n ,  but it  i s  a p p a r e n t  f r o m  e q u a t io n s  
(A17) to (A20) tha t  the  e r r o r  invo lved  in t a k in g  t h e s e  v a r i a b l e s  as  
r e f e r r e d  to the  c. m .  fo r  the  c o l l i s i o n  i s  only of o r d e r  / f n a .
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H o w ev e r ,  i t  i s  o b v ious  th a t  th i s  e x p r e s s io n  (A34) is  u n s u i ta b le  
fo r  c a lc u la t io n  of the (|>$ and  f l  S in C h a p te r  3, w h e re  s u c c e s s iv e  
in te g r a t io n s  o v e r  fu n c t io n s  in v o lv ing  the  d i f f e r e n t ia l  c r o s s  s e c t io n  
a r e  n e c e s s a r y .  E v en  w hen th is  d i f f e r e n t ia l  c r o s s  s e c t io n  i s  a v e r a g e d  
o v e r  the  so l id  ang le  of e je c t io n  of th e  a to m ic  e le c t ro n ,  the  r e s u l t i n g
O 1e x p r e s s io n  i s  too c o m p l ic a te d  to be u s e d  in  e v a lu a t in g  the ± L S .
T he  p ro b le m  m a y ,  h o w e v e r ,  be a p p ro a c h e d  in a s i m p l e r  w ay.
The m a in  r e a s o n  fo r  the  c o m p l ic a te d  fo r m  of (A34) is  the  c o m p le x  
n a tu r e  of the  c o n t in u u m  w ave fu n c tio n  fo r  the  h y d ro g e n  a to m ic  
e le c t r o n .  It i s  t h e r e f o r e  r e a s o n a b le  to  c o n s id e r  r e p la c in g  i t  by a 
p lan e  w ave func tion , in  a s i m i l a r  m a n n e r  to  th a t  in  w h ich  th e  r e l e v a n t  
B o rn  a p p ro x im a t io n  w as  o b ta in e d  by u s in g  a p lan e  w ave  (A9) in  equation 
(A10). Such a p lane w ave is
(A35) <t>, = e 1- '1' ,
XI be ing  the p o s i t io n  v e c to r  of th e  a to m ic  e l e c t r o n  r e l a t iv e  to the  
c. m .  (But; s i m i l a r l y  to  the  B o rn  a p p ro x im a t io n  b e in g  v a l id  fo r  l a r g e  
e n e r g ie s  of the  in c id e n t  e l e c t r o n ,  so  th i s  a p p ro x im a t io n  i s  a c tu a l ly  
v a l id  on ly  f o r  h igh  e n e r g i e s  of the  e je c te d  e le c t r o n .  ) The a p p r o p r ia t e  
n o r m a l i s in g  f a c to r  i s  no t e n t i r e l y  c l e a r ,  but to  o b ta in  the  c o r r e c t  
fo r m  of the  d i f f e r e n t ia l  c r o s s  s e c t io n ,  (j), (j)* J  K sh o u ld  r e p r e s e n t  
a  p ro b a b i l i ty  d e n s i ty  of p a r t i c l e s  w ith  w ave  n u m b e r s  tX in  the  ra n g e  
(  X\  ^ ,X + d | 4 < )  , an d  so  have  d im e n s io n s  (vo lum e) A c o m ­
p a r i s o n  of th e  f in a l  fo r m  o b ta in ed , u s in g  th i s  w ave func tion , w ith  
(A34), o b ta in ed  by u s in g  the  c o r r e c t  w ave fu n c t io n ^ su g g e s ts  th a t  the  
c o r r e c t  f o r m  f o r  j is
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(A36) <j>, ~  ( ~ i  V  e j ' ^
The u se  of an  a d ju s t in g  fa c to r  w ith  th e  to ta l  c r o s s  s e c tio n  o b ta in ed  
u s in g  th is  w'ave fu n c tio n  w ill m e a n  th a t  th e  n e g le c t of n u m e r ic a l  f a c to r s  
is  of no c o n se q u e n c e . W ith (A38) fo r  th e  f in a l w ave fu n c tio n  and the  
n o rm a l  g ro u n d  s ta te  h y d ro g e n  w ave fu n c tio n  a s  the  in i t ia l  w ave function, 
the  B orn  a p p ro x im a tio n , e q u a tio n  (A 13), m a y  be u se d  to  c a lc u la te  f  (# ) . 
F ro m  (A8) th e  d if f e r e n t ia l  c r o s s  s e c tio n  i s  found  to  be
(A37) d f l ,  d  f l 2d x  =  2 ‘tt a t  m r e*  I f  % d f l ,  d f l 2 d *
fi4 fee ( K z - * 1) - h ) ¥
In  g e n e r a l ,  j ] > >  j X  j an d  th e r e f o r e  it i s  co n v en ien t to
s im p lify  (A37) to
(A38) Ö'd l l  ciH, dx 2 LTtal ml e4 kf 3< 4/1, dfh cU
A gain , s in c e  ft -  2  m r (A37) i s  e a s i ly  r e a r r a n g e d  to  g ive
JS J
the  p ro b a b il i ty  of e je c t io n  of th e  a to m ic  e le c t r o n  in  the  e n e rg y  ra n g e
(  ^ i~-j< + dE ^ ).
(c) P ro to n -h y d ro g e n  a to m  c h a rg e  ex ch an g e  c o ll is io n s  
R eso n a n t c h a rg e  e x ch an g e , w h e re  th e  e le c tro n  e n e rg y  re la t iv e  to  
the n u c le u s  is  th e  s a m e  fo r  the  fina l " a to m s"  a s  fo r  th e  in i t ia l  " a to m s" , is  
in  g e n e r a l  th e  o n ly  ty p e  of c h a rg e  ex ch an g e  c o l l is io n  w ith  a n  a p p re c ia b le
c r o s s  s e c tio n . T h is  c a n  o c c u r  b e tw een  h y d ro g e n  a to m s  and  p ro to n s .
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It h a s  b een  show n (B a te s  ) th a t  th e  c o r r e c t  in te r a c t io n  p o te n tia l  f o r  such 
c o l l is io n s  is  not the s im p le  " p o s t"  o r  " p r io r "  in te r a c t io n  ( id e n tic a l fo r  
the  s y m m e tr ic a l  p ro to n  h y d ro g e n  a to m  s y s te m ) , bu t a m u ch  m o re
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c o m p l ic a te d  func tion . F u r t h e r m o r e ,  in  c a lc u la t in g  the  c o l l i s io n  c r o s s  
s e c t io n ,  a c c o u n t  sh o u ld  be ta k e n  of the  ch ange  in  t r a n s l a t i o n a l  m o tio n  
of the  e l e c t r o n  th a t  a c c o m p a n ie s  the  jum p b e tw een  the  n u c le i .  However, 
in  o r d e r  to  a c h ie v e  r e a s o n a b le  a n a ly t ic a l  e x p r e s s io n s ,  bo th  of th e se  
c o n s id e r a t io n s  w ill  be ig n o re d ,  i t  b e in g  a s s u m e d  th a t  the  in c lu s io n  of a 
n u m e r i c a l  a d ju s tm e n t  f a c to r  w il l  b r in g  the  B o rn  c a lc u la t io n  u n d e r  th e se  
s im p l i f ic a t io n s  to  an  a c c e p ta b le  a p p ro x im a t io n  fo r  th i s  p r o c e s s .
T he " p r i o r "  in t e r a c t i o n  p o te n t ia l  i s
(A39) v = e1 ( 1
ir + m
w h e re  T  i s  the  i n t e r n u c l e a r  s e p a r a t io n ,  and Ti the  p o s i t io n  v e c to r  
of the  e l e c t r o n  r e l a t i v e  to the  n u c le u s  th a t  it h a s  b e fo re  c o l l i s io n .  The 
B o rn  a p p ro x im a t io n  fo r  th i s  c a s e  g iv e s
(A40) f m  r
TTTiF
but, so m e w h a t  d i f f e r e n t ly  f r o m  th e  p r e v io u s  c a s e s ,  ko is  the 
( r e d u c e d )  w ave v e c to r  of the  in c id e n t  n u c le u s ,  the  w ave  v e c to r  of
the  " s c a t t e r e d "  n u c le u s ;   ^ a r e  the  w ave  fu n c tio n s  of the
e l e c t r o n  in  the  in i t i a l  and  f in a l  a to m s ;  and  a ls o
(A 41) K ' i -  ko (  i +■ Co^)c) •
U sing  g ro u n d  s ta t e  h y d ro g e n  a to m  w ave fu n c t io n s  fo r  to
o b ta in f th e  d i f f e r e n t ia l  c r o s s  s e c t io n  fo llow s  f r o m  (A8):
(A42) O' d Q  =  <T\r e 4  2  ftp d f l
**( aJK2+l)c
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A l .  3 The T o ta l  C r o s s  S ec tio n s
In th is  s e c t io n ,  the  e x p r e s s io n s  o b ta in ed  fo r  the  d i f f e r e n t ia l  c r o s s  
s e c t io n s  in  the  p re v io u s  s e c t io n  a r e  i n te g r a te d  o v e r  the  s c a t t e r in g  
a n g le s  to o b ta in  th e  to ta l  c o l l i s io n  c r o s s  s e c t io n s  a s  a  func tion  of 
in c id e n t  e n e r g y  an d  o th e r  p a r a m e t e r s .  T h e s e  to ta l  c r o s s  s e c t io n s  a r e  
c o m p a r e d  w ith  e x p e r im e n t a l  r e s u l t s  o r  e x a c t  n u m e r ic a l  c a lc u la t io n s  to 
give a n u m e r i c a l  a d ju s tm e n t  f a c to r .  T h is  f a c to r  i s  u s e d  to b r in g  the  
" B o rn "  a p p ro x im a t io n s  in to  r e a s o n a b le  a g r e e m e n t  w ith  th e  p ro b a b le  
c r o s s  s e c t io n s  in  a  r e g io n  fo r  w hich  th e  p lan e  w ave a s s u m p t io n  is  
e n t i r e l y  in a d e q u a te .  H o w ev er  s in ce  the  e n e r g y  ra n g e  of i n t e r e s t  is  
l im i te d ,  the  a p p ro x im a t io n s  a r e  c o n s id e r e d  su ff ic ie n t  to be u s e d  in  the  
c a lc u la t io n s  of the  _ f \  S to  o b ta in  a n  e s t im a te  of the  c o l l i s io n  t e r m s  
in  the  m o m e n t  e q u a t io n s  fo r  the  fo r m a t io n  of a p la s m a .  As d i s c u s s e d  
p re v io u s ly ,  i t  i s  l ik e ly  th a t  c e r t a i n  c l a s s i c a l  a p p ro x im a t io n s  b e t t e r  
d e s c r ib e  the  n o n -C o u lo m b  e la s t i c  c o l l i s io n s  invo lved .
A l .  3. 1 E l a s t i c  C o l l i s io n s
(a) C o u lo m b  c o l l i s io n s  ( e l e c t r o n - e l e c t r o n ,  e l e c t r o n - p r o to n ,
p ro to n  -p ro to n )
W ith C o u lo m b  c o l l i s io n s  the  in te g r a l  of the  d i f f e r e n t ia l  c r o s s  
s e c t io n  d iv e r g e s .  F o r  th i s  r e a s o n  the  w e ll  know n Debye c u t -o f f  i s  
in t ro d u c e d ,  the  Debye le n g th  r e p r e s e n t i n g  a d is ta n c e  f r o m  a p a r t i c l e  
beyond  w h ich  the  e l e c t r o s t a t i c  sh ie ld in g  of th e  o th e r  p a r t i c l e s  i s  
" c o m p le te " .  U su a l ly  put f o r w a r d  a s  an  u p p e r  l im i t  on an  im p a c t  
p a r a m e t e r ,  it  m a y  eq u a lly  w e l l  be e x p r e s s e d  a s  a  m in im u m  ang le  of 
d e f le c t io n  in a c o l l i s io n .
S ince  the  d e ta i l s  of C o u lo m b  c o l l i s io n s  a r e  d i s c u s s e d  in  m a n y  
books, on ly  the  b a re  f a c t s  n e e d  be g iven . In t e r m s  of an  im p a c t
a -1 6
p a ra m e te r  b , the s c a t te r in g  ang le ~>L is
(A 43) X  - 2  S w  7 - — 1 ■ _ )
w h e re
(A 44) T V  “ b  m r q x  
e 1  J  '
The Debye le n g th , , be ing
(A 45) XD = ( k  Te ^
^ r n e 1 ’ ?e
i t  fo l lo w s  a t once th a t the  m in im u m  d e f le c t io n  X o  is  g ive n  by (A43)
on ta k in g  _/\_ =  w h e re
JR *
(A 46) V V Jt =
■ - ( k  *e nrir- q h
A - ir n e e "  /
The to ta l c ro s s  s e c tio n , in  te rm s  o f "JC0 is
(A 47) (J T 2. it  rr\r t '
4 * 4
No c o r re c t io n  fa c to rs  a re  r e q u ire d  fo r  th is  w e l l  know n r e s u lt .
(b) E le c t ro n -h y d ro g e n  a to m  c o l l is io n s
S ince =. 2. k 0 (  | -  C c r s ) , on d if fe re n t ia t in g ,
(A 48) K dK = .
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The u p p e r and lo w e r  l im i t s  o f in te g ra t io n  o v e r  K  becom e 2. ko 
and 0  . U s in g  the  d i f fe r e n t ia l  c ro s s  s e c tio n  (A 24), w ith  the s u b ­
s t i tu t io n  (A 48) the  to ta l c ro s s  se c tio n  is
^ IT T
(A 49) <Tr
o
77
4 .a tr( \r e4 ( + &) K cl K d 6
m r e*~ a * ( 7  ko ftp +■ 1$ l£ a o  -»* iQ. k«
3 ft v k !  (  I + t t  a£ ) 3
(c) H y d ro g e n  a to m -h y d ro g e n  a to m  c o l l is io n s
U s in g  (A 48) in  the  d i f fe r e n t ia l  c ro s s  s e c t io n  (A 27); the a p p lic a t io n  
o f s ta n d a rd  in te g ra ls  g iv e s  the  to ta l c ro s s  s e c tio n :
(A50) (Tt f t  tt t r y  e /f Cu 
f t4 k o  (  I +■ k o  a i) * 7
/  ( “ t -  a *  , n
( 3 3  koCLo 4- JZ_ k 0 a ° +
V 140 5
l i  ( f t
8
4_ jo  fe a,,
3
4* 4
3
(d) H yd ro g e n  a to m -p ro to n  c o l l is io n s
T h is  is  a lg e b r a ic a l ly  the  sam e re s u lt  as fo r  e le c tro n -h y d ro g e n  
a to m  c o l l is io n s :
(A 51) <rT =  TT r r ^  e 4 a *  (  1 k t< lo  +  + iz  C a . )
3 ko ( I  + k l a l ) 3
A l .  3. 2 In e la s t ic  C o ll is io n s  
S ince
0-  s
(A 52) K  =  k ,  +  k  -  2  k c fe f  G r s J -  }
a -1 8
d i f f e r e n t ia t io n  y ie ld s
(A53) K dK =  k0 kf dy .
The l i m i t s  of in te g r a t io n  w ith  r e s p e c t  to  VC a r e  k 0 "t ; f r o m  the  
e n e r g y  eq u a t io n  fo r  th e  type  of c o l l i s io n  be in g  c o n s id e r e d ,
(A54) f u  -  k f  +  q w r  A  g
giv ing
(A55) k  £ — [  ~  2 m r A t. ] 1 / v /  L  (  I -  A  ^ 'j
V f 2— /
w h e re  i s  the  e n e r g y  t r a n s f e r r e d  i n e l a s t i c a l l y  to  the  a to m . T he 
u p p e r  and  lo w e r  l i m i t s  of K. a r e  ta k e n  a s  2 f t0 and  nr\r A t  /  ^  k o  y 
r e s p e c t iv e ly .  The a p p ro x im a te  l im i t s  can n o t be e x p e c te d  to  be 
r e a s o n a b le  n e a r  the  th r e s h o ld  e n e rg y ,  and  th e y  a r e  t h e r e f o r e  " o v e r ­
r u le d "  in  th is  r e g io n  by ta k in g  C j  =  O at th r e s h o ld .
(a) E l e c t r o n - h y d r o g e n  a to m  l s - 2 p  e x c i ta t io n
F o r  th e s e  c o l l i s io n s  A t  i s  the  ( d i s c r e te )  e x c i ta t io n  e n e r g y
(10. 2 ev). F r o m  (A33) and  u s in g  (A53) the  to ta l  c r o s s  s e c t io n  is
r 2 fro
(A56) <T j  =
r
h n w e ^ W o  K d K
W a£/fc‘fc.</0 k.f k^  fC (9 + 4K*a\)4
r ^ j
_ i7 a. 4- 22 tt mr e  0Lo
?4' ^  te
fo r  s u f f ic ie n t ly  l a r g e  R0
Jiao 3 feo fo* 
J  Q^m r a  £
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(b) E l e c t r o n - h y d r o g e n  a to m  io n is a t io n  c o l l i s io n s
W ith io n is a t io n  c o l l i s io n s ,  in  e q u a tio n  (A54), b e c o m e s
(A57) AE = I 4- _ £ j K 2
2. m p
w h e re  m e is  the  m a s s  of the  e je c te d  e le c t r o n ,  and  X i s  the  
io n is a t io n  e n e rg y .  F o r  th is  c a s e  the  u p p e r  and  lo w e r  l im i t s  on K 
a r e  m o r e  c o n v en ie n t ly  w r i t t e n  a s  2  k 0 and  + jd /2 -ko )  •
The l i m i t s  of in te g r a t io n  o v e r  % a r e  O an d  <X
F r o m  (A38) and  u s in g  (A53) the  to ta l  c r o s s  s e c t io n  is  g iven  by
r
(A58) <Tr  = fef K mr e4 2'V at :xd:k dK cU dO-x
Jo jo kt ^ ( a i K S  i r -
w h e re  d -O-i i s  the  so l id  an g le  of th e  e j e c te d  e l e c t r o n .  With 
s u f f ic ie n t ly  l a r g e ,
(A59) (ko + a n
(k0 -  M a„
2fcoa0 _  ^  C meI  * U  »  I ; 
k u 2
—° -j. x . 1 \  <  <  I .
L l  r  a 1
U sing  th e s e  a p p ro x im a t io n s  ( inva lid  n e a r  th re s h o ld ) ,  the  r e s u l t  i s
(A60) 0~T me~ 2^4 a o  ( _hl  -  J— j
\  2. "'«I k \  '
( s in c e ,  on n e g le c t in g  the  t e r m  5L€ c o m p a r e d  w ith  un ity , the  r e d u c e d
no a
m a s s ,  M r  , i s  e q u a l  to  th e  e l e c t r o n  m a s s ,  ).
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(c) C h a rg e  exchange  c o l l i s io n s
A s d i s c u s s e d  e a r l i e r  fo r  th is  c a s e ,  i s  g iv en  by 2. (l+Ccrs)c)
and  t h e r e f o r e
(A 6 i)  S i ^ i X-  -  -  K d K  /  k t  •
T h is  c o l l i s io n  be ing  e f fe c t iv e ly  e l a s t i c ,  u s in g  th i s  r e l a t i o n  in  (A42) and 
in te g r a t in g  o v e r  K w ith  l i m i t s  0 J x k o  g iv e s  the  to ta l  c r o s s  s e c t i o a  
F o r  l a r g e  (owing to the  l a r g e  r e d u c e d  m a s s  in th i s  c o l l is io n ) ,
the r e s u l t  i s
(A62) <rT =  TT mr e 4
s t* <£
A l.  3. 3 C o m p a r i s o n  w ith  Known V a lu es  of C r o s s  S ec tio n s
Since the  C o u lo m b  c a lc u la t io n s  a r e  e x a c t  ( a p a r t  f r o m  n e g le c t  of 
ex ch an g e)  th e s e  a r e  not d i s c u s s e d .  F o r  a l l  of the  o th e r  c a s e s  c o n ­
s i d e r e d  ex cep t  e l a s t i c  h y d ro g e n  a to m -h y d ro g e n  a to m  c o l l i s io n s  (fo r  
w h ich  no d a ta  a p p e a r s  to  be a v a i la b le ,  p e r h a p s  owing to  the  p r o b le m  of 
r e c o m b in a t io n  to  f o r m  m o l e c u la r  h yd rogen ), c u r v e s  show ing  a c o m p a r i ­
son  of n u m e r i c a l l y  a d ju s te d  B o rn - ty p e  to ta l  c r o s s  s e c t io n s  w ith  known
v a lu e s  a r e  g iven . M o st  of the  "know n" d a ta  i s  ta k e n  f r o m  B a rn e t t ,  R ay
4 5and  T h o m p so n  . The c h a r g e  ex ch an g e  c r o s s  s e c t io n s  a r e  f r o m  B a te s  .
T he  n u m e r i c a l  f a c t o r s  w h ich  the  c a lc u la te d  B o rn - ty p e  to ta l  c r o s s  
s e c t io n s  have  been  m u l t ip l ie d  by to  give th e  r e s u l t s  in  the  f ig u r e s  a r e  
a s  fo llow s:
a -21
(a) E l e c t r o n - h y d r o g e n  a to m  e la s t i c  c o l l i s io n s .
B o rn  c a lc u la t io n  m u l t ip l ie d  by 0. 45.
(b) H y d ro g e n  a to m - p r o to n  e la s t i c  c o l l i s io n s .
-2B o rn  c a lc u la t io n  m u l t ip l ie d  by 2. 0 x 10
(c) H y d ro g e n  a to m -h y d ro g e n  a to m  e la s t i c  c o l l i s io n s .
No c o m p a r i s o n  w ith  "know n" r e s u l t s  be ing  p o s s ib le ,
_2
the  s a m e  f a c to r  a s  w ith  (b) above is  taken : 2. 0 x 10 
(a) E l e c t r o n - h y d r o g e n  a to m  l s - 2 p  e x c i ta t io n .
B o rn  c a lc u la t io n  m u l t ip l ie d  by 0. 45.
(e) E l e c t r o n - h y d r o g e n  a to m  io n is a t io n .
_3
B o rn  c a lc u la t io n  ( s im p l i f ie d )  m u l t ip l ie d  by 0. 14 x 10
(f) H y d ro g e n  a to m - p r o to n  c h a r g e  exch an g e .
B o rn  c a lc u la t io n  ( s im p l i f ie d )  m u l t ip l ie d  by  2. 1 x 10
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Cross section curves for elastic e -H collisions
adj. Born
impact energy (ev)
Cross section curves for elastic H+-H collisions
adj. Born
impact energy (ev)
Cross se'ction curves for ls-2p e -H excitation collisions
adj. Born
impact energy (ev)
Cross section curves for e -H ionisation collisions
1.2
adj
Born
impact energy (ev)
Gross section curves for H+-H charge exchange collisions
expt.
adj. 
Born
impact energy (kev)
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A ppendix  B
S u b s id ia ry  R e la t io n s  fo r  E l e c t r o n - H y d r o g e n  A tom  Io n is a t io n  C o l l is io n s  
B l .  T he  X 5 and  S
In c o n s id e r in g  th e  d y n a m ic s  of in e la s t ic  b in a ry  c o l l i s io n s ,  in 
C h a p te r  2, the  X's w e re  d e fin ed  by
(Bl)  X =  mj mb _  2-AE rru,
ny mk' g 2 mj/mfc/
w h e re  A  £ is  the  a p p a r e n t  k in e t ic  e n e r g y  lo s s  in  the  c o l l i s io n .  F o r  
an  io n is a t io n  c o l l i s io n  f o r  e x a m p le ,  A 'S is  the  su m  of the  io n is a t io n  
e n e r g y  and  the change  in  i n t e r n a l  e n e r g y  of th e  p a r t i c l e s  (?/
c o m p a r e d  w ith  j k . W ith  the  p a r t i c u l a r  io n is a t io n  c o l l i s io n s  
b e in g  c o n s id e re d ,  c o n s id e r a b le  s im p l i f ic a t io n  i s  a c h ie v e d  by n e g le c t in g  
t e r m s  of o r d e r  H he/rna c o m p a r e d  w ith  un ity ; it  h a s  b e en  shown in 
A ppendix  A th a t  th i s  p e r m i t s  the  f r a m e  of r e f e r e n c e  f o r  a l l  d i f f e r e n t ia l  
c r o s s  s e c t io n  p a r a m e t e r s  to  be ta k e n  a s  the  c . m .  f r a m e .  T h is  i s  not 
n e c e s s a r i l y  so fo r  the  " c o m p o s i te "  p a r t i c l e  in t e r n a l  e n e r g ie s ,  h o w e v er .
(a) The in c id e n t  e l e c t r o n ,  £ |
F o r  the  c o l l i s io n  d y n a m ic s  of th is  p a r t i c l e ,  the  two " p a r t i c l e s "  
a f t e r  the  c o l l i s io n  a r e  th e  in c id e n t  (and s c a t t e r e d )  e l e c t r o n ,  and the  
p ro to n  + a to m ic  e l e c t r o n  s y s te m .  The a p p a r e n t  e n e r g y  l o s s  in  the 
c o l l i s io n ,  A £  is ,  qu ite  s im p ly ,
(B2) A t =  I + t ,
2 . %
the  l a s t  t e r m  in  (B2) be in g  the  i n te r n a l  k in e t ic  e n e r g y  of the  p ro to n  + 
e l e c t r o n  s y s te m ;  a s  b e fo re  % i s  the  w ave v e c to r  of the  a to m ic
a -2 3
e l e c t r o n ,  and  / m a i s  n e g le c t e d  c o m p a r e d  with  unity.  X  is  the 
i o n i s a t i o n  e n e r g y .  U s in g  (B l) ,  X  i s  g iven  by
(B3) =  I _ a (T +  fjx*x ) / m rn>- .
2- mr J
(b) The A tom ic  E l e c t r o n ,  62
C o r r e s p o n d i n g  to  t h i s  p a r t i c l e  be ing  one of the  p a r t i c l e s  a f t e r  the  
c o l l i s io n ,  the  r e m a i n i n g  " p a r t i c l e "  i s  the  s y s t e m  p r o to n  + inc iden t  
e l e c t r o n .  In the  c . m .  s y s t e m ,  t h i s  l a t t e r  " p a r t i c l e "  h a s  i n t e r n a l  
e n e r g y  ft /2.1m r (n e g le c t in g  t e r m s  of o r d e r  me /  rr\cc). The 
a p p a r e n t  e n e r g y  l o s s  i s  t h e r e f o r e
(B4 ) A t = I  4- Uk-f
2 m r
F r o m  th i s  i t  fo l lows  th a t
(B 5) X1 =  I _ 2 ( I  +- ) / MrO1 •
Q.rrv
(c) The  P r o to n ,  jp
The  c o m p o s i t e  " p a r t i c l e "  a f t e r  th i s  c o l l i s i o n  i s  the  s y s t e m  of the 
two e l e c t r o n s .  In the  c . m .  s y s t e m ,  the  r e s p e c t i v e  v e l o c i t i e s  of the  
s c a t t e r e d  and a to m ic  e l e c t r o n s  a r e  ft fcf /  We and ft % /  We 
The i n t e r n a l  k in e t ic  e n e r g y  r e l a t i v e  to t h e i r  c e n t r e  of m a s s  i s  t h e r e ­
fo r e  / m e ) (  k f  “ * 1$ ) 5 and  so
(B6) A t  = X •+ Jl~ ( kf - ~ x )  .
4-fne
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T h e r e f o r e
(B7) x1 = I _ 2(1 + *1 r +xa-ifer*V"vqa
4 me v J
In g e n e r a l ,  aw ay  f r o m  th r e s h o ld  j I k - f  I and  so in
th is  r e g io n  it i s  p o s s ib le  to  w r i te
(B8) X1" =  I -  2 ( 1 ^  ) / r u r Q i  .
4  me J
(d) The a to m , <X
T h is  p a r t i c l e  i s  not p r e s e n t  a f t e r  the  c o l l i s io n ,  an d  t h e r e f o r e ,  u s in g
the  S — fu n c tio n s  de fined  in  C h a p te r  2, i t  m a y  be v e r i f i e d  th a t  the
D  -°°> 0
c o l l i s io n  in t e g r a l s  f o r  the  a to m s  only invo lve  i Z  ( f )  . S ince
by d e f in i t io n  th e s e  - 0 -  S a r e  in d ep en d en t of A , th e y  a r e  a l s o  
in d ep en d en t of A  • The AH  , h o w e v e r ,  a r e  im p l ic i t  in  the  
in te g r a t io n  of the  d i f f e r e n t ia l  c r o s s  s e c t io n  o v e r  a l l  p o s s ib le  e n e r g i e s  
of the  e je c te d  e l e c t r o n  in  th e  c a lc u la t io n  of th e  jT X 's  fo r  th is  c a s e .
It i s  w o r th w h ile  no ting  th a t ,  w ith  th e  n e g le c t  of t e r m s  of o r d e r  
m e /  HOq, j t h e r e  i s  a s im p le  r e l a t io n s h ip  b e tw een  the i T ' s  fo r  the  
a to m s  and  th o se  fo r  the  p r o to n s  in  an  io n is a t io n  c o l l i s io n .  T h is  m a y  
be s e e n  by c o n s id e r in g  the  o ~ f u n c t io n s  of C h a p te r  2 and  n e g le c t in g  
a l l  t e r m s  of o r d e r  me /  . It c an  a lso  be s e e n  in  a n o th e r  s im p le
w ay. N e g le c t  of t e r m s  invo lv ing  the  e l e c t r o n  m a s s  i s  e q u iv a len t  to 
r e g a r d in g  the  c o l l i s io n  a s  an  e v en t  w h ich  s t r i p s  the  e l e c t r o n  f r o m  the 
a to m , fo rm in g  a p ro to n  w ith  the  s a m e  m a s s  and  v e lo c i ty  a s  th a t  of the  
a to m  b e fo re  the  c o l l i s io n .  In the  no ta tio n  of C h a p te r  2, th i s  m e a n s  th a t
a -2 5
<B9)  ^ e a ( n )  =  V  = - ta • 
r \~ CDj°Since only  the  1 1  ( t  ) a r e  involved , it fo l lows  th a t  (the ^  
fu n c t io n s  con ta in in g  the  s ign  r e l e v a n t  to  (B9)):
— c o n
(b i o ) U  ( r )  =  l l  ( r )
e a Ja s
B2. I n t e g r a l s  O c c u r r i n g  in the  C a lc u l a t i o n  of the  cj/s and  -0- S 
(a) The  I n t e g r a l  3~i ( / * > v )
C o n s i d e r
, i r  J H - ) “>
( B l l )  T, (y H / )  =  (  I -  X ^ C ö S ^ X )  X S U i X  d"X l d <
° ° (kTTT7~^J7^7^J)^~
w ith  no ta t io n  a s  in  C h a p t e r  3;
(Bi2) = I _ 2 ( i  + t£j± ) mf/ n :  .
T h i s  i n t e g r a l  ( B l l )  o c c u r s  fo r  the  c a s e  of an i o n i s a t i o n  c o l l i s i o n  w h e r e  
the  p a r t i c l e  be ing  c o n s i d e r e d  i s  the  inc iden t  (and s c a t t e r e d )  e l e c t r o n .  
C o n s e r v a t i o n  of e n e r g y  in the  c o l l i s i o n  g ives
(B13)
2  m r
d* '2— C t  -j-
2 m r 2 m r
and  s in ce  ppe m r  ^ the r e d u c e d  m a s s  fo r  the  c o l l i s io n ,  it
fo l lows  f r o m  ( B l l )  th a t
(B14) X
a -26
The  fo l lowing  v a lu e s  of 3~j ) a r e  r e q u i r e d :  ( -  ooD o)   ^ ( I ? l ) ?
(2,0) , (3, l) .
(i) I n t e g r a t i o n  o v e r  "X-
In eq ua t ion  ( B l l ) ,  i n t e g r a t i o n  o v e r  ~)C i s  r e a d i l y  e f fe c ted  w i th  
the  u s e  of a s u b s t i t u t io n  of the  f o r m  X  =• Ccrs)6 . Th is  g ives
r ( k > 2 m rI / t f P
(b is ) =  ( _ A ____  -  / ‘ I ( v ) ) f e * X d *
J ° v o e - ^ ) "
w h e r e
(B16) 1 ( 0 )  =  _ 2 z__________
( k t ~  f t * ) *
(B17) I ( l )  _  1 (>} j.m1 f e t - R l  . (  k t  t  k * )  ^
4" kf ' fet + fef (ko " k+)X '
(B18) X  (2 )  — •*- /  I / k» + kf '|i  , kt -* k f Jiaxi k o -fc j 'N
4  k»  k )  ^ k„fc t  ^ k i + k f / -
Ig n o r in g  the  l o g a r i t h m  t e r m  and, in add i t ion ,  r e t a i n i n g  only  the  t e r m s  
w hich  a r e  l a r g e s t  aw ay  f r o m  the t h r e s h o l d ,  t h e s e  f o r m u l a e  a r e  
r e p r e s e n t e d  by
(B19) I ( V )  =  2  (ko1- -► fef ) V
U T k t f  ( 2 k „ k f ) v
A c co rd in g ly ,  T ( ( y ^ v )  b e c o m e s
( I m r l  / tf) '1  ^ v
(B20) T,  ( /* ,v)  -  I 2. I  1 _ X ^ f t o  + kf )  ^ *  kfd-fc .
J0 O '  -  k»1 V r r o r v  )( a  feofcO
a -2 7
(ii) I n t e g r a t i o n  o v e r  ~j<
U s in g CX a s  de f ined  in C h a p t e r  3
(B21) exp­ — ko — 2. m r 1  / )
k-f and X a r e
(B22) it *=• cXX -  X"
xx _ (o<X -  X" ) /  k t •
F r o m  equ a t io n  (B20) IJj (yU v) can  be w r i t t e n  as
(B2 3) Ti (^v) = P ( /Jv') -  Q (./■«,v)
w h e r e
(B24) ) =  I 2  fef %
( k t - k ) T
(B2 5) Q ( u V) f  2.  % d  % ( k o  + k }  ) v
In g e n e r a l ,  f o r  i o n i s a t io n  c o l l i s i o n s  of t h i s  type ,  the  a to m ic  e l e c t r o n s  
a r e  e j e c t e d  wi th  low e n e r g y .  In v iew of t h i s ,  the  e r r o r  in t r o d u c e d  by 
r e p l a c i n g  the t e r m s
(B26) (£ o  ~  +  2 m r I  ) *
in  the d e n o m in a to r  by  f a m j  /  ) i s  no t  undu ly  l a r g e .  Th is
s i m p l i f i c a t i o n  g iv e s
a -2 8
(B27) PCyuyv) =  f *  2  (  o<a ~  IK2-)'1 *  dx __ JL.
o h m J  / f c i  'l1 A( 7 r I  / ^  j 2' b  ( 2 m r X  /  ft* )*
Again ,  in  c a lc u l a t i n g  in the  t e r m  ii ivolvuig + ^ 4 ) 5
■X i s  n e g le c t e d  so th a t
*  -2L
(B28) k a -t- fe.f = 2  k o  _  O m J
fc5-
2. k „  “  2 m r _L
t 1
_  k
In t h i s  c a s e ,  
(B2 9) Q  ( / * y )  = 2  ( k i + o ? y
r<*
f  K - * 1
( x m rI / e ) 1 2 v Jo
— a. ( k: + ° c ) v S(A*,w)
V f / U + V  *( i ' V ' r l / k 1)1 2
the S ( u  v) a r e  g iven  by
S ( -  oo, 0) = 0
S ( t ,  1) = H V ) = o<2
3
S C 3 , l ) &(2( O ) = cx*
r
•
yU - V  + 1
2  :X c|j(
F in a l ly ,  t h e r e f o r e ,
(B31) J  ( - £ »  o )  =  2
3( a m rI / f i " )
a -2 9
(B32) 1 , 0 , 0  
(B33) J ( ( l ^ l )  
(B34) T ,  (  2 , o )
(B35) T, ( 3 i |)
-  a c K 2,____ T1 - - (iiLtfil) )
3 U r n r I / 0 ) 2' ^  a  feo '
=  JL°S.3 ____
V ^  k \ 1
_  2  ° t 3__________ / j _  3 °<1 \
3 1 s- b j  >
_  2.<*3___________  (  \ -  L  ^ ( k p )
3 ( 2 m fI / ^ ) z V  10 fe?
(b) T he  I n t e g r a l  
C o n s i d e r
(B36) I _ 0 0 )  =
k i ^ v L
fef 2< <lK__________
)o  ( a m r l / ^ + K 1 ) 1
/ 2 - ^ ( 1  K - 0 ^ ) )  .
\  V 4- I '
T h i s  i n t e g r a l  a r i s e s  when  the  p a r t i c l e  be ing  c o n s i d e r e d  i s  the  e j e c t e d  
a to m ic  e l e c t r o n .  F o r  th i s  c a s e ,
(B37) =  I -  ( k t  ~  X 2 )
ko
the no ta t ion  be ing  a s  p r e v i o u s l y  u s e d  in t h i s  s ec t io n ,  and  in C h a p t e r  3. 
(B36) i s  c o n v en ie n t ly  s e p a r a t e d  into  two p a r t s ,  the  f i r s t  be ing  i n d e p ­
enden t  of ( yu  , V ) . T a k in g
(B38) L W X (yMJv) y
r°^ i
(B39) W  — 2  24 ( PC1 - - * , 1 )*- <\%
J o  ( a m r l / f i O ^ ) 1  ’
a -30
w ith  c<  a s  in  (B21). A lthough  it  i s  p o s s ib le  to e v a lu a te  the  
i n t e g r a l  in  th is  fo rm  (B39), u s a b le  e x p r e s s io n s  fo r  c a lc u la t in g  the  f t  S 
a r e  on ly  o b ta in e d  i f  th e  d e n o m in a to r  i s  r e p l a c e d  by ( 2fT\r l  /  f t )  
a s  in  e a r l i e r  i n t e g r a l s  of th i s  s e c t io n .  With th is  su b s t i tu t io n ,  \ J  i s  
e a s i l y  ob ta ined :
(B40) W  =  2 <*3___________
3 ( 2 m r I /  V ) z
T he sec o n d  p a r t  of in teg ra l .  (B36), w ith  (B38) and u s in g  (B37), is
(B41) X ( u v )  =  -  j A'** ( I 4- (-iVQ ^ 4  ~ X d x
Jo ( v + 1 )  (a rv v l/e -p
-  ( °V i  _  f e o  ( i+(-0v) k-f d*
J° k l  ( v + 1) C2 m r I / ^ ) 1 '
F o r  the  in d iv id u a l  c a s e s ,
(B42). X K o )  = X ( | J | ) = X ( 3 p )  - O
w hile
(B43) X
and  th is  b e c o m e s
2  fef ;K d x )
(B44) a  o<3 _  «_f \
3 V T  5 l ( F
w hile  la s t ly ,
a -3 1
(B45) X (z_,o)  =  _  p z f o  / ) _  k \  -  U ) -  3 X M .
( Z m r2 / * T  fcl
U sing  (B38), L ( y U .J \)) h a s  the  v a lu e s
(B46) L C 3 j O =  U  t ) =  L ( - cd, o ') =.  Z  Q(l
(B47) L  ( 1 1 )  =  2. oc3__________ ( i  +  2 l  \
3 ( 2 " v l / f ^ g  3 S k l J
(B48) L ( l , o )  =  2QC^ _ _  °<X
3 C 2 rv\rX / 1v* )2 kf
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A p p e n d ix  C
The M o m e n t E q u a tio n s  in  C y l in d r ic a l  G e o m e try
C. 1 The  T e n s o r  R e la t io n s  fo r  C y l in d r ic a l  G e o m e try
In  o rd e r  to  s im p l i f y  the m o m e n t e q u a tio n s , s p a t ia l d e r iv a t iv e s  
w ith  re s p e c t to  0  and Z. w i l l  be n e g le c te d . T h is  e xc lu d e s  w aves 
and in s ta b i l i t ie s  in  th e se  d ire c t io n s ,  b u t n e v e r th e le s s  shou ld  n o t 
d e tra c t  f r o m  the g ro s s  phenom ena in v o lv e d  by the  a p p lic a t io n  o f u n i ­
fo rm  f ie ld s  in  these  d ire c t io n s .  In  th is  ca se , f o r  the c y l in d r ic a l  
c o o rd in a te  s y s te m  ( T  0 ; Z  ),
The fo llo w in g  te n s o r  re la t io n s  a re  re q u ire d  fo r  the  e x p re s s io n  o f 
the 13 -m o m e n t - M a x w e ll e q u a tio n s  in  c y l in d r ic a l  c o o rd in a te s , w h e re
CL is  a s c a la r ,  A , 
s y m m e tr ic a l te n s o r .
B a re  v e c to rs ,  and H is  a second ra n k
(C2) \iv M A  • V  B ; V A - B  •>
{
H - V A }  ; ; V  • H ;
H  : V A  ; H - V a  , V x A  ; V - A
In  a c y l in d r ic a l  c o o rd in a te  s y s te m  (T  0^ Z ) , the m e t r ic  te n s o r ,  
Cj , is  g iven  by
' V
a -33
<C3) = />
o
\ °
o r
\o
The only  n o n - z e r o  c o m p o n e n t s  of the aff ine  connexion ,  I , a r e
(C5) r A  -  - r  , t = Fa, = l / r ?
w h e r e the f j  0; Z c o m p o n e n t s  a r e d e s ig n a t e d  1, 2., 3 . A lso
(C6) V  5  ev Dv = e 10,
p. _ x V
w h e r e  Lq — and § i s  a c o n t r a v a r i a n t  b a s e  v e c t o r
The  r e m a i n i n g  r e l a t i o n  r e q u i r e d  i s  tha t
(C7) Dv §/jl — S^Tv^ l ; Dv =
a -34
The p h y s ic a l co m p o n e n ts  a re  o b ta in e d  by  u s in g
,2
(C8) e^i
e 'T  = e M.eM -  3
9/y
yU yU,
(no s u m m a tio n ).
F in a l ly ,  s in c e  the com pon en ts  o f the d y n a m ic a l v a r ia b le s  a re  m e a s u re d  
in  p h y s ic a l com p o n e n ts  ( i. e. r e fe r r e d  to  u n it  v e c to rs ) ,  these  m u s t be 
d iv id e d  by  the  re le v a n t fo r  the  te n s o r  o p e ra tio n s . Hence
the fo llo w in g  re la t io n s ,  w h e re  the te n s o rs  a re  e x p re s s e d  in  th e ir  
p h y s ic a l co m pon en ts , and d e r iv a t iv e s  w ith  re s p e c t to  0  and ~Z- 
n e g le c te d , a re  ob ta ined-
(C9) V A  = /  o,a' D.Ä* D, A
- aV t
i
A '/ r O
\  o o o
( c i o )  { v A  j  =  1
/ 1 D' A' - f  A '/r D,A
DA1 - A 7 r
D.A:
I .
D.Ä
(c i d  V ' A D, A + A ' / r  .
a -35
<02> V A - B  =  ( b'D,A* + BaD,Aa + B3D,A3 , o o')
(0 3 ) H • VA =
s ^ J  --
/  Hu D, A1 - h"A7 t- h"D,A1 + H 'V /r H" D, f\ 
Ha'D,A'-HuAVr tf'D.A* + H^A'/r HWD,AJ 
\ H^'D.A'-H^AVt H5lD,A2 + H3i A7 r  H3' D, A3
(C14) { H - V A |  =
• |(H"d,a‘- H 'X/r)-i(H llD1A+ Hr A'/r + H,3DtA"),
‘.(H"D,Ai -* HaA'/r + H D,A - n“ A /r),
i ( h"d,a3 + h'3diai - h25a7 0  
i(H"D,Ä7 H'1A'/r + h'^D.A-H^aV t),
a(HaD1A7H11A'/r)-i(H"DlA,-H'2A7r + A  A3) ,
±(H|4d/ + ^0 /?  + h“ a 'A)
i  (H"D,A3 + h'3D,A' -H*V\Vr)
j . ( H ' \ f \  +h,3dia1 + hma'A )
\
|(H ,äo,A') -i(H"D,Al-H'2A7r HuD,a7  H^ a'Aj
a -36
( C l 5) A  * V H —
—
Let
A>D,Hl>- 2Aa H<:L
nr
(C 16) S rr H" + Hai + ,
and  t h e r e f o r e  if  H i s  a t r a c e l e s s  t e n s o r ,  S c :  O . In t e r m s  of S
(ci 7)  {A -V =
(Cl8) V- H
/ ' W
( C 19)
0>
LP
a -37
(C20) H : V A  = H "D ,A '  +  H'l D,Aa + H iJ D,A3 + h w A'
T
(C21) H - V a =
•V
( H " d , cl } Ha D , a  ,  H '3D ,a )  .
(C22 ) V * / \  = ( o  ,  -  D,A5 , D, A h A 1 ) .
T
C 2 . The  M o m en t  E q u a t io n s  in C y l in d r i c a l  C o o r d i n a t e s
In th i s  s e c t io n  the  t e n s o r  r e l a t i o n s h i p s  d e r i v e d  above  a r e  u sed  to 
e x p r e s s  the  1 3 - m o m e n t  e q u a t io n s  and  M a x w e l l ' s  e q u a t i o n s  in the  
c y l i n d r i c a l  c o o r d in a t e  s y s t e m  ( f ^ ö ^  z)  . T h i s  p r o c e d u r e  be ing  
p u r e l y  a m a t t e r  of s u b s t i t u t i o n  in the  e q u a t i o n s  of C h a p t e r  1, only  the 
r e s u l t s  a r e  given. All  m o m e n t s  a r e  r e f e r r e d  to a f r a m e  with  v e lo c i ty  
V .  ^ SL J i s  r e p l a c e d  by  i t s  de f in i t ive  r e l a t i o n ,  iL  q- V * V  ,
and fo r  r e a s o n s  of c o n v e n ie n c e ,  the  p a r t i c l e  type  s u b s c r i p t s  l  , f o r  
the  le f t  hand s ide ,  a r e  not w r i t t e n  in.
C 2 . 1 C on t inu i ty  E q u a t io n
( C 2 3 ) ö  p  +  r v f p u l - v p V ' i  +  / ° a ' + p V '
b* 1 T
=  L  S  S ( )-
2  2. jfe.l
j A
C 2 . 2  M o m e n t u m  E q u a t i o n s
( C 2 4 ) d / ° y -  +
bt
/  V ' d , ( p u ! )  - / O ^ v h + /  D .P"  + £ ! '  -  P 1X\  
t  r \
V ' D ,  ( p a " )  -  / o a ' V * D, P 12 + i f ! 1
T
\ V ' d v( / ° u 3) / \ D , P \ £ ! 3 /
a -38
• * C Bj + tftso  ■
Xk
C2. 3 T h e r m a l  E n e r g y  E q u a t io n
(C25) <L(ff>) +  V' D, P 4  D,R' 4  R1 +  f  D ( p u ! ) + i  pu.1 - y o F - a
+ P"D,V' 4  P'1 D1V 1 + P,5D,V3 4- P ^ V .  £P(D,V' + ^ )
T 2- T
I y  C<°)= i  2. OjK i
J,fe
C 2 . 4 S t r e s s  T e n s o r  E q u a t io n s
(C2 6 ) b__P _y_ P D,v' 4  p v '
4  r
a - 39
/ i D . R ' - i i '  ,
/ 3 ' 3 7
D.R1 -  R2 ,
T
d , R \
D.R1 -  & 1
T J
i ß '  -  2 d ,rI
3 T  3 1
°  3
W\ °  , -S D .R 1 - f  R' .3 1 3 x
D ,(p a 2) -  E ü \
T  ; D . ( p ^ )  ,
D ,(p a )  -  K
i
f ^ '  - f  D ,(PU-);
WK>, 0  ; - a  d f pu1) -  i  Pjd13 1V 3 T
/  |  F ' u  - | ( F V + fV ) 3 F 'uz + F i u  3 F V  + F 3u ',
{7 ' 2. r  1r u  4 F a  } | fV - | ( f V + f V ) 3 F V  + F V .
\  F 'u "  + f V  ?
r~ 1 3 r J  2
r  u  4 P Ll ; 4 F V - l t F 'u l  + F 'u
3 3
/  U P ' V - P ' V ) , P'JB‘-  PXV +  B} ( P1 - P"), P14ß3-p aB1+B1(P-P i l
P '3B‘ -  Pw B SB i CP1-P")
i 5
2 (P l i 8 l- P '1B> ) , P 'V -P 1^  B'(P3-P
\  P ^V -P ^B ’ + e ^p -p 35), P 'V -P  6^B '(P m-P “ ) ; 2 (P '4Bi -  P13ß')
\
+ f'|(P“D ,v '-0 1)-|(p aDy2
+rv\- p'3o,v')
r
'PMD)v l +PÜV,+ P,1oy
T
- F V
T
p"d,vV 5d,v!
V
-p"_V
T
f p 'V +p'V+ p' d.v ' P"d,v ?+ p'3d,v ’
T
-  p*V I 1 p 4>
>
c
T T
|(P'iD,V+^ V|(p"Dy‘ ‘ p'V + p' V  ‘
- pV +p'W ) .+ p2V
J- T r
F d,v 7  p ^d.v 1 ^(P'äD|VJ)-i(P "D 1V'
+ p13v'
T
- pW d.V + P *V )  
r  r  -
-±Z(taiiSi r % & )  ■
Jk
C 2 , 5 Heat F lu x  Equations
(C 27 )
+1 /  R'Dy'+R'oy1- r^d.v 5 \ + p y- (t>y + y ' )
C 2 . 6
(C28)
•f p /  u ' d V '+  u ? D , V W d ,v A  + p / a' D.V- uaVa r
u 1 o y 1 -  ^ v 1
T
U u 3U D . V
-  t i  &♦$;«&<«)
j .fe
M a x w e l l ' s  E q u a t io n s
■+ ä j
b t
=  0  *
a -42
(C29) O \ j
\  D|BZ+
T
w h e re  J" =■ "X H: LL t , t h e r e  be in g  no s u b s c r ip t s
t
in te n d e d  fo r  M a x w e l l -s e q u a t io n s .
C3. T he  C o e f f ic ien t  M a t r ix  S in the  1 3 -M om en t E q u a t io n s  in 
C y l in d r i c a l  C o o rd in a te s
It h a s  b e en  m e n t io n e d  in  C h a p te r  4 th a t  the  c o e f f ic ie n t  
o c c u r r in g  in  the  f o r m  of the  1 3 -m o m e n t  e q u a t io n s  in  e q u a tio n  (4. 12), 
w h e re  the  e q u a t io n s  a r e  in a d ia g o n a l  fo r m  w ith  r e s p e c t  to  the  t im e  
d e r iv a t iv e s ,  is  a fu n c tio n  of the  c o o rd in a te  s y s te m .  In the  p r e s e n t  
s e c t io n ,  th i s  m a t r i x  c o e f f ic ie n t  i s  g iven  f o r  the  e q u a t io n s  in  a 
c y l in d r i c a l  c o o rd in a te  s y s t e m  ( T  9  Z  ) w h e re  d e r iv a t iv e s  w ith  
r e s p e c t  to  Q and  z: have  b e en  n e g le c te d .  The p a r t i c l e - ty p e  
s u b s c r ip t s ,  t  , have  a g a in  b e e n  ig n o re d  f o r  e a s e  of w r i t in g .
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C4. The  N o n - D e r i v a t i v e  C o ef f ic ien t  in M a x w e l l !s E q u a t io n s  in 
C y l i n d r i c a l  C o o r d i n a t e s ,  _/V
T h i s  t e r m  i s  r e l e v a n t  to  M a x w e l l ’s e q u a t io n s  in the  f o r m  (4. 32) of 
C h a p t e r  4. F o r  the  p a r t i c u l a r  c a s e  of c y l i n d r i c a l  c o o r d i n a t e s ,  with 
d e r i v a t i v e s  in o t h e r  th a n  the  T d i r e c t io n  n e g lec te d ,  and  us ing  the  
no ta t io n  of t h i s  C h a p t e r ,  _/V i s  giver- by:
(C31) TV -  /ytioCcf l 1I o o o
/u0(cf J 3 -(c )1 o
T
o o o
\_
T
0 O o
A ppendix  D
P o la r i s a t i o n  and  F a r a d a y  R o ta tion
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D l .  In t ro d u c t io n
T he  p o la r i s a t io n ,  S , of a t r a n s v e r s e  e le c t r o m a g n e t i c  w ave 
p ro p a g a t in g  in  the  Z d i r e c t io n  is  u s u a l ly  de fined  by the r a t io  of the 
e l e c t r i c  V e c to r  s*:
(D l)  S =  _Ey
Ex
Since fo r  t r a n s v e r s e  w a v es  in a  n o n -m a g n e t ic  p la s m a  it h a s  been  
show n th a t  Ex and  Ey a r e  in d ep en d en t,  th e  p o la r i s a t io n  is  i n ­
d e te r m in a te .  M o re  e x p l ic i t ly ,  the  p la s m a  h a s  no b e a r in g  on the  
p o la r i s a t io n ,  w h ich  i s  c o n t r o l l e d  by the m a n n e r  of la u n ch in g  of the 
w ave, and  r e m a i n s  c o n s ta n t ,  s in c e  the  p ro p a g a t io n  p r o p e r t i e s  of both 
t r a n s v e r s e  w a v es  a r e  id e n t ic a l  in  a l l  r e s p e c t s .
As e v id en t  f r o m  s e c t io n  5. 3 of C h a p te r  5, an  a p p l ie d  m a g n e t ic  
f ie ld  h a s  a p ro fo u n d  e f fe c t  on one o r  both of the  t r a n s v e r s e  w av es .
The p ro p a g a t io n  p r o p e r t i e s ,  in c lu d in g  w av es  s p e e d s  and dam ping , 
b e c o m e  d if f e r e n t  fo r  the  two t r a n s v e r s e  m o d e s  and  th e i r  p o la r i s a t io n  
b e c o m e s  a fu n c tio n  of p o s i t io n  and  of p la s m a  p a r a m e t e r s .  As in  
C h a p te r  5, on ly  two o r i e n ta t io n s  of m a g n e t ic  f ie ld  a r e  c o n s id e re d ,  
th a t  of a m a g n e t ic  f ie ld  p a r a l l e l  to th e  d i r e c t io n  of p ro p a g a t io n ,  and  
sec o n d ly ,  a m a g n e t ic  f ie ld  p e r p e n d ic u la r  to  the  d i r e c t io n  of p ropagation .
D2. T he  A pp lied  M ag n e t ic  F i e ld  P a r a l l e l  to  the  D ire c t io n  of P ro p a g a t io n  
A s show n in C h a p te r  5, a f ie ld  p a r a l l e l  to  th e  d i r e c t io n  of p r o p a ­
g a tio n  c o u p le s  the  E x  and  E y  t r a n s v e r s e  w ave  m o d e s  so  th a t  a l l  su ch  
p ro p a g a t in g  w a v es  invo lve  s im u l ta n e o u s  o s c i l l a t i o n s  of both  t r a n s v e r s e
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e l e c t r i c  f i e ld s ,  a m o n g s t  o th e r  v a r i a b l e s .  In p a r t i c u l a r  it  w as  found 
th a t  fo r  both  f a s t  w a v e s  and s t r e s s  w a v e s ,  t h e r e  a r e  two d i s t in c t  
so lu t io n s  fo r  the  wave  v e c t o r  ; the  o r d i n a r y  wave so lu t ion  hav ing  
p o l a r i s a t i o n
(D2) L* = t 
Ex
and  the  e x t r a o r d i n a r y  wave  w i th  p o l a r i s a t i o n
(D3) =  _  L .
Ex
The w ave  m o d e s  w i th  p o l a r i s a t i o n  (D2) o r  (D3), independen t  of pos i t ion  
o r  of p l a s m a  p a r a m e t e r s ,  a r e  c o m m o n l y  c a l l e d  c h a r a c t e r i s t i c  w a v es .  
I r r e s p e c t i v e  of c o l l i s i o n s ,  at  any  g iven  point e q u a t io n s  (D2) and  (D3) 
r e s p e c t i v e l y  r e p r e s e n t  c o n s t a n t  e l e c t r i c  v e c t o r s  r o t a t i n g  in the s e n s e  
of p o s i t iv e  and n e g a t iv e  c h a r g e  g y r o m a g n e t i c  r o ta t io n .  N e v e r t h e l e s s ,  
owing to the d a m p in g  e f fec t  of c o l l i s i o n s  f o r  e x a m p l e ,  the  am p l i tu d e  of 
the  r o t a t i n g  e l e c t r i c  v e c t o r  (i. e. the  r a d i u s  of the  " c i r c l e "  d e s c r i b e d  
by th i s  r e s u l t a n t  v e c t o r )  i s  a func t ion  of p o s i t io n  a long  the  z - a x i s .
In g e n e r a l  any  t r a n s v e r s e  wave p r o p a g a t in g  p a r a l l e l  to a m a g n e t i c  
f i e ld  can  be r e p r e s e n t e d  as  the  s u m  of two c h a r a c t e r i s t i c  w a v e s  ( e i t h e r  
f a s t  o r  s t r e s s  w a v e s  a c c o r d i n g  to the  n a tu r e  of the  wave; p ro v id e d  
f /c <1^1 it  i s  r e a s o n a b l e  to c o n s i d e r  the  s t r e s s  w a v es
and f a s t  w a v e s  a s  s e p a r a t e  ty p e s .  Should the  p l a s m a  t e m p e r a t u r e  be 
s u f f i c i e n t ly  high,  it  m a y  be n e c e s s a r y  to r e g a r d  a p r o p a g a t in g  wave  a s  
the  s u m  of fo u r  c h a r a c t e r i s t i c  w a v es ,  two f a s t  and two s t r e s s ) .  Thus  
a w ave  of given p o l a r i s a t i o n  a t  a n y  poin t can  be r e p r e s e n t e d  a s  the  s u m  
of two c o n t r a - r o t a t i n g  c i r c u l a r l y  p o l a r i s e d  c h a r a c t e r i s t i c  w a v es .  As
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th e s e  w a v es  t r a v e l  a t  d i f f e r en t  s p e e d s ,  the  r e s u l t a n t  p o l a r i s a t i o n  at 
d i f f e ren t  po in ts  w il l  be a l t e r e d  in angle .  T h i s  p r o p e r t y  i s  c a l l e d  
F a r a d a y  ro ta t io n .  F u r t h e r m o r e ,  owing to c o l l i s i o n a l  dam ping ,  the  
shape  of the  e l l i p s e  d e s c r i b e d  by the r e s u l t a n t  e l e c t r i c  v e c t o r  m a y  be 
d i f fe ren t  at d i f f e r in g  po in t s  a long  the  z . - a x i s .
Le t  K| 5 be the w ave  n u m b e r s  of the  o r d i n a r y  and  e x t r a
o r d i n a r y  w a v e s  r e s p e c t i v e l y .  Cont inu ing  the  u se  of the  s u b s c r i p t s  1 
and 2 fo r  the  o r d i n a r y  and e x t r a o r d i n a r y  c a s e s ,  le t
(D4) Ex, =  A.W e 1 ' “ 1 - * ' 0
=  A , C 0  e i ( w t  *  ^  .
Then
(D5) 3~>
LU - l E * ,  =  A . e 1 “ 0 * ' * ' *
=  - i E „  .  A 2 e U " , ' :K>Z " ?  ) .
Since fo r  any wave,
(D6) E x  :— Exi -t  Exi
=  E  j  1 + E y 2 ,
the p o l a r i s a t i o n  S is  g iven  by
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(D7) S
W r i t i n g
(D8) A =  AI
A i
(d9) s = i (  Ae~l( X| Z~ I ) =  a ( z ) e L^(z).
( A e"L u ' ^ ) z  + I)
F o r  any  g iven  z. , eq ua t ion  (D9) c o r r e s p o n d s  to the r e s u l t a n t  
v e c t o r  £  =  (  E X j  j O )  d e s c r i b i n g  an  e l l i p s e .  A r b i t r a r i l y  
t a k in g  z  =, O , f o r  e x a m p le ,
(DIO) S =. I ( A -  1)
A + I
t h i s  e l l i p s e  b e co m in g  a c i r c l e  f o r  A = 0  o r  A = oo , whi le  in  g e n e r a l ,  
the  r a t i o  of m a j o r  to m i n o r  d i a m e t e r s  of the  e l l i p s e ,  j  (L2  , is
( D l l )  Si -  ^  1 .
a * A - I
The  angle  of p o l a r i s a t i o n  fo r  e l l i p t i c a l  p o l a r i s a t i o n  (inc luding  
l i n e a r  p o l a r i s a t i o n  but o b v io u s ly  e xc lud ing  c i r c u l a r  p o l a r i s a t i o n )  i s  
the  ang le  th a t  the  m a j o r  a x i s  of th e  p o l a r i s a t i o n  e l l i p s e  m a k e s  wi th  
the  x ~ a x i s ( a p a r t  f r o m  an a r b i t r a r y  co n s tan t ) .  It i s  the  ang le  
in f ig u re  D5. 1.
-  I* ,*  + iff
— E _  A 1 6_____
Ex A , e - l* ' z
- i X j Z - i n
S A x e
-+• Aa e
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F ig . D5. 1 P o la r is a tio n  e llip s e  
F ro m  equation  (D9), i t  is  conven ient to  define
(D12) a ( z )  =  ta ^ (6 /2 )
and a lso  to  take
(D13) s  ta/n X ,a,
w here  as m en tioned  above, Cb, CLZ are  the m a jo r  and m in o r  
d ia m e te rs  o f the p o la r is a t io n  e llip s e . P o s itiv e  X , th a t is  A  i 
co rresp o n d s  to r ig h t  handed ro ta t io n  (p o s itive  g y ro m o tio n ) and negative 
X* ( A C. I ) to  le f t  handed ro ta tio n  o f the e le c tr ic  v e c to r a round  the 
e llip s e . A c e r ta in  am ount o f a lg e b ra ic  m a n ip u la tio n  y ie ld s  the re s u lts  
(e. g. , see H o lt and H a s k e llS :
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(a) The o r ie n ta t io n  of the  e l l ip s e ,  i. e. the  angle of p o la r i s a t io n ,
\^j , i s  g iven  by
(D14) t a / n  =  t o m  © Cos  cp .
(b) X  , r e l a t e d  to by (D13), i s  g iven  by
(D15) Sim  1 \  -  S im  e  S im  (p .
(c) As m e n t io n e d ,  the  d i r e c t io n  of ro ta t io n  of the e l e c t r i c  v e c to r
is  in the  e l e c t r o n  s e n s e  fo r  X <0 and  in  the  o p p o s ite  s e n s e  fo r  X y O .
The F a r a d a y  r o ta t io n  b e in g  the change  in  w ith  p o s i t io n  a long  
the a x is ,  f r o m  (D9), (D12), and  (D14), e l e m e n ta r y  t r i g n o m e t r i c  
id e n t i t ie s  y ie ld
(D16) t a r n  X  ^  ä  t a r n  c * z
o r
(D17) ^  -  C X z / o .  ,
w h e re
(D18) (X =  ( *  , ~  t X )
i s  the d i f f e r e n c e  b e tw ee n  th e  p ro p a g a t io n  v e c t o r s  fo r  the  two c h a r a c t e r ­
i s t ic  w a v es .  H ence  the  F a r a d a y  ro ta t io n  is  in d ep en d en t of c o l l i s io n s ,  
and of the  r e l a t i v e  p ro p o r t io n  of the  two c h a r a c t e r i s t i c  m o d e s  in  the 
r e s u l t a n t  w ave.
a -51
C o n s i d e r i n g  s p ec i f i c  c a s e s ,  when c o l l i s i o n s  a r e  " s m a l l " ,  e qua t ions  
(5. 90) and  (5. 126) g ive,  fo r  f a s t  w a v es ,
(D19) X  j
(D20) y 2
/  oo ( 0oa -f ü ü ü ü l  -
'  Ca C 6o +- UJl)
^ Oo (  CO2 -  C a t o b
c  C to - t o  t>)
T h e r e f o r e ,  by  (D17),
(D21) 0 /  =  C o i - Z (  -+ COCOb -  6Jp \ l  (  U> ^ - -  6 0 p \ lT zc V Lo + U>b '  '  60 -  <^b
When c o l l i s i o n s  a r e  " l a r g e " ,  the  f a s t  w a v e s  have  ( f ro m  (5. 101) and 
(5. 128))
(D22) =  y 2 COC
and  so t h e r e  is  no F a r a d a y  r o ta t io n .  On the o th e r  hand,  f r o m  (5. 105) 
and  (5. 134), w hen  the m a g n e t i c  f i e ld  i s  l a r g e ,
(D23) X  | -  CJ
c
•  o— -f~ 60 pc 2. C 60 b
T h e r e f o r e  CK =  — 6 j p  /  <ObC , g iv ing  a F a r a d a y
r o t a t i o n  ang le
— 60 p3- 2(D24)
2  t Ob C
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T h i s  ang le  i s  o b v io u s ly  p r o p o r t i o n  to  | /  , and in f ac t  t h i s  i s
a p p a r e n t  by c o n s i d e r i n g  the  c o r r e s p o n d i n g  e x t r e m e  c a s e  of (D20).
In the c a s e  of s t r e s s  w a v e s ,  f r o m  (5. 113) and (5. 129),
(D25) X ,  -  + cob)  X i  =  C to  -  cob) .
F r o m  (D17), t h e s e  give the  va lue
(D26) ^ T  J I  dJb z:
T h i s  r e s u l t  i s  fo r  the  c a s e  of c o l l i s i o n s  " s m a l l " ;  it m a y  be r e c a l l e d  
tha t  f o r  c o l l i s i o n s  " l a r g e " , t h e  s t r e s s  w a v e s  no lo n g e r  ex is t .
D3. T he  Appl ied  M ag n e t ic  F i e l d  P e r p e n d i c u l a r  to the  D i r e c t io n  of 
P r o p a g a t i o n
F i n a l l y  in  t h i s  A ppendix ,  m e n t io n  m a y  be m a d e  of the  p o l a r i s a t i o n  
in the  c a s e  of a m a g n e t i c  f i e ld  p e r p e n d i c u l a r  to the  d i r e c t io n  of p r o p a ­
gat ion ,  s a y  in the  X  d i r e c t i o n .  Although f o r  th i s  c a s e  the p o l a r i s a ­
t ion  i s  i n d e t e r m i n a t e  in th e  s e n s e  of E vj be ing  independen t ,
once  s p e c i f i e d  a t  a g iven  poin t the  p o l a r i s a t i o n  b e c o m e s  a def in i te  
func t ion  of p o s i t io n  a lo n g  th e  z -  a x i s .  The  t r a n s v e r s e  m ode  
invo lv ing  E x * and  the  co u p led  l o n g i t u d i n a l - t r a n s v e r s e  m o d e s ,  
a s s o c i a t e d  w i th  Ey , t ak e  the  r o l e  of the  c h a r a c t e r i s t i c  w av es .
The  p o l a r i s a t i o n  is  a g a in  e l l ip t i c a l ,  and  e q u a t io n s  (D12) to (D17) 
s t i l l  apply .  C o n s i d e r i n g  the  f a s t  w a v e s  f i r s t ,  w i th  c o l l i s i o n s  " s m a l l " ,  
the  equa t ion  (5. 47) g iv e s  th e  u n coup led  t r a n s v e r s e  w ave  so lu t ion  fo r  E*:
A x O )
L(cot- X,z-)e ;(D27) Ex
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w ith
(D28) * ,  =  ~  <^ >P j  *
The co u p le d  lo n g itu d in a l- t r a n s v e rs e  m ode , in v o lv in g  E vj , f r o m  
e q u a tio n  (5. 148) (m a g n e tic  f ie ld  " s m a l l " ) ,  has s o lu tio n
(D29) Ei A 3CZ ) e
L(cot -
w h e re
(D30) = . ( W -  -
Then  the p o la r is a t io n  is
1 \ i  a  2
— Cöf U  __ 6Q p 60 b 
Cz / o r  6 / .^Z C  ( c o ^ - W f  ) 3A
,  L c j £  z
(D31) S =  z l l  £  ) v *
A x
T h is  is ,  o f c o u rs e , e l l ip t ic a l  p o la r is a t io n  w ith  S a fu n c t io n  o f p o s it io n , 
p la s m a  fre q u e n c y , and m a g n e tic  f ie ld .  The F a ra d a y  ro ta t io n ,  ^  , is  
g ive n  by
(D32) t  0/n 2  Ip =
w h e re  ho w e ve r
t ( m  26 Co'S / ^p UJh 2L \
V ZC  ( c o 2- -  tO p )3 / i /  *
(D33) td/n G /Z  =  Ay /A x
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S im i la r ly  fo r  the  s t r e s s  w a v e s ,  it i s  e a s i ly  v e r i f i e d  th a t
(D34) S
A ,  > ( % c o x  ^  7 ) ^ ^ . z :
g  f O  I(. 5 8  u '  + '2.%Co*) CaJ
A x ( z - )
and  the  F a r a d a y  r o ta t io n  i s  g iven  by
?
(D35) ta/n 2 .^ taw 0 C0s((|): I ( ‘0 ^ 0 ^  +  7 O p  J O b 1 2" -ZT 
^  2 . $  C O ^ )  LO i
It is  c l e a r  th a t  o th e r  c a s e s  su ch  a s  th a t  of a " l a r g e "  m a g n e t ic  f ie ld  
a r e  w o rk e d  out in a s i m i l a r  w ay, u s in g  the  r e s u l t s  of C h a p te r  5.
R e f e r e n c e
1. Holt, E. H. , and H a sk e l l ,  R. E. , " F o u n d a t io n s  of P l a s m a  D y nam ics" ,
M acM il la n  (1965).
IPrincipal Symbols arid Notation Used in the Thesis
The symbols and notation are lis ted  below together with the page 
number (or numbers) on which they are defined. Symbols used only 
locally are not included« and while in some oases the same symbol ie 
used for d ifferent parameters, i t  ie  evident from the relevant text 
what ie intended« However, i t  may be mentioned again that in certain 
parts of the thesis, the particle-type subscripts have been neglected. 
Whenever th is is  the case, i t  is  indicated in the associated tex t,
(1) Lower cage Roman
S i
44
71
b 4Ö
be 4
<V 109
C L 4
Uu
c, t ° 0 53 , 54
CU) 53 , 54
C , > )
5 3 , 54
j 5 3 , 54
c f a ) 5 5 , 56
f.
< 2 ( * ) 55 , 56
<14
56 , 57
w 5 6 , 67
II
5 6 , 57
56 , 57
d
d t
4
d ö j<V 8
a n 8
a n , 74
a n t 74
4
e 71
e 5 , a-33
f 155, 159
ft 5
*ft (13 - moment ) 10
f (  D) 219
a**4
i j k  j  6j'i. 8
S , 3 43
g '  ,  s ' 43
g  (g ^ e t « . )
/ V
5
3 ( D ) 219
I l l
fi 71
k 7
k 71
J to 72t a«3
i t  ,  h 72, a -3
109
ujk) 111
me 4
45
m« 43
r v 71, a-1
n ; 4
P i 7
P j i 23
p 71 , a -3
71
r 109
S a-45
Si 42
Ut' 6
IV
vyt 
w tv
z .
(2 ) Upper case Roman
4
42
a-32
172
B 4
D 215
D, a-33
DC X ^ Y ) 51
E 4
F i 4
F 207
(components F 210, 214)
43
<d 44
a-1
I 66 J \\3
i j f c C + i ) 7
J 27
K 72
VL 20?
Mj 43
Pi
'V »
7
£ i i 22
Q t 6
Q i 113, 115
Ru 6
RJt 22
Sc 113
S ,- 6
§ J 236
T t- 6
TU 22
u t- 113
U 7
y 4
Vo 8
y 5
&“1w, 113
VI
X 50
50
Yo 94
z j 149
(3) Lower case Greek
7
«a 23
o ( 31, 149
<X a-27
51
fi
151
*jfe 51
Y 29, 149
16
S(i) 45
■Sfi) 45
S(3) 45
S(4j 45
€ 45
60 71
VII
£ 151
51
3 151
9 319 149
6 151
e a—32
<K}* 74
X 147
X 44
X 116
A f 159
X o a-16
V 150
A 6
<r 47
a-3
Ot a-16 to a-20
T 29, 149
To 150
V , -  A A 47
VIII
<t>(v) 74
<f>, < p / r 149
223
J , 224
y 45
J o 72
4
y 151
^  C E j , E k J a-2
CO 145
cop 159
162, 217
(4) Upper case  Greek
PCr^) 100
^ J k ^ c ) 8 ,  42
A t 8 , a -7
-/V e*> 75 , 95
e p 76, 97
.A |> , 78 , 99
A . 120
IX
4CS,?) 52
? C X  j V ) 52
f j f fc) a-1
Jl^ V,J k , ‘ 53
95
(5) Notation
(in this group, the Greek letters represent arbitrary parameters 
used to illustrate the notation).
d. 4
dtD 215
^  5
2  X ( l 5
: ß 5
~  irjfe!
°C0 153
« i ,  h
°<y 5
